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Preface 


Many remarkable advances have been made in the field of integral equa- 
tions, but these remarkable developments have remained scattered in a vari- 
ety of specialized journals. These new ideas and approaches have rarely been 
brought together in textbook form. If these ideas merely remain in scholarly 
journals and never get discussed in textbooks, then specialists and students 
will not be able to benefit from the results of the valuable research achieve- 
ments. 

The explosive growth in industry and technology requires constructive ad- 
justments in mathematics textbooks. The valuable achievements in research 
work are not found in many of today’s textbooks, but they are worthy of ad- 
dition and study. The technology is moving rapidly, which is pushing for valu- 
able insights into some substantial applications and developed approaches. 
The mathematics taught in the classroom should come to resemble the mathe- 
matics used in varied applications of nonlinear science models and engineering 
applications. This book was written with these thoughts in mind. 

Linear and Nonlinear Integral Equations: Methods and Applications is de- 
signed to serve as a text and a reference. The book is designed to be acces- 
sible to advanced undergraduate and graduate students as well as a research 
monograph to researchers in applied mathematics, physical sciences, and en- 
gineering. This text differs from other similar texts in a number of ways. First, 
it explains the classical methods in a comprehensible, non-abstract approach. 
Furthermore, it introduces and explains the modern developed mathematical 
methods in such a fashion that shows how the new methods can complement 
the traditional methods. These approaches further improve the understand- 
ing of the material. 

The book avoids approaching the subject through the compact and clas- 
sical methods that make the material difficult to be grasped, especially by 
students who do not have the background in these abstract concepts. The 
aim of this book is to offer practical treatment of linear and nonlinear inte- 
gral equations emphasizing the need to problem solving rather than theorem 
proving. 

The book was developed as a result of many years of experiences in teach- 
ing integral equations and conducting research work in this field. The author 
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has taken account of his teaching experience, research work as well as valu- 
able suggestions received from students and scholars from a wide variety of 
audience. Numerous examples and exercises, ranging in level from easy to dif- 
ficult, but consistent with the material, are given in each section to give the 
reader the knowledge, practice and skill in linear and nonlinear integral equa- 
tions. There is plenty of material in this text to be covered in two semesters 
for senior undergraduates and beginning graduates of mathematics, physical 
science, and engineering. 

The content of the book is divided into two distinct parts, and each part 
is self-contained and practical. Part I contains twelve chapters that handle 
the linear integral and nonlinear integro-differential equations by using the 
modern mathematical methods, and some of the powerful traditional meth- 
ods. Since the book’s readership is a diverse and interdisciplinary audience of 
applied mathematics, physical science, and engineering, attempts are made 
so that part I presents both analytical and numerical approaches in a clear 
and systematic fashion to make this book accessible to those who work in 
these fields. 

Part II contains the remaining six chapters devoted to thoroughly ex- 
amining the nonlinear integral equations and its applications. The potential 
theory contributed more than any field to give rise to nonlinear integral equa- 
tions. Mathematical physics models, such as diffraction problems, scattering 
in quantum mechanics, conformal mapping, and water waves also contributed 
to the creation of nonlinear integral equations. Because it is not always pos- 
sible to find exact solutions to problems of physical science that are posed, 
much work is devoted to obtaining qualitative approximations that highlight 
the structure of the solution. 

Chapter 1 provides the basic definitions and introductory concepts. The 
Taylor series, Leibnitz rule, and Laplace transform method are presented 
and reviewed. This discussion will provide the reader with a strong basis 
to understand the thoroughly-examined material in the following chapters. 
In Chapter 2, the classifications of integral and integro-differential equations 
are presented and illustrated. In addition, the linearity and the homogene- 
ity concepts of integral equations are clearly addressed. The conversion pro- 
cess of IVP and BVP to Volterra integral equation and Fredholm integral 
equation respectively are described. Chapters 3 and 5 deal with the linear 
Volterra integral equations and the linear Volterra integro-differential equa- 
tions, of the first and the second kind, respectively. Each kind is approached 
by a variety of methods that are described in details. Chapters 3 and 5 
provide the reader with a comprehensive discussion of both types of equa- 
tions. The two chapters emphasize the power of the proposed methods in 
handling these equations. Chapters 4 and 6 are entirely devoted to Fred- 
holm integral equations and Fredholm integro-differential equations, of the 
first and the second kind, respectively. The ill-posed Fredholm integral equa- 
tion of the first kind is handled by the powerful method of regularization 
combined with other methods. The two kinds of equations are approached 
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by many appropriate algorithms that are illustrated in details. A compre- 
hensive study is introduced where a variety of reliable methods is applied 
independently and supported by many illustrative examples. Chapter 7 is 
devoted to studying the Abel’s integral equations, generalized Abel’s inte- 
gral equations, and the weakly singular integral equations. The chapter also 
stresses the significant features of these types of singular equations with full 
explanations and many illustrative examples and exercises. Chapters 8 and 
9 introduce a valuable study on Volterra-Fredholm integral equations and 
Volterra-Fredholm integro-differential equations respectively in one and two 
variables. The mixed Volterra-Fredholm integral and the mixed Volterra- 
Fredholm integro-differential equations in two variables are also examined 
with illustrative examples. The proposed methods introduce a powerful tool 
for handling these two types of equations. Examples are provided with a sub- 
stantial amount of explanation. The reader will find a wealth of well-known 
models with one and two variables. A detailed and clear explanation of ev- 
ery application is introduced and supported by fully explained examples and 
exercises of every type. 

Chapters 10, 11, and 12 are concerned with the systems of Volterra in- 
tegral and integro-differential equations, systems of Fredholm integral and 
integro-differential equations, and systems of singular integral equations and 
systems of weakly singular integral equations respectively. Systems of inte- 
gral equations that are important, are handled by using very constructive 
methods. A discussion of the basic theory and illustrations of the solutions 
to the systems are presented to introduce the material in a clear and useful 
fashion. Singular systems in one, two, and three variables are thoroughly in- 
vestigated. The systems are supported by a variety of useful methods that 
are well explained and illustrated. 

Part IT is titled “Nonlinear Integral Equations”. Part II of this book gives 
a self-contained, practical and realistic approach to nonlinear integral equa- 
tions, where scientists and engineers are paying great attention to the effects 
caused by the nonlinearity of dynamical equations in nonlinear science. The 
potential theory contributed more than any field to give rise to nonlinear in- 
tegral equations. Mathematical physics models, such as diffraction problems, 
scattering in quantum mechanics, conformal mapping, and water waves also 
contributed to the creation of nonlinear integral equations. The nonlinearity 
of these models may give more than one solution and this is the nature of 
nonlinear problems. Moreover, ill-posed Fredholm integral equations of the 
first kind may also give more than one solution even if it is linear. 

Chapter 13 presents discussions about nonlinear Volterra integral equa- 
tions and systems of Volterra integral equations, of the first and the second 
kind. More emphasis on the existence of solutions is proved and empha- 
sized. A variety of methods are employed, introduced and explained in a 
clear and useful manner. Chapter 14 is devoted to giving a comprehensive 
study on nonlinear Volterra integro-differential equations and systems of non- 
linear Volterra integro-differential equations, of the first and the second kind. 
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A variety of methods are introduced, and numerous practical examples are 
explained in a practical way. Chapter 15 investigates thoroughly the existence 
theorem, bifurcation points and singular points that may arise from nonlin- 
ear Fredholm integral equations. The study presents a variety of powerful 
methods to handle nonlinear Fredholm integral equations of the first and 
the second kind. Systems of these equations are examined with illustrated 
examples. Chapter 16 is entirely devoted to studying a family of nonlinear 
Fredholm integro-differential equations of the second kind and the systems 
of these equations. The approach we followed is identical to our approach in 
the previous chapters to make the discussion accessible for interdisciplinary 
audience. Chapter 17 provides the reader with a comprehensive discussion 
of the nonlinear singular integral equations, nonlinear weakly singular inte- 
gral equations, and systems of these equations. Most of these equations are 
characterized by the singularity behavior where the proposed methods should 
overcome the difficulty of this singular behavior. The power of the employed 
methods is confirmed here by determining solutions that may not be unique. 
Chapter 18 presents a comprehensive study on five scientific applications that 
we selected because of its wide applicability for several other models. Because 
it is not always possible to find exact solutions to models of physical sciences, 
much work is devoted to obtaining qualitative approximations that highlight 
the structure of the solution. The powerful Padé approximants are used to 
give insight into the structure of the solution. This chapter closes Part II of 
this text. 

The book concludes with seven useful appendices. Moreover, the book 
introduces the traditional methods in the same amount of concern to provide 
the reader with the knowledge needed to make a comparison. 

I deeply acknowledge Professor Albert Luo for many helpful discussions, 
encouragement, and useful remarks. I am also indebted to Ms. Liping Wang, 
the Publishing Editor of the Higher Education Press for her effective coop- 
eration and important suggestions. The staff of HEP deserve my thanks for 
their support to this project. I owe them all my deepest thanks. 

I also deeply acknowledge Professor Louis Pennisi who made very valuable 
suggestions that helped a great deal in directing this book towards its main 
goal. 

I am deeply indebted to my wife, my son and my daughters who provided 
me with their continued encouragement, patience and support during the 
long days of preparing this book. 

The author would highly appreciate any notes concerning any constructive 
suggestions. 


Abdul-Majid Wazwaz 
Saint Xavier University 
Chicago, IL 60655 
April 20, 2011 
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Part I 
Linear Integral Equations 


Chapter 1 
Preliminaries 


An integral equation is an equation in which the unknown function u(x) 
appears under an integral sign [1—7]. A standard integral equation in u(x) is 


of the form: 
h(a) 


u(x) = f(z) +A K(a,t)u(t)dt, (1.1) 
g(a) 

where g(a) and h(x) are the limits of integration, is a constant parameter, 
and K(a,t) is a function of two variables x and t called the kernel or the 
nucleus of the integral equation. The function u(x) that will be determined 
appears under the integral sign, and it appears inside the integral sign and 
outside the integral sign as well. The functions f(#) and K(,t) are given in 
advance. It is to be noted that the limits of integration g(a) and h(x) may 
be both variables, constants, or mixed. 

An integro-differential equation is an equation in which the unknown func- 
tion u(x) appears under an integral sign and contains an ordinary derivative 
ul”) (x) as well. A standard integro-differential equation is of the form: 

h(a) 
u™ (x) = f(z) +A K(a,t)u(t)dt, (1.2) 
g() 
where g(x), h(a), f(x), A and the kernel A (a, t) are as prescribed before. 

Integral equations and integro-differential equations will be classified into 
distinct types according to the limits of integration and the kernel K(a,t). All 
types of integral equations and integro-differential equations will be classified 
and investigated in the forthcoming chapters. 

In this chapter, we will review the most important concepts needed to 
study integral equations. The traditional methods, such as Taylor series 
method and the Laplace transform method, will be used in this text. More- 
over, the recently developed methods, that will be used thoroughly in this 
text, will determine the solution in a power series that will converge to an 
exact solution if such a solution exists. However, if exact solution does not 
exist, we use as many terms of the obtained series for numerical purposes to 
approximate the solution. The more terms we determine the higher numerical 
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accuracy we can achieve. Furthermore, we will review the basic concepts for 
solving ordinary differential equations. Other mathematical concepts, such as 
Leibnitz rule will be presented. 


1.1 Taylor Series 


Let f(x) be a function with derivatives of all orders in an interval [xo, x1] that 
contains an interior point a. The Taylor series of f(x) generated at x = a is 


oo e(n)(q 
fey = EM e-a@p, (1.3) 


or equivalently —~ 
Flo) = fla) + Fe — a) + FO (ea? + Ae a) + 
f(a) (1.4) 


The Taylor series generated by f(a) at a = 0 is called the Maclaurin series 
and given by 


oF (™) 
f(z) = s f 0) x”, (1.5) 
n=0 . 


that is equivalent to 


/ ; my (n) 
fe) = 60) + Oe LO LO, LO my 16) 


In what follows, we will discuss a few examples for the determination of 
the Taylor series at 7 = 0. 


Example 1.1 


Find the Taylor series generated by f(x) = e* at « = 0. 
We list the exponential function and its derivatives as follows: 


f(z) f(x) =e f'(z) = er f(z) = et f'" (x) =e? 


(MO) fO)=1, fO=1, f(O)=1, f”"(0)=1, 


and so on. This gives the Taylor series for e” by 


4 se 
BS ADS a ag ge (1.7) 
and in a compact form by 
zx = x” 
ey. rau (1.8) 
n=0 


Similarly, we can easily show that 
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Ss v2 2g a 
eee op = apt ages 2) 
" (az)? , (az) . (ax) 
ae ax ax ax 
e* =1+ar+ 1 31 qi + (1.10) 
Example 1.2 


Find the Taylor series generated by f(x) = cosa at « =0. 
Following the discussions presented before we find 


f(x) f(a) = cosa, f'(x) = —sina, f(x) = — cosa, f’" (x) = sina, fC”) (x) = cosa 


f™(O0) FO) =1, — f"(0) =0, F"O)=-1, FO) =0, FOO) =1, 


and so on. This gives the Taylor series for cos x by 
ge 
ea am ea Te (1.11) 


and in a compact form by 
: _ (1)? 2n 
ca a Gn) gn. (1.12) 
In a similar way we can derive the following 


an) ax)* = (-1)" Qn 
a) , ee) | a (ax)?”. (1.13) 


For f(x) = sina and f(x) = sin(aa), we can show that 


‘ Oe a = (=1)" 2n41 
a Gy Gael ) 


cos(ax) = 1 


(ax)? (ax)® foe) (—1)" (1.14) 
sin(axz) = (ax) — ao ee oD =a (ax)2"+1, 


In Appendix C, the Taylor series for many well known functions generated 
at x = 0 are given. 

As stated before, the newly developed methods for solving integral equa- 
tions determine the solution in a series form. Unlike calculus where we deter- 
mine the Taylor series for functions and the radius of convergence for each 
series, it is required here that we determine the exact solution of the integral 
equation if we determine its series solution. In what follows, we will discuss 
some examples that will show how exact solution is obtained if the series 
solution is given. Recall that the Taylor series exists for analytic functions 
only. 


Example 1.3 


Find the closed form function for the following series: 
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f(z) = 1420+ 227 4 x 32 forse (1.15) 


It is obvious that this series can be rewritten in the form: 
(2x)? (22)3 (2a)* 


that will converge to the exact form: 
fae". (1.17) 
Example 1.4 
Find the closed form function for the following series: 
9, 2227, 81, 
SL a ae pe 1.1 
f(x) =1 52 g¢ + a2 (1.18) 


(3a)? 
2! 


(3x)? | (Ba)* | (Bx)° 


Notice that the second term can be written as 
be rewritten as 


, therefore the series can 


f(@)=1+-4-+ 7 neg oe (1.19) 
that will converge to 
f(x) = cosh(32). (1.20) 
Example 1.5 
Find the closed form function for the following series: 
13,2355 
a = — vee 1.21 
f(x) e+ 5a + Tee + (1.21) 
This series will converge to 
f(a) = tanz. (1.22) 
Example 1.6 
Find the closed form function for the following series: 
a 1 1 i 
(OS = at ee (1.23) 


The signs of the terms are positive for the first two terms then negative 
for the next two terms and so on. The series should be grouped as 
= Ni. cas ee 
f(z) = (1 = ae (lg i ae 3° + pie) (1.24) 


that will converge to 


f(x) =cosa+sinz. (1.25) 


Exercises 1.1 


Find the closed form function for the following Taylor series: 
4 2 9 27 
1. f(x) = 20 + 20? + Fa* + oat +. 2 f(z) 1 30+ 52° het Pe 
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i 1 1 
3. f(a) = 8+ 38 + a a 
1 1 1 i 1 
A. f(x) =1 epee tae eae ae le 
9 81 243 
5, =3 3 5 7 
ae er ae 
4 8 
6. f(x) = 224 -23 + —2° + ——2" 
3 15 315 
2 4 9 27 81 
7. fe) = 1420? + Fat + Tao +. 8 fas je tie tee te 
2 4 
9. f(x) =2 2a? + 308 ge aa 
1 1 1 
10. f(z) =1+a——2° 4 x gt pee. 
6 120 5040 
1 2 17 
11. Sct See SAB 7 
A ee a TT 
1 2 17 
12. f(x) =a x 2? is 
3 15 315 
1 1 1 1 
13. f(x) = 2+ 28 + Fa? a ge ge 
1 
14.2+¢2 Le 1 eo 4... 
2! 4! 6! 


1.2 Ordinary Differential Equations 


In this section we will review some of the linear ordinary differential equa- 
tions that we will use for solving integral equations. For proofs, existence 
and uniqueness of solutions, and other details, the reader is advised to use 
ordinary differential equations texts. 


1.2.1 First Order Linear Differential Equations 


The standard form of first order linear ordinary differential equation is 

ul + p(x)u = q(x), (1.26) 
where p(z) and q(x) are given continuous functions on 1% < © < x. We first 
determine an integrating factor p(a) by using the formula: 

p(x) = ef Pat, (1.27) 
Recall that an integrating factor (a) is a function of « that is used to facil- 
itate the solving of a differential equation. The solution of (1.26) is obtained 
by using the formula: 


u(z) = w Lf moateae d | (1.28) 
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where c is an arbitrary constant that can be determined by using a given 
initial condition. 
Example 1.7 
Solve the following first order ODE: 

u’ —3u = 32%e**, u(0) = 1. (1.29) 
Notice that p(x) = —3 and q(x) = 3x7e3”. The integrating factor p(x) is 


obtained by 
p(x) = elo 34 = e~3t, (1.30) 


Consequently, u(x) is obtained by using 


a) = a if p(t)q(t)dt + (| =e ([ 3tdt + c) (1.31) 


= e®* (23 +c) = e8*(2? +1), 
obtained upon using the given initial condition. 
Example 1.8 
Solve the following first order ODE: 


cu’ + 3u= —, u(m) = 0,2 > 0. (1.32) 


We first divide the equation by x to convert it to the standard form (1.26). 


COS & 


As a result, p(x) = 2 and q(x) = 98". The integrating factor p(x) is 


u(x) = af 3 dt = eo int = xr. (1.33) 
Consequently, u(x) is 
1 7 1 Fr 
u(z) = —~ '/ p(t)q(t)dt + | =a (f tcostdt + c) 
ule) : (1.34) 
1 1 
= — (cosx+asinx +c) = s(cosx+-asingz +1), 
av 


3 73 


obtained upon using the given initial condition. 


Exercises 1.2.1 


Find the general solution for each of the following first order ODEs: 


lu’ +u=e-*,24>0 2. cu’ — 4u = 25e*,x >0 
3. (x? + 9)u’ + 2au = 0,2 > 0 4. cu’ — 4u = 22% + «2 > 0 
5. cu’ +u=22,2>0 6. cu’ —u=«x?sinz,x >0 


Find the particular solution for each of the following initial value problems: 
7. u’ —u = 2re*, u(0) =0 8. cu’ +u= 2x, u(1)=1 
T 


9. (tanx)u’ + (sec? x)u = 2e?7, u (5) =e? 10. u! —3u = 423e3", u(0) =1 
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ll. (1+ 23)u’ + 3x?7u =1, u(0) =0 12. u’ + (tanz)u = cosa, u(0) =1 


1.2.2 Second Order Linear Differential Equations 


As stated before, we will review some second order linear ordinary differential 
equations. The focus will be on second order equations, homogeneous and 
inhomogeneous as well. 


Homogeneous Equations with Constant Coefficients 


The standard form of the second order homogeneous ordinary differential 
equations with constant coefficients is 


au” + bu’ + cu=0,a 40, (1.35) 
where a,b, and c are constants. The solution of this equation is assumed to 
be of the form: 


u(x) =e". (1.36) 

Substituting this assumption into Eq. (1.35) gives the equation: 
e" (ar? + br +c) =0. (1.37) 
Since e’” is not zero, then we have the characteristic or the auxiliary equation: 
ar? + br+c=0. (1.38) 


Solving this quadratic equation leads to one of the following three cases: 
(i) If the roots r; and rz are real and r; # rz, then the general solution of 
the homogeneous equation is 
u(x) = Ae™” + Be™?*, (1.39) 
where A and B are constants. 


(ii) If the roots r; and rg are real and r; = rg = r, then the general 
solution of the homogeneous equation is 


u(x) = Ae™ + Baue™, (1.40) 
where A and B are constants. 
(iii) If the roots r; and rp are complex and r; = A+ ip,rg = A — ip, then 
the general solution of the homogeneous equation is given by 


u(x) = e*” (Acos(yux) + Bsin(ux)) , (1.41) 


where A and B are constants. 


Inhomogeneous Equations with Constant Coefficients 


The standard form of the second order inhomogeneous ordinary differential 
equations with constant coefficients is 
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au” + bu’ + cu= g(x),a 40, (1.42) 
where a,b, and c are constants. The general solution consists of two parts, 
namely, complementary solution uc, and a particular solution up where the 
general solution is of the form: 


u(x) = uelx) + up(2), (1.43) 
where wu-¢ is the solution of the related homogeneous equation: 
au” + bu’ +cu=0,a 40, (1.44) 


and this is obtained as presented before. A particular solution u, arises from 
the inhomogeneous part g(a). It is called a particular solution because it 
justifies the inhomogeneous equation (1.42), but it is not the particular solu- 
tion of the equation that is obtained from (1.43) upon using the given initial 
equations as will be discussed later. To obtain u,(x), we use the method of 
undetermined coefficients. To apply this method, we consider the following 
three types of g(x): 


(i) If g(x) is a polynomial given by 


g(x) = age” + az" +---+ an, (1.45) 
then up should be assumed as 
Up = L"(box” + bya” 1 +++ +bn), r=0,1,2,... (1.46) 
(ii) If g(x) is an exponential function of the form: 
g(x) = age”, (1.47) 
then up should be assumed as 
Us = bore, r= 01,2035 (1.48) 
(iii) If g(x) is a trigonometric function of the form: 
g(x) = ao sin(az) + bo cos(Bx), (1.49) 
then up should be assumed as 
Up = 2" (Ap sin(ax) + Bocos(Gxz)), r=0,1,2,... (1.50) 


For other forms of g(a) such as tan and sec x, we usually use the variation 
of parameters method that will not be reviewed in this text. Notice that r 
is the smallest nonnegative integer that will guarantee no term in u,(z) is a 
solution of the corresponding homogeneous equation. The values of r are 0, 1 
and 2. 


Example 1.9 
Solve the following second order ODE: 
u” —u=0. (1.51) 
The auxiliary equation is given by 
r?—1=0, (1.52) 
and this gives 
r=. (1.53) 
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Accordingly, the general solution is given by 


u(x) = Ae” + Be. (1.54) 
It is interesting to point out that the normal form ODE: 
u’+u=O0, (1.55) 
leads to the auxiliary equation: 
r?+1=0, (1.56) 
and this gives 
fe. (1.57) 


The general solution is given by 
u(x) = Acosx+ Bsina. (1.58) 


Example 1.10 


Solve the following second order ODE: 


u” — Tu’ + 6u=0. (1.59) 
The auxiliary equation is given by 
r?—7r+6=0, (1.60) 
with roots given by 
r=1,6. (1.61) 


The general solution is given by 
u(x) = Ae* + Be®. (1.62) 


Example 1.11 


Solve the following second order ODE: 
u” — 5u’ + 6u = 6x 4+ 7. (1.63) 
We first find u.. The auxiliary equation for the related homogeneous equation 
is given by 
r? —5r+6=0, (1.64) 
with roots given by 
r= 2,3. (1.65) 
The general solution is given by 
u(x) = ae?* + Be”. (1.66) 
Noting that g(x) = 6x+ 7, then a particular solution is assumed to be of the 


form 


Up = Ax + B. (1.67) 


Since this is a particular solution, then substituting u, into the inhomoge- 
neous equation leads to 


6Ax + (6B — 5A) = 62 +7. (1.68) 
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Equating the coefficients of like terms from both sides gives 
A=1, B=2. (1.69) 
This in turn gives 
u(x) = Uc + Up = ace”* + BeX* + 242, (1.70) 
where a and £ are arbitrary constants. 


Example 1.12 


Solve the following initial value problem 
u” + 9u = 20e”, u(0)=3, y'(0)=5. (lord) 


We first find u.. The auxiliary equation for the related homogeneous equation 
is given by 
r+9=0, (1.72) 


where we find 
r=431, ?=-1. (1.73) 


The general solution is given by 

u(x) = acos(3x) + Bsin(3z). (1.74) 
Noting that g(x) = 20e”, then a particular solution is assumed to be of the 
form: 


Up = Ae®. (1.75) 


Since this is a particular solution, then substituting u, into the inhomoge- 
neous equation leads to 
10 Ae* = 20e”", (1.76) 


so that 
A=2. (1.77) 
This in turn gives the general solution 
u(x) = Uc + Up = acos(3z) + Bsin(3x) + 2e”. (1.78) 


Since the initial conditions are given, the numerical values for a and (@ should 
be determined. Substituting the initial values into the general solution we find 


at+2=3, 364+2=5, (1.79) 


where we find 
a=1, P=1. (1.80) 


Accordingly, the particular solution is given by 
u(x) = cos(3x) + sin(3z) + 2e”. (1.81) 


Exercises 1.2.2 


Find the general solution for the following second order ODEs: 
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1. u”’ — 4u’ + 4u =0 2. ul’ — 2u’ — 3u=0 3. ul’ —u’ —2u=0 

4. ul’ —2u’ =0 5. u”’ — 6u’ + 9u = 0 6.u’ +4u=0 

Find the general solution for the following initial value problems: 

7. u”’ — 2u’ + 2u=0,u(0) =1,u/(0)=1 8. u’’ — 6u’ + 9u = 0, u(0) = 1, u’(0) = 4 
9. u’’ — 3u’ — 10u = 0, u(0) = 2,u/(0) =3 10. uw’? + 9u = 0, u(0) = 1, u’(0) = 0 

11. u’’ — 9u’ = 0, u(0) = 3, u’(0) = 9 12. u’’ — 9u = 0, u(0) = 1, u’(0) =0 


Use the method of undetermined coefficients to find the general solution for the 
following second order ODEs: 


13. wu’ —u/ =1 14.u”7+u=3 15. u’ —u=32 16. wu’ —u=2cosz 


Use the method of undetermined coefficients to find the particular solution for the 
following initial value problems: 


17. u’ —u’ = 6,u(0) = 3, u’(0) = 2 18. u’’ + u = 6e*, u(0) = 3, u’/(0) = 2 
19. wu’ —u = —2sinz,u(0) = 1,u’(0) = 2 
20. wu!’ — 5u’ + du = —14 4a, u(0) = 3,u’(0) = 9 


1.2.8 The Series Solution Method 


For differential equations of any order, with constant coefficients or with 
variable coefficients, with x = 0 is an ordinary point, we can use the series 
solution method to determine the series solution of the differential equation. 
The obtained series solution may converge the exact solution if such a closed 
form solution exists. If an exact solution is not obtainable, we may use a 
truncated number of terms of the obtained series for numerical purposes. 

Although the series solution can be used for equations with constant coeffi- 
cients or with variable coefficients, where x = 0 is an ordinary point, but this 
method is commonly used for ordinary differential equations with variable 
coefficients where « = 0 is an ordinary point. 

The series solution method assumes that the solution near an ordinary 
point x = 0 is given by 


u(x) = poe Gat’: (1.82) 
n=0 


or by using few terms of the series 


u(x) = ag + a2 + agen? + azz + agx* + asx + age® + --- (1.83) 


Differentiating term by term gives 


u(x) = a, + 2agx + 3a3x? + 4agx? + 5asx4* + 6agx® 


u(x) = 2aq + 6agx + 12a4x? + 20a5x? + 30agxr* 4+ --- (1.84) 


ul" (x) = 6a3 + 24a4x + 60a5x? + 120agz3 + --- 
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and so on. Substituting u(a) and its derivatives in the given differential equa- 
tion, and equating coefficients of like powers of x gives a recurrence relation 
that can be solved to determine the coefficients a,,,n > 0. Substituting the 
obtained values of a,,n > 0 in the series assumption (1.82) gives the series 
solution. As stated before, the series may converge to the exact solution. Oth- 
erwise, the obtained series can be truncated to any finite number of terms to 
be used for numerical calculations. The more terms we use will enhance the 
level of accuracy of the numerical approximation. 

It is interesting to point out that the series solution method can be used 
for homogeneous and inhomogeneous equations as well when « = 0 is an 
ordinary point. However, if c = 0 is a regular singular point of an ODE, then 
solution can be obtained by Frobenius method that will not be reviewed in 
this text. Moreover, the Taylor series of any elementary function involved in 
the differential equation should be used for equating the coefficients. 

The series solution method will be illustrated by examining the following 
ordinary differential equations where x = 0 is an ordinary point. Some ex- 
amples will give exact solutions, whereas others will provide series solutions 
that can be used for numerical purposes. 


Example 1.13 
Find a series solution for the following second order ODE: 
u"+u=0. (1.85) 
Substituting the series assumption for u(a) and u(x) gives 
2az + 6agx + 12a4x7 + 20a5x° + 30agz* + --- 


ao + a12 + aga” + age? + agz* + asx? +--- =0, (1.86) 


that can be rewritten by 
(ap + 2a2) + (a1 + 6a3)a + (a2 + 12a4)x? + (a3 + 20a5)2° 
+(a4 + 30ag)r4 +--- =0. (1.87) 


This equation is satisfied only if the coefficient of each power of x vanishes. 
This in turn gives the recurrence relation 


do + 2a2 = 0, a, + 6a3 = 0, 
da +12a,=0, a3 +2005 = 0, (1.88) 


By solving this recurrence relation, we obtain 


1 1 
a2 = —5, 20; 43 = —57, 41, 
! ! 
2 ; ; : (1.89) 
a4 = ~ 7502 = hed a Brel 
The solution in a series form is given by 


iL 1 iL 1 
ue) = a9 (1 ar? + Fat -) + ay € get get), (1.90) 
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and in closed form by 

u(x) = ap cosz+ajsin a, (1.91) 
where dao and a, are constants that will be determined for particular solution 
if initial conditions are given. 


Example 1.14 


Find a series solution for the following second order ODE: 
u” — au’ —-u=0. (1.92) 
Substituting the series assumption for u(x), u’(x) and w(x) gives 


2a + 6agx + 12a4x? + 20a52° + 30agx* + 42a70° ++-- 
3 4 


a,x — 2agu? — 3a3x 4agx 5a5x° 


ao — @12 — Gar” — agz® — aax* — agz® —--- = 0, (1.93) 
that can be rewritten by 
(—ap + 2a2) + (—2a1 + 6a3)x + (—3az + 12a4)x? + (—4a3 + 20a5)2° 
+(30ag — 5a4)a* + (42a7 — 6as)a° +--- =0. (1.94) 


This equation is satisfied only if the coefficient of each power of x is zero. 
This gives the recurrence relation 


—ag + 2a2 = 0, —2a,+6a3=0, -—3a2+12a,=0, (1.95) 
—da3+20a5=0, —5a,+30ag=0, —6as +42a7 =0,--- , 
where by solving this recurrence relation we find 
1 1 1 1 
a2 = 540, a3 = 541, a4 = —7a2 = 540, 
2 4 8 
1 4 1 4 1 1 (1-26) 
ee ge ae gee ig ae ee age 
The solution in a series form is given by 
1 1 1 
=aj(1—=2? + <a*+ —a2% +... 
u(a) = ao ( 52 3¢ ra ) 
13,1475 1 7 
bagi 4 — oP 4 gl ta |, 1.97 
ay (: gt + ape + apt t+ (1.97) 


where ao and a, are constants, where ag = u(0) and a; = u’(0). It is clear that 
a closed form solution is not obtainable. If a particular solution is required, 
then initial conditions u(0) and u’(0) should be specified to determine the 
coefficients ao and ay. 


Example 1.15 
Find a series solution for the following second order ODE: 
u” — au’ +u=—xcose. (1.98) 


Substituting the series assumption for u(x),u’, and w(x), and using the 
Taylor series for cos x, we find 
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2a + Gagx + 12a4x? + 20a5x° + 30aga* + 42a70° +--- 


3 4 5asx? 


+a9 + a,x + ax? + a3x? + agz* + asx? aos 


1 1 
Tl i t Shana ig (1.99) 


that can be rewritten by 


(ag + 2a2) + 6a3x + (—az + 12a4)x” + (—2a3 + 20a5)2° 


1 
+(30a¢ — 3a4)z* + (4207 — 4as)a2® +++» = —2 + —o? — —o? +--- .(1.100) 


a,x — 2agu? — 3a3x 4agx 


=-2£4 


Equating the coefficient of each power of « be zero and solving the recurrence 
relation we obtain 


ak a! 
a2 = ~ 540, a3 = 37 
1 1 1 1 1 
peyerecss oat et — = —_ 1.101 
OES ee gg 8 9? a 190 ae 
1 1 2 1 1 
ag = —a4 = ———4 a7 = —45 — —— = -— "7, 
© To°* ~~ 240"°"  91"° 1008 ~~ 5040’ 
The solution in a series form is given by 
= 1. lua ee 
u(x) = ao (1 pt — ag? — aq97 7 (1.102) 
eee ok eae eee 
Fa,z +4 ( 317 ae had 7 ie ee ; 
that can be rewritten as 
= 1. lias 1 6, 
u(x) = ao (1 5h — 5g — 5497 7 (1.103) 
1 
3 5 7 
+Be+(0- 5a + ye ye + ) 
by setting B = a, — 1. Consequently, the solution is given by 
1 1 1 
u(x) = ao (1 50? + oot — ah) + Be+sine. (1.104) 


Notice that sinz gives the particular solution that arises as an effect of the 
inhomogeneous part. 


Exercises 1.2.3 


Find the series solution for the following homogeneous second order ODEs: 
lu’ +au'’ +u=0 2.u" —au’+cu=0 
3.u" —(l4+2)u’+u=0 4.u” —u’ +au=0 


Find the series solution for the following inhomogeneous second order ODEs: 


5.u’ —u’' +e2u=sine 6. u” — zu’ + cu = e® 


7.u”’ —2u=cosx 8. ul” — «u = In(1 — 2) 
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1.3 Leibnitz Rule for Differentiation of Integrals 


One of the methods that will be used to solve integral equations is the con- 
version of the integral equation to an equivalent differential equation. The 
conversion is achieved by using the well-known Leibnitz rule [4,6,7] for differ- 
entiation of integrals. 

Let f(a,t) be continuous and af be continuous in a domain of the a-t 
plane that includes the rectangle a < x < b, tp) < t < ty, and let 


h(a) 
F(a) = / f(a, t)dt, (1.105) 
g(x) 

then differentiation of the integral in (1.105) exists and is given by 


dF dh(2) dg(x) [° Of (a, t) 
F' (x2) = — = h — — ———t. 
(2) = Ge = fle Ma Ge — flange Fe + faa 
(1.106) 
If g(x) =a and h(x) = b where a and 0 are constants, then the Leibnitz rule 
(1.106) reduces to 
dF > Of (x, t) 
F' — Z t 1.1 
=F = f ea, (1.107) 
which means that differentiation and integration can be interchanged such as 
d fe b 
=| eu = i te** dt. (1.108) 
dx Ja . 


It is interested to notice that Leibnitz rule is not applicable for the Abel’s 
singular integral equation: 

xz 

F(x) = | gen east, (1.109) 

o (x—t)o 
The integrand in this equation does not satisfy the conditions that f(z, t) 
be continuous and ane be continuous, because it is unbounded at x = t. We 
illustrate the Leibnitz rule by the following examples. 


Example 1.16 
Find F’(x) for the following: 


F(c) =| V1 + bdt. (1.110) 
We can set g(x) = sinx and h(x) = cosa. It is also clear that f(x,t) is a 
function of t only. Using Leibnitz rule (1.106) we find that 


F'(xz) = —sinzv/1 + cos? x — cos2V1+ sin? x. (1.111) 
Example 1.17 
Find F’(x) for the following: 


2 


F(a) = a (a — t) cos tdt. (1.112) 
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We can set g(x) = x, h(x) = 2, and f(x,t) = (x — t) cost is a function of x 
and t. Using Leibnitz rule (1.106) we find that 


F' (a) = 2x(x — 27) cos x? +f cos tdt, (1.113) 
or equivalently 


F' (a) = 22(2 — x”) cos x? + sin x? — sina. (1.114) 


Remarks 


In this text of integral equations, we will concern ourselves in differentiation 
of integrals of the form: 


y= [ K(x, t)u (1.115) 


In this case, Leibnitz rule (1.106) reduces to the form: 


P(e) = Con ele) +f one) it) 


This will be illustrated by the following examples. 
Example 1.18 


Find F’(x) for the following: 


u(t)dt. (1.116) 


F(a) =|} (a — t)u(t)dt. (1.117) 
0 
Applying the reduced Leibnitz rule (1.116) yields 
F'(2) = u(t)dt. (1.118) 
0 


Example 1.19 
Find F’(x) and F(x) for the following: 


F(x) = [ xtu(t)dt. (1.119) 


Applying the reduced Leibnitz rule (1.116) gives 


(1.120) 


Example 1.20 
Find F’(x), F(a), F’’(«) and F) (a) for the following integral 


F(z) = fe — t)®u(t)dt. (1.121) 


Applying the reduced Leibnitz rule (1.116) four times gives 
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F'(a2) = , 3(z —t)?u(t)dt, F’(x) = : 6(a — t)u(t)dt, 
f i (1.122) 
F"(g) = 6u(t)dt, FO) (x) = 6u(a). 


Exercises 1.3 


Find F’(x) for the following integrals: 


2 


1..F(a) aah et dt 2. F(x) = / In(1 + at)dt 
0 a 
3. F(a) -| sin(x? + t?)dt 4. F(a) = | cosh(x? + ¢3)dt 
0 0 
Find F’(x) for the following integrals: 
5. F(x) =a (a — t)u(t)dt 6. F(a) 2) (a — t)?u(t)dt 
0 0 
7. F(z) -| (2 — t)?u(t)dt 8. F(x) = (a — t)*u(t)dt 
0 0 


Differentiate both sides of the following equations: 


1 x xz 
9. 23 + a" — / (4+ a —t)u(t)dt 10. 1+ ae” = | e*—*u(t)dt 
) 0 


11. 2x? + 323 = / (6 + 5a — 5t)u(t)dt 
) 


12. sinha + In(sinz) = | (83+a-t)u(t)dt, 0<a< < 
0 


Differentiate the following F(z) as many times as you need to get rid of the integral 
sign: 


13. F(x) =a+ [e — t)u(t)dt 14. F(x) = 2? + [e — t)?u(t)dt 


15. F(x) =1 +f (a — t)?u(t)dt 16. F(a) =e” +f (a — t)4u(t)dt 
0 ) 
Use Leibnitz rule to prove the following identities: 
17. If F(x) = | (2 — t)"u(t)dt, show that F("+)) = nlu(x), n > 0. 
) 


x ! 
18. F(a) =, t” (a — t)'" dt, show that FO™ = mgntl 
) 


n+1 


? 


m and n are positive integers. 


1.4 Reducing Multiple Integrals to Single Integrals 


It will be seen later that we can convert initial value problems and other 
problems to integral equations. It is normal to outline the formula that will 
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reduce multiple integrals to single integrals. We will first show that the double 
integral can be reduced to a single integral by using the formula: 


[ [ow (t)dtde, = [ @-oFeee (1.123) 


This can be easily proved by two ways. The first way is to set 


G(x) = | (a — t)F(t)dt, (1.124) 
0 
where G(0) = 0. Differentiating both sides of (1.124) gives 
= : F(t)dt, (1.125) 
0 


obtained by using the reduced Leibnitz rule. Now by integrating both sides 
of the last equation from 0 to x yields 


a= [rr t)dtdry. (1.126) 


Consequently, the right side of the two equations (1.124) and (1.126) are 
equivalent. This completes the proof. 
For the second method we will use the concept of integration by parts. 


Recall that 
[ute = w~ [ vdu, 


en (1.127) 
u(r) = fade 
0 
then we find 
[ [or (t)dtdx, =o fF F(t )dt oe xy F(a1)dx, 
0 
=o fF F(t)dt — [ x F(a1)dx, (1.128) 


at (x — t)F(t)dt, 


0 
obtained upon setting 2, = t. 
The general formula that converts multiple integrals to a single integral is 
given by 


[ [- fe Di a aincntliy = oop f tue 


(1.129) 
The conversion formula (1.129) is very useful and facilitates the calculation 
works. Moreover, this formula will be used to convert initial value problems 
to Volterra integral equations. 


Corollary 


As a result to (1.129) we can easily show the following corollary 


1.4 Reducing Multiple Integrals to Single Integrals 


[ [ov [ee duenatat.--at = = fe bnateyat 
FO 


n integrals 
Example 1.21 


Convert the following multiple integral to a single integral: 


[ff sense 


Using the formula (1.129) we obtain 


a [« ula Jaerae = [ (a — t)u(t)dt. 


Convert the following multiple integral to a single integral: 


L1 x2 
[ | [« u(a3)dxgdax,dz. 


Using the formula (1.129) we obtain 


ie _ u(xa)dendeyde = 5 [| (c—t/? dt. 


Example 1.23 


Example 1.22 


Convert the following multiple integral to a single integral: 


a i, [e — t)dtdtdt. 


Using the corollary (1.130) we obtain 


LE fe (a — t)dtdtdt = 5 f = uloat 


Example 1.24 


Convert the following multiple integral to a single integral: 


[ I (x — t)u(a )dtday. 


Using the corollary (1.130) we obtain 


[ [e — t)u(a1)dtdx, = sfc — t)?u(t)dt. 


Example 1.25 


Convert the following multiple integral to a single integral: 


[ [e — t)?u(ay)dtdey. 


Using the corollary (1.130) we obtain 


21 


(1.130) 


(1.131) 


(1.132) 


(1.133) 


(1.134) 


(1.135) 


(1.136) 


(1.137) 


(1.138) 


(1.139) 


22 1 Preliminaries 


x Dy 7 2 : ee 1 z = 3, 
if ee ea arate ak t)"u(t)dt. (1.140) 


Exercises 1.4 


Prove the following: 


1. i [@-H8uceryatae, - 7 f @-otuoat 
2. a [= ntuceratae, - 5 f @-ouoat 


3. f | ‘(w= Hula )atdny + | "(ae — t)?u(w1)dtde1 
10) 10) 10) 0 


= = [te t)?(3-+ 2(@ — t))u(t)at 


6 Jo 
4. / | ; u(x1)dtdx1 +f / "(a — t)u(x1)dtdx1 +f / "(a — t)Pu(ai)dtday 
0 Jo o Jo o Jo 
He xz 


=if (a — t)? (4 + 2(a — t) + (a — t)*) u(t)dt 


1.5 Laplace Transform 


In this section we will review only the basic concepts of the Laplace trans- 
form method. The details can be found in any text of ordinary differential 
equations. The Laplace transform method is a powerful tool used for solving 
differential and integral equations. The Laplace transform [1—4,7] changes dif- 
ferential equations and integral equations to polynomial equations that can 
be easily solved, and hence by using the inverse Laplace transform gives the 
solution of the examined equation. 

The Laplace transform of a function f(x), defined for x > 0, is defined by 


F(s) =L{f(x)} = ne e ** f(x)dz, (1.141) 


where s is real, and L is called the Laplace transform operator. The Laplace 
transform F(s) may fail to exist. If f(x) has infinite discontinuities or if it 
grows up rapidly, then F(s) does not exist. Moreover, an important necessary 
condition for the existence of the Laplace transform Fs) is that F'(s) must 
vanish as s approaches infinity. This means that 


lim F(s) =0. (1.142) 
In other words, the conditions for the existence of a Laplace transform F'(s) 


of any function f(x) are: 


1. f(x) is piecewise continuous on the interval of integration) <4 <A 
for any positive A, 
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2. f(a) is of exponential order e** as x > oc, ie. | f(x)| < Ke®%,a > M, 
where a is real constant, and K and M are positive constants. Accordingly, 
the Laplace transform F'(s) exists and must satisfy 


lim F(s) = 0. (1.143) 


1.5.1 Properties of Laplace Transforms 


From the definition of the Laplace transform given in (1.141), we can easily 
derive the following properties of the Laplace transforms: 
1). Constant Multiple: 
L{af(x)} = aL{f(x)},a is a constant. (1.144) 
For example: 


L{4e"} = 4£{e*} = a (1.145) 


2). Linearity Property: 
L{af(x) + bg(x)} = al{ f(x)} + bL{g(a)}, a,b are constants. (1.146) 


For example: 


4 6 

Li{Ag + 37} = 4£{2} + 3L{27} = ear) (1.147) 
3). Multiplication by z: 
d 
L{af(x)} = -T Lif (a)} = —F'(s). (1.148) 
For example: 
d d iL 2s 
“4 ee 44 a —S — en 1.14 

L{axsin x} qe eisin x} 7s (= = :) (41 (1.149) 


To use the Laplace transform £ for solving initial value problems or integral 
equations, we use the following table of elementary Laplace transforms as 
shown below: 


Table 1.1 Elementary Laplace Transforms 


f(z) P(s) = (f@)} = [~ e-** Flea 
0 
c -,s>0 
1 

ax oe s>0 

nt! T(n+1) 

x =nti worl ,s>0, Ren>-1l 

1 
ete s>a 


COS aX 


xsinax 


COS ax 


sinhax 


cosh ax 


sinh? ax 


cosh? ax 


axsinhax 


x cosh ax 


gr ett 


e%” sin bx 


e*” cos bx 


e?” sinh ba 


e*” cosh ba 


H(a— a) 
6(ax) 
d(x — a) 


6'(a — a) 
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Continued 


P(s) = £EF(0)} = f° em" F(o)an 


ie) 


> |Im(a)| 


> |Im(a)| 


n is a positive integer 
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4). Laplace Transforms of Derivatives: 
Lif'(x)} = sLif(x)} — £(0), 
Lf" (x)} = s°L{f(x)} — sf(0) — f'(0), 
L{f"(x)} = s°L{f(x)} — 8° f(0) — sf"(0) — f"(0), 


L{ f(a)} = s*L{f(x)} — "7 FO) — ++ — sf-7)(0) — f-N(0). 
(1.150) 
5). Inverse Laplace Transform 
If the Laplace transform of f(x) is F(s), then we say that the inverse 
Laplace transform of F'(s) is f(a). In other words, we write 


L-'{F(s)} = f(a), (1.151) 
where £7! is the operator of the inverse Laplace transform. The linearity 
property holds also for the inverse Laplace transform. This means that 


L-l{aF(s) + bG(s)} = alL-1{F(s)} + b£L7!{G(s)} 


= af(x) + bg(a). 
Notice that the computer symbolic systems such as Maple and Mathematica 
can be used to find the Laplace transform and the inverse Laplace transform. 
The Laplace transform method and the inverse Laplace transform method 
will be illustrated by using the following examples. 


Example 1.26 


(1.152) 


Solve the following initial value problem: 
y’t+y=0, yO)=1, y'(0)=1. (1.153) 
By taking Laplace transforms of both sides of the ODE, we use 
Li{y(a)} = Y(s), 
L{y"(x)} = s°L{y(x)} — sy(0) — y'(0) (1.154) 
= s*Y(s)—s-—1, 
obtained upon using the initial conditions. Substituting this into the ODE 


gives 


Ss 2 1 
st+1 s24+1° 


Y(s) = 


To determine the solution y(x) we then take the inverse Laplace transform 
L~' to both sides of the last equation to find 


evi) = ef e becr{ Z \. (1.156) 


s2+] s?7+1 


(1.155) 


This in turn gives the solution by 
y(x) =cosx+sina, (1.157) 
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obtained upon using the table of Laplace transforms. Notice that we obtained 
the particular solution for the differential equation. This is due to the fact 
that the initial conditions were used in the solution. 


Example 1.27 
Solve the following initial value problem 
y’ —y =0, (0) =2, y'(0)=—1. (1.158) 
By taking Laplace transforms of both sides of the ODE, we set 
Lt{y(x)} = Y(s), 
L{y'(a)} = sY(s) - 2, 


. ; : (1.159) 
L{y"(x)} = s°L{y(x)} — sy(0) — y'(0) 
= s’Y(s)—-2s—1, 
obtained by using the initial conditions. Substituting this into the ODE gives 
1 1 
Y(s) = —— + -. 1.160 
(s)=—> +5 (1.160) 


To determine the solution y(a) we then the take inverse Laplace transform 
L~! of both sides of the last equation to find 


1 1 
ev =n fbn {2h (1.161) 
s—1l 8 
This in turn gives the solution by 
y(x) =e” +1, (1.162) 


obtained upon using the table of Laplace transforms. 
6). The Convolution Theorem for Laplace Transform 


This is an important theorem that will be used in solving integral equations. 
The kernel K (x,t) of the integral equation: 


h(x) 
u(a) = f(x) + af K(a,t)u(t)dt, (1.163) 


is termed difference kernel if it depends on the difference x — ¢t. Examples 
of the difference kernels are e*~‘, sin(a — t), and cosh(x — t). The integral 
equation (1.163) can be expressed as 
h(a) 
u(x) = f(a) +A K(a — t)u(t)dt. (1.164) 
g(z) 
Consider two functions f1(#) and f(x) that possess the conditions needed 
for the existence of Laplace transform for each. Let the Laplace transforms 
for the functions f;(#) and f(x) be given by 


L{fi(x)} = Fi(s), 
L{ fo(x)} = Fa(s). 


The Laplace convolution product of these two functions is defined by 


(1.165) 
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(fi * fa)(x y= f° filz — t) fo(t)dt (1.166) 
or 
(fo * fi)( y= [ fo(x — t) fi(t)dt (1.167) 
Recall that 
(fi * fo)(x) = (fa * fi) (2). (1.168) 


We can easily show that the Laplace transform of the convolution product 
(fi * fo)(x) is given by 

0 
It was stated before, that this theorem will be used in the coming chapters. 
To illustrate the use of this theorem we examine the following example. 
Example 1.28 


Find the Laplace transform of 


x+ [oe — t)y(t)dt. (1.170) 


Notice that the kernel depends on the difference x — t. The integral includes 
fi(x) = x and fo(x) = y(x). The integral is the convolution product (fi * 
f2)(x). This means that if we take Laplace transform of each term we obtain 


Li{a} +l {fo _ u(oar} = L{xr} 4+ L{x}Llf{y(t)}. (1.171) 


Using the table of Laplace transforms gives 


1 1 
2 + a (s). (1.172) 
Example 1.29 


Solve the following integral equation 


oe = | e”—'y(t)dt. (1.173) 
0 


Notice that fi(#) = e” and f2(a) = y(a). The right hand side is the convo- 
lution product (fi * f2)(a). This means that if we take Laplace transforms of 
both sides we obtain 


L{re*}=L {f ety(taeh = L{e"}L{y(t)}. (1.174) 


Using the table of Laplace transforms gives 


Bie 2 Y(s), (1.175) 


that gives 
Y(s) = : (1.176) 
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From this we find the solution is 


ule) =f : bie (1.177) 


s—1 
The Laplace transform method will be used for solving Volterra integral equa- 
tions of the first and the second type in coming chapters. 


Exercises 1.5 


Solve the given ODEs: 

lL. y” +4y =0, y(0) =0, y/(0) =1 2. y! + 4y = 4x, y(0) =0, y’(0) =1 
3.y —y=—22, y(0)=0, y’(0)=1 4. y’” — 3y’ + 2y =0, y(0) = 2, y/(0) =3 
Find the Laplace transform of the following expressions: 

5.a2+sinzx 6.e%—cosx 7.1+2e” 8. sina +sinhz 


Find the Laplace transform of the following expressions that include convolution 
products: 


9. i sinh(x — t)y(t)dt 10. 2? + _ e*—*ty(t)dt 
) ) 
11. *@ — tye” *y(t)dt 12. 1+a— [oe — t)y(t)dt 
i) 
Find the inverse Laplace transform of the following: ; 
13. FP) = s+ 14. Fs) = s+ 
18. F(s) = So + 16. Fs) = Ty ED 


1.6 Infinite Geometric Series 


A geometric sequence is a sequence of numbers where each term after the first 
is obtained by multiplying the previous term by a non-zero number r called 
the common ratio. In other words, a sequence is geometric if there is a fixed 
non-zero number r such that 


Qn41=4nr, noi. (1.178) 
This means that the geometric sequence can be written in a general form as 
1,017, @17",...,a;r™1,..., (1.179) 


where a; is the starting value of the sequence and r is the common ratio. 
The associated geometric series is obtained as the sum of the terms of the 
geometric series, and therefore given by 


nm 
Sn = y ar® =a, +air+ayr? tar? +ayrt tee) + ayr”. (1.180) 
k=0 
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The sum of the first n terms of a geometric sequence is given by 
ay(1—r”) 
1l-r 
An infinite geometric series converges if and only if |r| < 1. Otherwise it 

diverges. The sum of infinite geometric series, for |r| < 1, is given by 


Sn = , r#l, (1.181) 


lim S, = —L, (1.182) 
n— 00 1l-—r 
obtained from (1.181) by noting that 
lim r?=0, |r| <1. (1.183) 


Some of the methods that will be used in this text may give the solutions 
in an infinite series. Some of the obtained series include infinite geometric 
series. For this reason we will study examples of infinite geometric series. 


Example 1.30 


Find the sum of the infinite geometric series 
2 4 8 
l+s+-4+-=5+°°: 1.184 
is 3 a 9 a 27 7 ( ) 
The first value of the sequence and the common ratio are given by a; = 1 
and r = 5 respectively. The sum is therefore given by 
1 


Lo 


S= =3. (1.185) 


Example 1.31 
Find the sum of the infinite geometric series: 

elt+e4+eP%+e t+... (1.186) 
The first term and the common ratio are a; = e~' and r = e~! < 1. The 
sum is therefore given by 


et 1 
a 1.187 
l—-e-! e-1 ( ) 
Example 1.32 
Find the sum of the infinite geometric series: 
n n? n3 

p+ —e2+—2+—27+:::, 0 4. 1.188 
a+aet Tet oe <n< ( ) 


It is obvious that ay = x and r = 7 < 1. Consequently, the sum of this 
infinite series is given by 


x 4 
ow ae O<n<4. (1.189) 
4 


Example 1.33 


Find the sum of the infinite geometric series: 


30 1 Preliminaries 
1 1 i 1 
nn a 
1 andr = - < 1. The sum is therefore given by 


ia ey (1.190) 


It is obvious that a, = 


x 


S= = , @>i. (1.191) 


Example 1.34 


Find the sum of the infinite geometric series: 


1 1 it 
ieee eee a ee 1.192 
274. 5” one 
It is obvious that a, = 1 and r = —3, |r| < 1. The sum is therefore given by 
i 2 
S= a 1.193 
1+4 3 ( ) 


Exercises 1.6 


Find the sum of the following infinite series: 


1 il Ir 1 1 1 1 1 
1 erred See t 2 Sees t 
2 4 8 16 2 4 8 16 
5 5 5 3) 
38. -@+ 0+ -224+ E+: 
6 36 216 1296 
r 6. 4 : 4 6. 4 ‘ + 
. —sing + — sing + —sinz sinz+- 
7 49 343 2401 
n n? n? 
5 2:3 44 6 4 84 6 fi fa a Vn oy fase, 0o< <9 
e + é +e +e t or ott art 75977 n 
mos ae eae i a . i e | e i 
Te TE Ge ar Bo cr 7a at 
d 1 1 2 
9. Show that Ine 4 A = f--- J =-, ¢>0 
dx 2 4 x 


t,t i 
10. Show that fs** (S+a+ate)ae=1, a>1 
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Chapter 2 


Introductory Concepts of Integral 
Equations 


As stated in the previous chapter, an integral equation is the equation in 
which the unknown function u(x) appears inside an integral sign [1-5]. The 
most standard type of integral equation in u(x) is of the form 


h(x) 
ileal a / Klee (2.1) 


where g(x) and h(x) are the limits of integration, \ is a constant parameter, 
and K(a,t) is a known function, of two variables x and t, called the kernel 
or the nucleus of the integral equation. The unknown function u(x) that 
will be determined appears inside the integral sign. In many other cases, 
the unknown function u(x) appears inside and outside the integral sign. The 
functions f(a) and K(a,t) are given in advance. It is to be noted that the 
limits of integration g(a) and h(a) may be both variables, constants, or mixed. 

Integral equations appear in many forms. Two distinct ways that de- 
pend on the limits of integration are used to characterize integral equations, 
namely: 


1. If the limits of integration are fixed, the integral equation is called a 
Fredholm integral equation given in the form: 


b 
u(x) = f(x) + rf K (a, t)u(t)dt, (2.2) 


where a and 6 are constants. 
2. If at least one limit is a variable, the equation is called a Volterra integral 
equation given in the form: 


u(x) = f(x) + af K(a,t)u(t)dt. (2.3) 


Moreover, two other distinct kinds, that depend on the appearance of the 
unknown function u(a), are defined as follows: 


1. If the unknown function u(x) appears only under the integral sign of 
Fredholm or Volterra equation, the integral equation is called a first kind 
Fredholm or Volterra integral equation respectively. 


A-M. Wazwaz, Linear and Nonlinear Integral Equations 


© Higher Education Press, Beijing and Springer-Verlag Berlin Heidelberg 2011 


34 2 Introductory Concepts of Integral Equations 


2. If the unknown function u(#) appears both inside and outside the inte- 
gral sign of Fredholm or Volterra equation, the integral equation is called a 
second kind Fredholm or Volterra equation integral equation respectively. 


In all Fredholm or Volterra integral equations presented above, if f(a) is 
identically zero, the resulting equation: 


b 
u(a“) = | K (a, t)u(t)dt (2.4) 
or - 
u(x) = af K(a,t)u(t)dt (2.5) 
is called homogeneous Fredholm or homogeneous Volterra integral equation 
respectively. 


It is interesting to point out that any equation that includes both integrals 
and derivatives of the unknown function u(x) is called integro-differential 
equation. The Fredholm integro-differential equation is of the form: 


b k 
, d 
u*) (x) = f(x) +a / K(a,t)u(t)dt, ub) = a (2.6) 
a x 
However, the Volterra integro-differential equation is of the form: 
x d* 
ul") (x) = f(x) + | K(a,t)u(t)dt, u) = — (2.7) 
a x 


The integro-differential equations [6] will be defined and classified in this text. 


2.1 Classification of Integral Equations 


Integral equations appear in many types. The types depend mainly on the 
limits of integration and the kernel of the equation. In this text we will be 
concerned on the following types of integral equations. 


2.1.1 Fredholm Integral Equations 


For Fredholm integral equations, the limits of integration are fixed. Moreover, 
the unknown function u(x) may appear only inside integral equation in the 
form: 


b 
f(z) = i; K (a, t)u(t)dt. (2.8) 


This is called Fredholm integral equation of the first kind. However, for Fred- 
holm integral equations of the second kind, the unknown function u(x) ap- 
pears inside and outside the integral sign. The second kind is represented by 
the form: 


b 
u(x) = f(x) + rf K (a, t)u(t)dt. (2.9) 
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Examples of the two kinds are given by 
: 1 
sin x — xcosx : 
= = | sin(at)u(t)dt, (2.10) 


x 
and 


u(@) =a+ ; a (a — t)u(t)dt, (2.11) 


respectively. 


2.1.2 Volterra Integral Equations 


In Volterra integral equations, at least one of the limits of integration is a 
variable. For the first kind Volterra integral equations, the unknown function 
u(x) appears only inside integral sign in the form: 


f(z) = | ” K(x, t)u(t)dt. (2.12) 


However, Volterra integral equations of the second kind, the unknown func- 
tion u(x) appears inside and outside the integral sign. The second kind is 
represented by the form: 


u(x) = f(x) + af K(a,t)u(t)dt. (2.13) 
Examples of the Volterra integral Jago of the first kind are 
ze "= [ e'-*u(t)dt, (2.14) 
and . 
5a? + 2% = | (5 + 3x — 3t)u(t)dt. (2.15) 
However, examples of the Volterra integral equations of the second kind are 
u(x) =1-— i. u(t)dt, (2.16) 
and a : 
u(x) = & +/ (x — thu(t)dt. (2.17) 


2.1.3 Volterra-Fredholm Integral Equations 


The Volterra-Fredholm integral equations [6,7] arise from parabolic bound- 
ary value problems, from the mathematical modelling of the spatio-temporal 
development of an epidemic, and from various physical and biological mod- 
els. The Volterra-Fredholm integral equations appear in the literature in two 
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forms, namely 


u(x) = f(w) +1 [ Ky (a, thu(t)dt + r2 a Ko(a, t)u(t)dt, (2.18) 
and , : 
u(x,t) = f(v,t) +2 f ‘ F(a,t,€,7, u(&, 7))d&dr, (x,t) € Ox [0,T], (2.19) 
0 47Q 


where f(x,t) and F(a,t,&,7,u(&,7)) are analytic functions on D = 0 x (0, T], 
and Q is a closed subset of R",n = 1,2,3. It is interesting to note that 
(2.18) contains disjoint Volterra and Fredholm integral equations, whereas 
(2.19) contains mixed Volterra and Fredholm integral equations. Moreover, 
the unknown functions u(x) and u(2, t) appear inside and outside the integral 
signs. This is a characteristic feature of a second kind integral equation. If 
the unknown functions appear only inside the integral signs, the resulting 
equations are of first kind, but will not be examined in this text. Examples 
of the two types are given by 


u(x) = 62+ 3a7+2—- i. zu(t)dt — [ tu(t)dt, (2.20) 
0 0 


and 


t 1 
u(z,t)=24+t 4 sf st | | (7 — €)dédr. (2.21) 


2.1.4 Singular Integral Equations 


Volterra integral equations of the first kind [4,7] 
f(x) =A K(a,t)u(t)dt (2.22) 
or of the second kind 
u(x) = f(x) + K(a,t)u(t)dt (2.23) 
are called singular if one of the a of integration g(x), h(x) or both are 
infinite. Moreover, the previous two equations are called singular if the kernel 


K(a,t) becomes unbounded at one or more points in the interval of integra- 
tion. In this text we will focus our concern on equations of the form: 


f(x) = - ayrileat 0<a<l, (2.24) 


or of the second kind: 


u(x) = f(x) + [ oayriltyat 0<a<l. (2.25) 


The last two standard forms are called generalized Abel’s integral equation 
and weakly singular integral equations respectively. For a = 3, the equation: 
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a 1 
f(x) = | ua (2.26) 


is called the Abel’s singular integral equation. It is to be noted that the 
kernel in each equation becomes infinity at the upper limit t = x. Examples of 
Abel’s integral equation, generalized Abel’s integral equation, and the weakly 
singular integral equation are given by 


fe = a ulti (2.27) 
1 
a = —— u . 
x - | (@—o8 (t)dt, (2.28) 
and é ‘; 
respectively. 


Exercises 2.1 


For each of the following integral equations, classify as Fredholm, Volterra, or 
Volterra-Fredholm integral equation and find its kind. Classify the equation as sin- 
gular or not. 


1. u(x) =1 +f u(t)dt 2n= [ (1 +2 —t)u(t)dt 

3. u(x) =e* +e— 1= [wnat 4241-2 = [P@— guna 

5. ute) = =e ; x fu(t)dt 6. ule) =e + =u ie t)u(t)dt 
7. 5 = [e — t)u(t)dt 8. 3° - = + . = fe — t)u(t)dt 
9. u(x) = = + 5 = ae — t)u(t)dt — i xu(t)dt 

10. u(#,t) =a +t? + pase [i 7 — €)dédr 

ll. x +ve= [ = 12, u(e) = 142? + [° —Ru(tae 


2.2 Classification of Integro-Differential Equations 


Integro-differential equations appear in many scientific applications, espe- 
cially when we convert initial value problems or boundary value problems 
to integral equations. The integro-differential equations contain both integral 
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and differential operators. The derivatives of the unknown functions may ap- 
pear to any order. In classifying integro-differential equations, we will follow 
the same category used before. 


2.2.1 Fredholm Integro-Differential Equations 


Fredholm integro-differential equations appear when we convert differential 
equations to integral equations. The Fredholm integro-differential equation 
contains the unknown function u(«) and one of its derivatives u( (x),n > 1 
inside and outside the integral sign respectively. The limits of integration 
in this case are fixed as in the Fredholm integral equations. The equation 
is labeled as integro-differential because it contains differential and integral 
operators in the same equation. It is important to note that initial conditions 
should be given for Fredholm integro-differential equations to obtain the par- 
ticular solutions. The Fredholm integro-differential equation appears in the 
form: 


b 
u(x) = f(a) +r i K (a, t)u(t)dt, (2.30) 


where u(”) indicates the nth derivative of u(x). Other derivatives of less order 
may appear with u‘”) at the left side. Examples of the Fredholm integro- 
differential equations are given by 


) 1 
u(x) =1- a” +f xcu(t)dt, u(0) =0, (2.31) 
and 


u" (x) + u(x) = 2 — sina — I atu(t)dt, u(0)=0, w(0)=1. (2.32) 


2.2.2 Volterra Integro-Differential Equations 


Volterra integro-differential equations appear when we convert initial value 
problems to integral equations. The Volterra integro-differential equation con- 
tains the unknown function u(x) and one of its derivatives u((a),n > 1 
inside and outside the integral sign. At least one of the limits of integration 
in this case is a variable as in the Volterra integral equations. The equation 
is called integro-differential because differential and integral operators are in- 
volved in the same equation. It is important to note that initial conditions 
should be given for Volterra integro-differential equations to determine the 
particular solutions. The Volterra integro-differential equation appears in the 
form: 


u™ (x) = f(x) +A i ” K(a, t)u(t)dt, (2.33) 
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where u(”) indicates the nth derivative of u(x). Other derivatives of less order 
may appear with u‘”) at the left side. Examples of the Volterra integro- 
differential equations are given by 


u(x) = -14 Ee eset [eae u(0) = 0, (2.34) 
0 


2, 
and 


u" (x)+u' (x) = 1—a(sin z+cos 2) [ tu(t)dt, u(0) = —1, u’(0) = 1. (2.35) 


2.2.3 Volterra-Fredholm Integro-Differential Equations 


The Volterra-Fredholm integro-differential equations arise in the same man- 
ner as Volterra-Fredholm integral equations with one or more of ordinary 
derivatives in addition to the integral operators. The Volterra-Fredholm 
integro-differential equations appear in the literature in two forms, namely 


Ma=Fs / ” Ky (a, t)u(t)dt + Ao i ’ Kola,tyult)dt, (2.36) 
and 


u(x,t) = flat) +a | | F(e,t,€,7, u(é,7))d€dr, (2, t) € Ox [0,7], 
0 Q 


(2.37) 
where f(x, t) and F'(«,t,&,7, u(€,7)) are analytic functions on D = 2 x [0,T), 
and 2 is a closed subset of R",n = 1,2,3. It is interesting to note that (2.36) 
contains disjoint Volterra awid Fredholm integral equations, whereas (2.37) 
contains mixed integrals. Other derivatives of less order may appear as well. 
Moreover, the unknown functions u(x) and u(x,t) appear inside and outside 
the integral signs. This is a characteristic feature of a second kind integral 
equation. If the unknown functions appear only inside the integral signs, the 
resulting equations are of first kind. Initial conditions should be given to 
determine the particular solution. Examples of the two types are given by 


u' (x) = 242 + x* 4 e U ae » wu = 0, : 
(x) = 24 3 7 t)u(t)dt [emo (0)=0, (2.38) 


u'(z,t) =1+4# 4 ae ef fi 7—€)dédr, u(0,t)=t?. (2.39) 


Exercises 2.2 


For each of the following integro-differential equations, classify as Fredholm, Volterra, 
or Volterra-Fredholm integro-equation 
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iG ais 7 eu(t)dt, u(0) =0 


0 


2. ul’ (x) = e+ f'a +a -—t)u(t)dt, u(0) =1, u’(0) =0 


3. u(x) + u(x) = v+ [ tu(t)dt +f u(t)dt, u(0) =0, u’(0) = 1 
4.u/"(x) + u/(e) =a +f tu(t)dt +f u(t)dt, u(0) = 0,u'(0) =1, vw’ (0) =1 
5. u'(v) +u(“2) =a +/ (a — t)u(t)dt, u(0) = 1 
6. u(x) = 1+ qe tu(t)dt, u(0) = 0, u/(0) =1 
0 


2.3 Linearity and Homogeneity 


Integral equations and integro-differential equations fall into two other types 
of classifications according to linearity and homogeneity concepts. These two 
concepts play a major role in the structure of the solutions. In what follows 
we highlight the definitions of these concepts. 


2.3.1 Linearity Concept 


If the exponent of the unknown function u(x) inside the integral sign is one, 
the integral equation or the integro-differential equation is called linear [6]. If 
the unknown function u(a) has exponent other than one, or if the equation 
contains nonlinear functions of u(x), such as e“,sinh wu, cos u,In(1 + u), the 
integral equation or the integro-differential equation is called nonlinear. To 
explain this concept, we consider the equations: 


u(“) =1-— [oe — t)u(t)dt, (2.40) 
u(x) =1 a (a — t)u(t)dt, (2.41) 
u(a@) = 1+ | (1+ a —t)u*(t)dt, (2.42) 


and ; 
u'(#) =1+ | ate“Odt, u(0)=1. (2.43) 
0 


2.3 Linearity and Homogeneity Al 


The first two examples are linear Volterra and Fredholm integral equations 
respectively, whereas the last two are nonlinear Volterra integral equation 
and nonlinear Fredholm integro-differential equation respectively. 

It is important to point out that linear equations, except Fredholm integral 
equations of the first kind, give a unique solution if such a solution exists. 
However, solution of nonlinear equation may not be unique. Nonlinear equa- 
tions usually give more than one solution and it is not usually easy to handle. 
Both linear and nonlinear integral equations of any kind will be investigated 
in this text by using traditional and new methods. 


2.3.2 Homogeneity Concept 


Integral equations and integro-differential equations of the second kind are 
classified as homogeneous or inhomogeneous, if the function f(a) in the second 
kind of Volterra or Fredholm integral equations or integro-differential equa- 
tions is identically zero, the equation is called homogeneous. Otherwise it is 
called inhomogeneous. Notice that this property holds for equations of the 
second kind only. To clarify this concept we consider the following equations: 


u(a) =sine+ | xtu(t)dt, (2.44) 
u(“) =x +f (a — t)“u(t)dt, (2.45) 
oe x —t)ut ; 
u(x) - | (1+ t)u*(t)dt, (2.46) 
and : 
it | Hod: alo) 24, iS: (2.47) 
0 


The first two equations are inhomogeneous because f(x) = sinx and f(x) = 
x, whereas the last two equations are homogeneous because f(x) = 0 for each 
equation. We usually use specific approaches for homogeneous equations, and 
other methods are used for inhomogeneous equations. 


Exercises 2.3 


Classify the following equations as Fredholm, or Volterra, linear or nonlinear, and 
homogeneous or inhomogeneous 


1. u(a) =1+ [fe — t)?u(t)dt 2. u(x) = cosha +f (a — t)u(t)dt 


3. u(x) = [re +a —t)u(t)dt 4, u(x) = rf t?u(t)dt 
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iL 


: dt 6. u(x) = 1 +f u®(t)dt 
0 


1+u? 


5. ua) =14e+ fe 


x 


7. u/(#) =1+ fe —t)u(t)dt, u(0)=1 8. u/ (x) =i (a — t)u(t)dt, u(0) = 0 


0 i} 


2.4 Origins of Integral Equations 


Integral and integro-differential equations arise in many scientific and en- 
gineering applications. Volterra integral equations and Volterra integro- 
differential equations can be obtained from converting initial value prob- 
lems with prescribed initial values. However, Fredholm integral equations 
and Fredholm integro-differential equations can be derived from boundary 
value problems with given boundary conditions. 

It is important to point out that converting initial value problems to 
Volterra integral equations, and converting Volterra integral equations to 
initial value problems are commonly used in the literature. This will be ex- 
plained in detail in the coming section. However, converting boundary value 
problems to Fredholm integral equations, and converting Fredholm integral 
equations to equivalent boundary value problems are rarely used. The conver- 
sion techniques will be examined and illustrated examples will be presented. 

In what follows we will examine the steps that we will use to obtain these 
integral and integro-differential equations. 


2.5 Converting IVP to Volterra Integral Equation 


In this section, we will study the technique that will convert an initial 
value problem (IVP) to an equivalent Volterra integral equation and Volterra 
integro-differential equation as well [3]. For simplicity reasons, we will apply 
this process to a second order initial value problem given by 


y!"(x) + p(x)y' (x) + a(x) y(x) = g(x) (2.48) 
subject to the initial conditions: 
y(0) =a, y'(0) = 8, (2.49) 


where a and ( are constants. The functions p(a) and q(x) are analytic func- 
tions, and g(x) is continuous through the interval of discussion. To achieve 
our goal we first set 

y"(x) = u(z), (2.50) 


where u(2) is a continuous function. Integrating both sides of (2.50) from 0 
to x yields 


x 


u'(0) -y'(0) = f u(t)dt, (2.51) 


(0) 
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or equivalently 


y (x)= B+ i u(t)dt. (2.52) 
Integrating both sides of (2.52) from 0 to x yields 
y(x) — y(0) = Ba + ‘ - u(t)dtdt, (2.53) 
or equivalently a 
y(“) =at Ba+ [oe — t)u(t)dt, (2.54) 


obtained upon using the formula that reduce double integral to a single inte- 
gral that was discussed in the previous chapter. Substituting (2.50), (2.52), 
and (2.54) into the initial value problem (2.48) yields the Volterra integral 
equation: 


u(x) + p(x) E + [ u(t] + q(x) lo + Ba + [e - du(day = g(x). 


(2.55) 
The last equation can be written in the standard Volterra integral equation 
form: 


u(x) = f(x) -{ K (a, t)u(t)dt, (2.56) 
0 
where 
K(a,t) = p(x) + q(a)(a — 1), (2.57) 
and 
f (2) = g(x) — [@p(x) + ag(x) + Bxq(z)]. (2.58) 


It is interesting to point out that by differentiating Volterra equation (2.56) 
with respect to x, using Leibnitz rule, we obtain an equivalent Volterra 
integro-differential equation in the form: 


ula) + K(e,2)u(e) = f(e)~ fP 8 


The technique presented above to convert initial value problems to equiva- 
lent Volterra integral equations can be generalized by considering the general 
initial value problem: 


u(t)dt, u(0)=f(0). (2.59) 


y™ + ar(a)y") +--+ + an—i(z)y’ + an(x)y = g(a), (2.60) 
subject to the initial conditions 
iO) =o, 9 (0) i500) =, 209" 0) =a. (2.61) 


We assume that the functions a;(),1 <7 <n are analytic at the origin, and 
the function g(a) is continuous through the interval of discussion. Let u(z) 
be a continuous function on the interval of discussion, and we consider the 
transformation: 

y™ (x) = u(x). (2.62) 


Integrating both sides with respect to x gives 
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(m—D)(z) = Cy—4 - . ; 
yr "(z) +f (t)dt (2.63) 


Integrating again both sides with respect to x yields 


y"—2) (x) = en—2 Cn—1£ [ [ t)dtdt 


= Cn—-2 + Cn-10 fe t)u(t)dt, (2.64) 
0 


obtained by reducing the double integral to a single integral. Proceeding as 
before we find 


1 
y"—-3) (x) = en—3 Cn—2X zone’ + 7. [ [ow t)dtdtdt 


1 
= Cn_3t Cn—2t + ~Cn_12" +5f (a — t)?u(t)dt. (2.65) 
2 2 J, 


Continuing the integration process leads to 


n—-1 


Ck ak 1 7 _ zyn-1 
y(z) = sat + aan (x — t)"—1u(t)dt. (2.66) 
Substituting (2.62)— a aS into (2.60) gives 
s-f K(2,t)u (2.67) 
where 7 
_ Gn _ 4)k-1 
K(a,t) = (kb — pi i)" (2.68) 
k=1 
and 


f(x) = g(x) — )oa; (>: ie) (2.69) 


Notice that the Volterra integro-differential equation can be obtained by dif- 
ferentiating (2.67) as many times as we like, and by obtaining the initial 
conditions of each resulting equation. The following examples will highlight 
the process to convert initial value problem to an equivalent Volterra integral 
equation. 


Example 2.1 


Convert the following initial value problem to an equivalent Volterra integral 
equation: 


y (x) —2ay(r) =e” , y(0) =1. (2.70) 
We first set 
y' (x) = u(x). (2.71) 


Integrating both sides of (2.71), using the initial condition y(0) = 1 gives 


ule) — (0) =f u(pat, (2.72) 
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or equivalently 
y(xz) =1 +f u(t)dt, (2.73) 
0 
Substituting (2.71) and (2.73) into (2.70) gives the equivalent Volterra inte- 
gral equation: 
u(x) = 22 +e" +2 | u(t)dt. (2.74) 
0 


Example 2.2 


Convert the following initial value problem to an equivalent Volterra integral 
equation: 


y (x) —y(a)=sinx, y(0)=0, y'(0) =0. (2.75) 
Proceeding as before, we set 
y (x) = u(a). (2.76) 
Integrating both sides of (2.76), using the initial condition y’(0) = 0 gives 
vias | u(t)dt. (2.77) 
0 


Integrating (2.77) again, using the initial condition y(0) = 0 yields 


Had= | t= Buias, (2.78) 
a= ff wou f 


obtained upon using the rule to convert double integral to a single integral. 
Inserting (2.76)—(2.78) into (2.70) leads to the following Volterra integral 
equation: 


u(a) = sina + fe — t)u(t)dt. (2.79) 


Example 2.3 


Convert the following initial value problem to an equivalent Volterra integral 
equation: 


y" —y" -y +y=0, y(0)=1, y/(0)=2, y"(0)=3. (2.80) 
We first set 
y’" (a) = u(z), (2.81) 


where by integrating both sides of (2.81) and using the initial condition 
y" (0) = 3 we obtain 


yf! = 3+ / u(t)dt. (2.82) 
0 
Integrating again and using the initial condition y’(0) = 2 we find 
y (x) =2+3a@4+ a ic t)dtdt = 2+ 3a + | (x —t)u(t)dt. (2.83) 
0 


Integrating again and using y(0) = 1 we obtain 
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y(x) =14 22 22 | | u(t)dtdtdt 
2 0 Jo Jo 
Sete 2 
=14+2¢+-=-a°+- ] (a—t)*u(t)dt. (2.84) 
2 a J, 


Notice that in (2.83) and (2.84) the multiple integrals were reduced to single 
integrals as used before. Substituting (2.81) — (2.84) into (2.80) leads to the 
Volterra integral equation: 


u(x) =44+a4+ so + fo +(a-t)- 5( — t)”Ju(t)dt. (2.85) 


Remark 


We can also show that if y")(a) = u(x), then 
ya) = yO) + [uct 
0 


y'"(@) = y(0) + ay" (0) +f (x — t)u(t)dt 


1 1 f* 
u(x) = y'(0) + wy!"(0) + 527y/"(0) + >| (a — t)?u(t)dt 
0 
1 1 1 [* 
u(x) = y(0) + wy/(0) + 5a?y"(0) + Exey!(0) + =| (a — t)°u(t)dt. 
0 
(2.86) 
This process can be generalized to any derivative of a higher order. 
In what follows we summarize the relation between derivatives of y(a) and 
u(x): 


Table 2.1 The relation between derivatives of y(x) and u(x) 


yo (x) Integral Equations 


x 


ule) = yo) + [ ueoat 


0 


y' (x) = u(x) 


y!'(a) = u(e) y'(o) = y'(0) +f w(tat 


0 


y(x) = y(0) + 2y'(0) | "(a — t)u(t)at 


y’ (a) = y"(0) + [ * u(t)at 


y!"(x) = u(x) 


y!(e) = y'(0) +2y"(0) 4 [ “(a — t)u(t)dt 


ula) = (0) +2y"(0) + 527y""(0) + 5 [Ce —ayu(ae 
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2.5.1 Converting Volterra Integral Equation to IVP 


A well-known method for solving Volterra integral and Volterra integro- 
differential equation, that we will use in the forthcoming chapters, converts 
these equations to equivalent initial value problems. The method is achieved 
simply by differentiating both sides of Volterra equations [6] with respect to 
x as many times as we need to get rid of the integral sign and come out with 
a differential equation. The conversion of Volterra equations requires the use 
of Leibnitz rule for differentiating the integral at the right hand side. The 
initial conditions can be obtained by substituting « = 0 into u() and its 
derivatives. The resulting initial value problems can be solved easily by using 
ODEs methods that were summarized in Chapter 1. The conversion process 
will be illustrated by discussing the following examples. 


Example 2.4 


Find the initial value problem equivalent to the Volterra integral equation: 
u(a) =e” +f u(t)dt. (2.87) 
0 
Differentiating both sides of (2.87) and using Leibnitz rule we find 
u(x) =e” + u(2). (2.88) 
It is clear that there is no need for differentiating again because we got rid 
of the integral sign. To determine the initial condition, we substitute 7 = 0 
into both sides of (2.87) to find u(0) = 1. This in turn gives the initial value 


problem: 
u(x) — u(x) =e”, u(0)=1. (2.89) 


Notice that the resulting ODE is a linear inhomogeneous equation of first 
order. 


Example 2.5 
Find the initial value problem equivalent to the Volterra integral equation: 
u(x) = 2? + fe — t)u(t)dt. (2.90) 
Differentiating both sides of (2.90) ne using Leibnitz rule we find 
ul(x) = 2a + [ u(t)dt. (2.91) 
0 


To get rid of the integral sign we should differentiate (2.91) and by using 
Leibnitz rule we obtain the second order ODE: 

u" (x) =2+u(z). (2.92) 
To determine the initial conditions, we substitute « = 0 into both sides of 
(2.90) and (2.91) to find u(0) = 0 and w’(0) = 0 respectively. This in turn 
gives the initial value problem: 


u"(x) —u(x) =2, u(0)=0, w(0)=0. (2.93) 
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Notice that the resulting ODE is a second order inhomogeneous equation. 

Example 2.6 

Find the initial value problem equivalent to the Volterra integral equation: 
u(x) = sina — s[@ — t)?u(t)dt. (2.94) 


Differentiating both sides of the integral equation three times to get rid of 
the integral sign to find 


u' (a) = cosa — | i — t)u(t)dt, 
u(x) = —sina -| u(t)dt, 


u(x) = —cosx — u(x). 


(2.95) 


Substituting z = 0 into (2.94) and into the first two integro-differential equa- 
tions in (2.95) gives the initial conditions: 


#0) =0, w(0)=1, (0) =0. (2.96) 
In view of the last results, the initial value problem equivalent to the Volterra 
integral equation (2.94) is a third order inhomogeneous ODE given by 


u"(a) + u(z4)=—cosa, u(0)=0, w(0)=1, u"(0)=0. (2.97) 


Exercises 2.5 


Convert each of the following IVPs in 1-8 to an equivalent Volterra integral equation: 
1. y’ —4y =0, y(0) = 1 2. y’ + day = e- 2%", y(0) =0 

3. y+ 4y =0, y0)=0, y/(0)=1 9 4.” — By’ + 8y = 1, y(0) = 1, y/(0) =1 
5. y! —y =0, y(0) = 2, y’(0) =y/"(0) = 1 

6. y” — 2y” +y=2, y(0) =1,y'(0) =0, y’(0) =1 

7. yO —y" =1, yO) = y'(0) =0, 9") = y'"(0) = 1 

8. y™) +4! +y =a, (0) =y'(0) =1, (0) =y"(0) =0 


Convert each of the following Volterra integral equation in 9-16 to an equivalent IVP: 


9. u(x) = a+ 2 f° u(t)dt 10. u(x) = 1+ e" — [ u(t)dt 


11. u(x) =14+27+ [e — t)u(t)dt 12. u(x) = sina — i (a — t)u(t)dt 


13. u(x) = 1—cosa4 2 [Ce t)?u(t)dt 14. u(x) = 2+sinhe 4 [fe t)?u(t)dt 


15. u(z) =1+ 2 [ — t)Pu(t)dt 16. u(x) =1+e" 4 fo + ¢ — t)?u(t)dt 
0 0 


2.6 Converting BVP to Fredholm Integral Equation 49 


2.6 Converting BVP to Fredholm Integral Equation 


In this section, we will present a method that will convert a boundary value 
problem to an equivalent Fredholm integral equation. The method is simi- 
lar to the method that was presented in the previous section for converting 
Volterra equation to IVP, with the exception that boundary conditions will 
be used instead of initial values. In this case we will determine another ini- 
tial condition that is not given in the problem. The technique requires more 
work if compared with the initial value problems when converted to Volterra 
integral equations. For this reason, the technique that will be presented is 
rarely used. Without loss of generality, we will present two specific distinct 
boundary value problems (BVPs) to derive two distinct formulas that can be 
used for converting BVP to an equivalent Fredholm integral equation. 


Type I 


We first consider the following boundary value problem: 


y'(@) + 9(x)y(a) =h(x), O<a <1, (2.98) 
with the boundary conditions: 
y(0)=a, y(1)=8. (2.99) 
We start as in the previous section and set 
y (x) = u(x). (2.100) 
Integrating both sides of (2.100) from 0 to a we obtain 
f y" (t)dt = i u(t)dt, (2.101) 
0 0 
that gives 
y' (x) = y/(0) +f u(t)dt, (2.102) 
0 


where the initial condition y'(0) is not given in a boundary value problem. 
The condition y’(0) will be determined later by using the boundary condition 
at « = 1. Integrating both sides of (2.102) from 0 to x gives 


y(x) = y(0) + xy’(0 +f foun (2.103) 


y(z) =a+a2y’ o+f (x — t)u(t)dt, (2.104) 


or equivalently 


obtained upon using the condition y(0) = a and by reducing double integral 
to a single integral. To determine y’(0), we substitute x = 1 into both sides 
of (2.104) and using the boundary condition at y(1) = 6 we find 


y(1) =a+y'(0) 4 i: (1 — t)u(t)dt, (2.105) 


that gives 
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1 
B=at+y'(0)4 | (1 — t)u(t)dt. (2.106) 
0) 
This in turn gives 


1 
y' (0) = (B-—a) - | (1 — t)u(t)dt. (2.107) 
Substituting (2.107) into (2.104) gives 


y(z) =at(B—-—a)ze— / a(1—t)u(t)dt + fe —t)u(t)dt. (2.108) 
0 0 
Substituting (2.100) and (2.108) into (2.98) yields 


u(x) + ag(x) + (8 — a)ag(x) — | xg(x)(1 — t)u(t)dt 


+ [ g(x)(x — t)u(t)dt = h(z). (2.109) 


From calculus we can use the formula: 


| gs | ()+ [ a; (2.110) 
to carry Eq. (2.109) to 


u(x) = h(a) — ag(a) — (6 — a)xg(x) — g(a) | “(a — thu(t)dt 
0 
+ag(x) / (1- du(tae+ f (1 tute ; (2.111) 


that gives 
1 


u(x) = f(x) + [ t(1 — 2)g(x)u(t)dt +/ au(1—t)g(a)u(t)dt, (2.112) 


x 


that leads to the Fredholm integral equation: 


1 
u(x) = f(x) +f K(a,t)u(t)dt, (2.113) 
0 
where 
f(x) = h(a) — ag(x) — (8 — a)xg(z), (2.114) 
and the kernel K (x,t) is given by 
t(l—a«)g(x), for 0< 
Kast) = {L-9@) 
a(l—t)g(z), for «<t<l. 
An important conclusion can be made here. For the specific case where 
y(0) = y(1) = 0 which means that a = § = 0, ie. the two boundaries of 
a moving string are fixed, it is clear that f(a) = h(x) in this case. This 


means that the resulting Fredholm equation in (2.113) is homogeneous or 
inhomogeneous if the boundary value problem in (2.98) is homogeneous or 


t<a, 
(2.115) 
< 
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inhomogeneous respectively when a = 3 = 0. The techniques presented above 
will be illustrated by the following two examples. 

Example 2.7 


Convert the following BVP to an equivalent Fredholm integral equation: 

y" (x) + 9y(x) =cosz, y(0) = y(1) =0. (2.116) 
We can easily observe that a = 6 = 0,g(”) = 9 and h(x) = cosa. This in 
turn gives 


f(a) = cosa. (2.117) 
Substituting this into (2.113) gives the Fredholm integral equation: 
1 
u(x) = cosa +f K (a, t)u(t)dt, (2.118) 
0 
where the kernel K(,t) is given by 
9t(1—2), for O<t<a, 
K(z,t) = (2.119) 
Qx(1—t), for ~<t<l. 


Example 2.8 


Convert the following BVP to an equivalent Fredholm integral equation: 
y (x) + cy(x) =0, y(0)=0, y(1) =2. (2.120) 
Recall that this is a boundary value problem because the conditions are 
given at the boundaries x = 0 and « = 1. Moreover, the coefficient of y(x) is 
a variable and not a constant. 
We can easily observe that a = 0,3 = 2, g(a”) = x and h(a) = 0. This in 
turn gives 
f(z) = -22”. (2.121) 


Substituting this into (2.113) gives the Fredholm integral equation: 
1 
te) = i K (a, t)u(t)dt, (2.122) 
0 


where the kernel K (x,t) is given by 


ta(l—«a), for 0<t<a, 
K(a,t) = (2.123) 
x(1—t), for c<t<l. 
Type II 
We next consider the following boundary value problem: 
y (x) +9(x)y(z) =h(x), O<2<1, (2.124) 
with the boundary conditions: 
y(0)=o, (1) =r. (2.125) 


We again set 
y"' (a) = u(x). (2.126) 
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Integrating both sides of (2.126) from 0 to # we obtain 


[ v'wa= | u(t)dt, (2.127) 
0 0 
that gives 


y'(a) = y/(0) + a u(t)dt, (2.128) 


where the initial condition y’(0) is not given. The condition y’(0) will be 
derived later by using the boundary condition at y’(1) = (1. Integrating 
both sides of (2.128) from 0 to x gives 


y(x) = y(0) + vy/(0) + i a u(t)dtdt, (2.129) 
or equivalently 
y(x) = a, + xy’(0) + | (a — t)u(t)dt, (2.130) 


obtained upon using the condition y(0) = a; and by reducing double integral 
to a single integral. To determine y’(0), we first differentiate (2.130) with 
respect to xz to get 


y'(a) = y'(0) + [ u(t)dt, (2.131) 


where by substituting z = 1 into both sides of (2.131) and using the boundary 
condition at y/(1) = 61 we find 


y' (1) = y'(0) +f u(t)dt, (2.132) 
that gives ‘ 
y (0) = fi af u(t)dt. (2.133) 
Using (2.133) into (2.130) gives 
y(@) =a, +2 [a =p u(t +f (a — t)u(t)dt. (2.134) 


Substituting (2.126) and (2.134) into (2.124) yields 


u(t) + arg(2) + Pregl) — i arg(ayu(t)dt + | “pele udr= Ae). 


(2.135) 
From calculus we can use the formula: 


i on | ()+ | (), (2.136) 
to carry Eq. (2.135) to 


u(x) = A(x) — (a4 + Gix)g(a) 


+ag(x) | | ” u(t)dt + | u(t] — g(x) | "(a —t)u(#)dt. (2.137) 
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The last equation can be written as 
1 


u(z) =sa)+ tg(x)u(that + f xg(a)u(t)dt, (2.138) 


that leads to the Fredholm integral equation: 


1 
+ | K(a, t)u(t)dt, (2.139) 
0 
where 
f(x) = h(a) — (a1 + Aix) 9(2), (2.140) 
and the kernel K(2,t) is given by 


tg(x), for 0<t<a, 
K(a,t) = (2.141) 
xg(z), for ~<t<l. 


An important conclusion can be made here. For the specific case where y(0) = 
y'(1) = 0 which means that a; = 6, = 0, it is clear that f(x) = h(x) 
in this case. This means that the resulting Fredholm equation in (2.139) is 
homogeneous or inhomogeneous if the boundary value problem in (2.124) is 
homogeneous or inhomogeneous respectively. 

The second type of conversion that was presented above will be illustrated 
by the following two examples. 


Example 2.9 


Convert the following BVP to an equivalent Fredholm integral equation: 
y (@) + y(x) =0, y(0)=y'(1) =0. (2.142) 
We can easily observe that ay = 6; = 0, g(a) = 1 and h(x) = 0. This in turn 
gives 
f(x) =0. (2.143) 
Substituting this into (2.139) gives the homogeneous Fredholm integral equa- 
tion: 


= , K (a, t)u(t)dt, (2.144) 
0 


where the kernel K (x,t) is given by 


t, for O 
K(a,t) = 


<ts 
(2.145) 
z, for r<t< 


Example 2.10 


Convert the following BVP to an equivalent Fredholm integral equation: 
y"(x) + 2y(x)=4, y(0)=0, y/(1)=1. (2.146) 
We can easily observe that a, = 0,61; = 1, g(x) = 2 and h(x) = 4. This in 
turn gives 
f(a) =4- 22. (2.147) 
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Substituting this into (2.139) gives the inhomogeneous Fredholm integral 
equation: 


u(a) =4— 24+ [ K(a,t)u(t)dt, (2.148) 


where the kernel A (x,t) is given by 


2t, for 0 
K(a,t) = 


<t< 
(2.149) 
2x, for r<t< 


2.6.1 Converting Fredholm Integral Equation to BVP 


In a previous section, we presented a technique to convert Volterra integral 
equation to an equivalent initial value problem. In a similar manner, we will 
present another technique that will convert Fredholm integral equation to an 
equivalent boundary value problem (BVP). In what follows we will examine 
two types of problems: 


Type I 
We first consider the Fredholm integral equation given by 


nf K(x, t)u(t)dt (2.150) 
where f(x) is a given function, and the kernel K(a,t 
t(l—a)g(x), for O< 
last = (1-9) 
a(l—t)g(x), for r< 


For simplicity reasons, we may consider g(x) = where A is constant. Equa- 
tion (2.150) can be written as 


u(a) = f(x) + af t(1 — x)u(t)dt + af x(1 — t)u(t)dt, (2.152) 
or equivalently 
u(x) = f(z) + AQ — 2) i tu(t)dt + dv | (1 — t)u(t)dt. (2.153) 
0) © 


Each term of the last two terms at the right side of (2.153) is a product of 
two functions of x. Differentiating both sides of (2.153), using the product 
rule of differentiation and using Leibnitz rule we obtain 


u'(a) = f’(x) + Aw(1 — x)u »)-rf tu(t 


—Aax(1 — x)u(x) + v7 (1 — t)u(t)dt (2.154) 


=r fuera fe (1 — t)u(t)dt 


) is given by 
t 


<2 


2.151 
sz (2.151) 


ee 
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To get rid of integral signs, we differentiate both sides of (2.154) again with 
respect to x to find that 


u(x) = f(x) — Avu(x) — A(1 — x)u(2), (2.155) 
that gives the ordinary differential equations: 
u” (x) + Au(x) = f”" (2). (2.156) 


The related boundary conditions can be obtained by substituting « = 0 and 
x = 1 in (2.153) to find that 

u(0) = f(0), u(1) = f(1). (2.157) 
Combining (2.156) and (2.157) gives the boundary value problem equivalent 
to the Fredholm equation (2.150). 

Recall that y”(x) = u(x). Moreover, if g(x) is not a constant, we can 
proceed in a manner similar to the discussion presented above to obtain the 
boundary value problem. The technique above for type I will be explained 
by studying the following examples. 


Example 2.11 


Convert the Fredholm integral equation 
1 
u(x) = e” +f K (a, t)u(t)dt, (2.158) 
0 


where the kernel A(x, t) is given by 


9t(1—<2), for 0<t 
K(z,t) = : (2.159) 


9x(1—t), for a 
to an equivalent boundary value problem. 
The Fredholm integral equation can be written as 


u(x) = e* + 9(1 — 2) [ tu(t)dt + 9x fo — t)u(t)dt. (2.160) 


Differentiating (2.160) twice with respect to x gives 


u(x) = e? — of tu(t)dt + ofa — t)u(t)dt, (2.161) 


and 
u" (a) = e® — 9u(ax). (2.162) 
This in turn gives the ODE: 
u(x) + 9u(x) = e*. (2.163) 
The related boundary conditions are given by 
u(0) = f(0) =1, u(1)= f(1) =e, (2.164) 


obtained upon substituting x = 0 and x = 1 into (2.160). 
Example 2.12 


Convert the Fredholm integral equation 
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UX = 7° ‘ a U A 
(x) +f K (a, t)u(t)dt, (2.165) 


where the kernel K (a, t) is given by 


4t(l—2«), for 0<t<a, 
K(a,t) = (2.166) 
4r(1—t), for e<t<l, 
to an equivalent boundary value problem. 
The Fredholm integral equation can be written as 
x ul 
u(x) = 2° + 4(1— x) [ tu(t)dt + ax | (1 — t)u(t)dé. (2.167) 
0 x 
Proceeding as before we find 
u(x) = 6x — 4u(z). (2.168) 
This in turn gives the ODE: 
u(x) + 4u(z) = 62, (2.169) 
with the related boundary conditions: 
u(0) = f(0)=0, u(1)= fd) =1. (2.170) 
Type IT 


We next consider the Fredholm integral equation given by 


u(x) = f(x) +f K(a, t)u(t)dt, (2.171) 


where f(x) is a given function, and the kernel K (x,t) is given by 


tg(z), for O<t<a, 
K(a,t) = (2.172) 
eg(x), for «<t<l. 
For simplicity reasons, we again consider g(x) = A where X is constant. 
Equation (2.171) can be written as 
x 1 
u(x) = f(a) + af tu(t)dt + rv | u(t)dt. (2.173) 
0 x 


Each integral at the right side of (2.173) is a product of two functions of x. 
Differentiating both sides of (2.173), using the product rule of differentiation 
and using Leibnitz rule we obtain 


rc ee cee i u(t)dt. (2.174) 


To get rid of integral signs, we differentiate again with respect to x to find 
that 
u" (a2) = f" (x) — Au(2x), (2.175) 


that gives the ordinary differential equations. Also change equations to equa- 
tion 
ul" (x2) + Au(a) = f(x). (2.176) 
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Notice that the boundary condition u(1) in this case cannot be obtained 
from (2.173). Therefore, the related boundary conditions can be obtained by 
substituting « = 0 and x = 1 in (2.173) and (2.174) respectively to find that 

ulOV=J(0), wO)—f' 1). (2.177) 
Combining (2.176) and (2.177) gives the boundary value problem equivalent 
to the Fredholm equation (2.171). 

Recall that y(a#) = u(a#). Moreover, if g(x) is not a constant, we can 
proceed in a manner similar to the discussion presented above to obtain the 
boundary value problem. The approach presented above for type II will be 
illustrated by studying the following examples. 


Example 2.13 


Convert the Fredholm integral equation: 
1 
u(x) = e” +/ K (a, t)u(t)dt, (2.178) 
0 


where the kernel K (x,t) is given by 
(2.179) 


to an equivalent boundary value problem. 


The Fredholm integral equation can be written as 
1 


u(x) =e” + if tu(t)dt + a f u(t)dt. (2.180) 


Differentiating (2.180) twice with respect to x gives 
1 


u(x) = e* + a/ u(t)dt, (2.181) 
and 
u(x) = e” — 4u(z). (2.182) 
This in turn gives the ODE: 
u(x) + 4u(x) = e”. (2.183) 
The related boundary conditions are given by 
u(0) = f(0)=1, w= fd) =e, (2.184) 


obtained upon substituting « = 0 and x = 1 into (2.180) and (2.181) re- 
spectively. Recall that the boundary condition u(1) cannot obtained in this 
case. 


Example 2.14 
Convert the Fredholm integral equation 
1 
u(x) = 2? +f K (a, t)u(t)dt, (2.185) 
0 


where the kernel A (x,t) is given by 
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6t, for O<t<a, 
K(a,t) = (2.186) 
62, for r<t<l 


to an equivalent boundary value problem. 


The Fredholm integral equation can be written as 
1 


u(x) = a? + 6 tu(t)dt + 6x | u(t)dt. (2.187) 


Proceeding as before we find 
1 
u(x) = 2x + 6 | u(t)dt. (2.188) 
and 
u(x) + 6u(x) = 2, (2.189) 
with the related boundary conditions 


u(0) = f(0) =0, w'(1) = f/(1) =2. (2.190) 


Exercises 2.6 

Convert each of the following BVPs in 1-8 to an equivalent Fredholm integral equa- 
tion: 

ly’ +4y=0, 0<a2<1, y(0)=y(1) =0 

2. y" + 2y =0, y(0) = y(1) =0 
3.y"+2y=2,0<2<1, y(0) =1,y(1) =0 
4. y+ 3ay=4, 0<a<1, y(0)=0,y(1) =0 
5. yy’ +4y=0, 0<a<1, y(0) =0,y/(1) =0 
6 
7 


-y’ +2y=0, y(0) =0, y’(1) =0 
.y’+4y=a, 0<2<1, y(0) =1,y’/(1) =0 


8. y" +4ey = 2, 0<a<1, y(0) =0,y/(1) =1 


Convert each of the following Fredholm integral equation in 9-16 to an equivalent 
BVP: 


1 3t(1—«az), for O0<t<za 
9. u(x) = e?” +f K(a,t)u(t)dt, K(x,t) = 
0 3a(1—t), for r<gt<l 
1 t(l—«a), for 0<t<za 
10. u(x) = 3a? +f K(a, t)u(t)dt, K(«,t) = 
) a(1—t), for ~<t<l 
1 6t(l—«a), for O0<t<a 
11. u(a) = cosa +f K(a,t)u(t)dt, K(a#,t) = 
) 6a(1—t), for ~<t<l 


4t(1—a), for 0 


12. u(x) = sinha +f K(a,t)u(t)dt, K(a,t) = ee aH. Ge = 
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1 t, for O0<t<ez 
13. u(x) = e3” +f K(a,t)u(t)dt, K(a,t) = 
) az, for c<t<l 
1 6t, for O<t<a 
14. u(x) = «4 +f K(a,t)u(t)dt, K(ax,t) = 
0) 62, for x<t<l 
1 4t, for O0<t<az 
15. u(x) = 2x? +3 +f K(a,t)u(t)dt, K(ax,t) = 
0 4x, for «<t<l 
1 2t, for O0<t<a 
16. u(x) =e™ +1 +f K(a,t)u(t)dt, K(«,t) = 
0 2x, for «<t<l 


2.7 Solution of an Integral Equation 


A solution of a differential or an integral equation arises in any of the following 
two types: 


1). Exact solution: 
The solution is called exact if it can be expressed in a closed form, such as a 
polynomial, exponential function, trigonometric function or the combination 
of two or more of these elementary functions. Examples of exact solutions 


are as follows: 
u(x) = x +e", 


u(x) = sing + e?, (2.191) 


u(x) = 1+cosha + tana, 


and many others. 

2). Series solution: 
For concrete problems, sometimes we cannot obtain exact solutions. In this 
case we determine the solution in a series form that may converge to exact 
soliton if such a solution exists. Other series may not give exact solution, and 
in this case the obtained series can be used for numerical purposes. The more 
terms that we determine the higher accuracy level that we can achieve. 


A solution of an integral equation or integro-differential equation is a func- 
tion u(x) that satisfies the given equation. In other words, the obtained so- 
lution u(x) must satisfy both sides of the examined equation. The following 
examples will be examined to explain the meaning of a solution. 


Example 2.15 
Show that u(a) = sinh z is a solution of the Volterra integral equation: 

u(z) = a+ fe — t)u(t)dt. (2.192) 
Substituting u(x) = sinh in the right hand side (RHS) of (2.192) yields 
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RHS = «+ | (a — t) sinh tdt 
0 


= «+ (sinht — t)|5 
sinh « = u(x) = LHS. (2.193) 


Example 2.16 


Show that u(x) = sec? is a solution of the Fredholm integral equation 


x 


1 1 f? 
u(x) = =< +sec?a + ff u(t)dt. (2.194) 


Substituting u(x) = sec? in the right hand side of (2.194) gives 


1 1 [4 
RHS = =a sec?a@ + sf u(t)dt 
1 il x 
= sec?a 5 (tan t) |@ 
sec?z = u(x) = LHS. (2.195) 


Example 2.17 


Show that u(x) = sin x is a solution of the Volterra integro-differential equa- 
tion: 


u' (#2) =1—- [ u(t)dt. (2.196) 


Proceeding as before, and using u(a) = sina into both sides of (2.196) we 
find 


LHS = wu (x) = cosz, 
RHS = 1- | sin tdt = 1 — (—cost)|) = cosa. (2.197) 
0 


Example 2.18 


Show that u(a) = x + e® is a solution of the Fredholm integro-differential 
equation: 


al 
ule) =e? — a + ‘: atu(t)dt. (2.198) 
0 


Substituting u(a) = «+ e” into both sides of (2.198) we find 
LHS =a" (¢) =e", 


4 1 
RHS = e® — get e) t(t + e’)dt 
0 


=e". (2.199) 
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Example 2.19 


Show that u(x) = cos is a solution of the Volterra-Fredholm integral equa- 
tion: 


u(x) = cosa — a+ a i u(t)dtdt. (2.200) 


Proceeding as before, and using u(x) = cosa into both sides of (2.200) we 
find 


LHS = cosz, 


a 3 
RHS = cosx — x +f | cos tdt = cos x. (2.201) 
o Jo 


Example 2.20 


Show that u(x) = e® is a solution of the Fredholm integral equation of the 
first kind: 


x?41 1 
é€ —1 24 
——— = a t)dt. 2.202 


Proceeding as before, and using u(x) = e® into the right side of (2.202) we 
find 


(a?+1)t — a?41 —1 
é€ e 
x? +1 I 


1 
RHS = | elt +Dtge — 
0 x? + 1 


t=0 
Example 2.21 


Show that u(x) = x is a solution of the nonlinear Fredholm integral equation 


« if 1 
=> Sb = — dt. 2.204 
a a) cee” v0") 
Using u(x) = x into the right side of (2.204) we find 
n l1lf 1 nm 1 t=1 
H —t —-—+- ———_ t = eden _ =i t 
RHS = x 0) sf Tap? x 19 1 3 tan [ae 
a lst 

=2-54+=5(5-0) =2=LHs. (2.205) 


Example 2.22 
Find f(z) if u(x) = 2? + 2? is a solution of the Fredholm integral equation 
u(x) = f(x) + a (xt? + x2 t)u(t)dt. (2.206) 
Using u(x) = x? + x? into both sides of (2.206) we find 
LHS = 2? + 2°, 
RHS = f(x) + a f (at + a7t)u(t)dt = f(z) +a?+2. (2.207) 


Equating the left and right sides gives 
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f(x) =23 -—2. (2.208) 


Exercises 2.7 


In Exercises 1-4, show that the given function u(x) is a solution of the corresponding 
Fredholm integral equation: 


rz 


1/2 
1. u(x) = cosa + ah sin cu(t)dt, u(x) = sinew + cosx 
0 
_ 2Qa4Ht 1 Qa—4t — ,22 
2. u(x) =e 7 "3 — ; e 3 u(t)dt, u(x) =e 
0 


3. ula) = a+ je —t*)u(t)dt, -1<2#<l, u(e)=2 


lt 
4. u(x) = x + (1— a)e” +f ae" Du(t)dt, u(x) = e* 
0 


In Exercises 5-8, show that the given function u(x) is a solution of the corresponding 
Volterra integral equation: 


5. u(x) = 1+ ae u(t)dt, u(x) = e?” 


6. u(x) = 4x + sing + 2x? —cosx+1 | u(t)dt, u(a) = 4¢ + sina 
0 


7. u(x) =1— °° = [ (a —t)u(t)dt, u(x) = 2cosa—1 


8. u(x) = 1+ 2a 4+ sina + x? — cosx / u(t)dt, u(w) = 2a + sina 
0 


In Exercises 9-12, show that the given function u() is a solution of the corresponding 
Fredholm integro-differential equation: 
1 


1 
9. u(x) = re™ +e™ —a+ s/f xu(t)dt, u(0) = 0, u(x) = re” 
0 


10. u(x) = e* + (e—1) - [ u(t)dt, u(O0) = 1, u(x) = e® 


11. u(x) = 1-sinag — is tu(t)dt, u(0) = 0, u’(0) = 1, u(x) = sine 
i) 


x 


12. u/"(a) =1+4+sinae — ee (a — t)u(t)dt, 
) 


u(0) = 1, u’(0) =0, u’’(0) = —-1, u(x) = cose 


In Exercises 13-16, show that the given function u(x) is a solution of the corresponding 
Volterra integro-differential equation: 


13. u! (xv) =2+a4 0? — i u(t)dt, u(0) = 1, u(x) =1+4 2a 
) 


14. u(x) = wcosx — 2sina +f tu(t)dt, u(0) = 0, u’(0) = 1, u(x) =sinz 
) 
15. wu’ (a) =1 +f (x — t)u(t)dt, u(0) = 1, u’(0) = 0, u(x) = coshaz 

0 
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16. 


u(x) =1—a2e~* — ie tu(t)dt, u(0) = 1, u’(0) = —1, u(x) =e” 


In Exercises 17—24, find the unknown if the solution of each equation is given: 


17. 


18. 


19. 


20. 


21. 


22: 


23. 


24. 


If u(x) = e+” is a solution of u(x) = f(x) + 16 a (a — t)u(t)dt, find f(a) 
0 


1 
If u(x) = e?” is a solution of u(x) = e?” — a(e? + 1)z +f atu(t)dt, find a 
) 


r 


If u(x) = sina is a solution of u(x) = f(x) + sina — is xu(t)dt, find f(x) 
0 


If u(x) =e” is a solution of u(z) =1— a | tu(t)dt, find a 
0 
If u(a) = e® is a solution of u(x) = f(z) +f (2u?(t) + u(t))dt, find f(x) 
0 


4 ff? fz 
If u(x) = sin is a solution of u(x) = f(a) + = | is u?(t)dtdt, find f(a) 
m Jo JO 


x 1 
If u(x) = 2+ 122? is a solution of u’(x) = f(x) + 202 — | | (a — t)u(t)dtdt, 
o Jo 


find f(a) 


If u(x) = 6a is a solution of u(x) = f(x) + fa — t)u(t)dt— 
) 


ef — t)u(t)dtdt, find f(x) 
) 
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Chapter 3 
Volterra Integral Equations 


3.1 Introduction 


It was stated in Chapter 2 that Volterra integral equations arise in many 
scientific applications such as the population dynamics, spread of epidemics, 
and semi-conductor devices. It was also shown that Volterra integral equa- 
tions can be derived from initial value problems. Volterra started working on 
integral equations in 1884, but his serious study began in 1896. The name 
integral equation was given by du Bois-Reymond in 1888. However, the name 
Volterra integral equation was first coined by Lalesco in 1908. 

Abel considered the problem of determining the equation of a curve in a 
vertical plane. In this problem, the time taken by a mass point to slide under 
the influence of gravity along this curve, from a given positive height, to the 
horizontal axis is equal to a prescribed function of the height. Abel derived the 
singular Abel’s integral equation, a specific kind of Volterra integral equation, 
that will be studied in a forthcoming chapter. 

Volterra integral equations, of the first kind or the second kind, are charac- 
terized by a variable upper limit of integration [1]. For the first kind Volterra 
integral equations, the unknown function u(x) occurs only under the integral 


sign in the form: 
£) = | K(a,t)u(t)dt. (3.1) 
0 


However, Volterra integral equations of the second kind, the unknown func- 
tion u(#) occurs inside and outside the integral sign. The second kind is 
represented in the form: 


u(z) eae Saas t)dt. (3.2) 


The kernel K(x, t) and the function f(x) are given real-valued functions, and 
A is a parameter [2-4]. 

A variety of analytic and numerical methods, such as successive approx- 
imations method, Laplace transform method, spline collocation method, 
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Runge-Kutta method, and others have been used to handle Volterra inte- 
gral equations. In this text we will apply the recently developed methods, 
namely, the Adomian decomposition method (ADM), the modified decom- 
position method (mADM), and the variational iteration method (VIM) to 
handle Volterra integral equations. Some of the traditional methods, namely, 
successive approximations method, series solution method, and the Laplace 
transform method will be employed as well. The emphasis in this text will 
be on the use of these methods and approaches rather than proving theo- 
retical concepts of convergence and existence. The theorems of uniqueness, 
existence, and convergence are important and can be found in the literature. 
The concern will be on the determination of the solution u(x) of the Volterra 
integral equation of first and second kind. 


3.2 Volterra Integral Equations of the Second Kind 


We will first study Volterra integral equations of the second kind given by 
ule = faa | Read. (3.3) 
0 


The unknown function u(), that will be determined, occurs inside and out- 
side the integral sign. The kernel AK (a,t) and the function f(x) are given 
real-valued functions, and \ is a parameter. In what follows we will present 
the methods, new and traditional, that will be used. 


3.2.1 The Adomian Decomposition Method 


The Adomian decomposition method (ADM) was introduced and developed 
by George Adomian in [5-7] and is well addressed in many references. A con- 
siderable amount of research work has been invested recently in applying this 
method to a wide class of linear and nonlinear ordinary differential equations, 
partial differential equations and integral equations as well. 

The Adomian decomposition method consists of decomposing the un- 
known function u(#) of any equation into a sum of an infinite number of 
components defined by the decomposition series 


uni = +" tials), (3.4) 
n=0 
or equivalently 
u(x) = uo(a) + uy(x%) + u2(a%) +-°-, (3.5) 


where the components u,(x),n > 0 are to be determined in a recursive man- 
ner. The decomposition method concerns itself with finding the components 
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ug, U1, U2,-.- individually. As will be seen through the text, the determination 
of these components can be achieved in an easy way through a recurrence 
relation that usually involves simple integrals that can be easily evaluated. 

To establish the recurrence relation, we substitute (3.4) into the Volterra 
integral equation (3.3) to obtain 


So un(2) = f(a) +A | , K(z,t) (> vn) dt, (3.6) 
0 n=0 


or seen 
igh et ar = fea+r f KeEHimOeugi4~1de 
(3.7) 


The zeroth component wo(x) is identified by all terms that are not included 
under the integral sign. Consequently, the components u;(x),j7 > 1 of the 
unknown function u(x) are completely determined by setting the recurrence 


relation: 
uo(x) = Fs; 


Un+i(2) = af K(a,t)un(t)dt, n>0, ee) 
0 
that is equivalent to 
uo(x) = f(x), ui(x“) = af K (a, t)uo(t)dt, 
(3.9) 


U2(x) = af K(a,t)ui(t)dt, us(a) = af K (a, t)ua(t)dt, 


and so on for other components. 

In view of (3.9), the components uo(), ui (x), u2(x), ug(x),... are com- 
pletely determined. As a result, the solution u(x) of the Volterra integral 
equation (3.3) in a series form is readily obtained by using the series assump- 
tion in (3.4). 

It is clearly seen that the decomposition method converted the integral 
equation into an elegant determination of computable components. It was 
formally shown by many researchers that if an exact solution exists for the 
problem, then the obtained series converges very rapidly to that solution. The 
convergence concept of the decomposition series was thoroughly investigated 
by many researchers to confirm the rapid convergence of the resulting series. 
However, for concrete problems, where a closed form solution is not obtain- 
able, a truncated number of terms is usually used for numerical purposes. 
The more components we use the higher accuracy we obtain. 


Example 3.1 


Solve the following Volterra integral equation: 


u(x) =1— if u(t)dt. (3.10) 
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We notice that f(#) = 1, A= —1, K(a,t) = 1. Recall that the solution u(z) is 
assumed to have a series form given in (3.4). Substituting the decomposition 
series (3.4) into both sides of (3.10) gives 


Un(x) =1— Cs Un(t)dt, (3.11) 


or equivalently 


uo(a) + u1(x) + Ue(a) +--+ = i-f[ [wo(t) + wi(t) + ug(t) +---] dt. (3.12) 


We identify the zeroth component by all terms that are not included under 
the integral sign. Therefore, we obtain the following recurrence relation: 


uo(x) _ 1, 


. 3.18 
Un+1(L) = -| ux(t)dt, k S 0, ( ) 
0 
so that 
uo(a) = 1, 
uy (x -- | uo(tat = — [ ldt 
0 0 
@)=- [utoat=— [oars 59? 
ug(x) = — u =— — =—2", 
, o 0 2! (3.14) 
x zx 1 
u3(x) = -{ ug(t)dt = -{ — di = ——z', 
5 ga 3! 
(2) = [ (t)dt = [ a 
va meee eg lee ah 
and so on. Using (3.4) gives the series solution: 
1 1 1 
u(a) =1 w+ 5a ee (3.15) 
that converges to the closed form solution: 
u(x) =e”, (3.16) 


Example 3.2 


Solve the following Volterra integral equation: 
ua) =1+ [ (t — x)u(t)at. (3.17) 


We notice that f(z) =1, A= 1, K(2, ‘) =t-—x. Substituting the decompo- 
sition series (3.4) into both sides of (3.17) gives 


Se ae (t — x)un(t)dt, (3.18) 
n=0 9 n=0 


or equivalently 
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uo(x) + ur (a) + a(x) 4 ait [¢-9 [uo(t) + wi (t) + u(t) +--- 


Proceeding as before we set the following recurrence relation: 


uo(x) = 1, 


Un+1(2) = [et = x)ug(t) dt, k = 0, 


that gives 

uo(x) = 1, 

x c 1 
ee / Carre | (gee 

0 0 2! 

x 1 zx 5 1 4 
U2(x) = | (t—ax)us(t)dt =—-— | (t—2)t'dt = —2’, 

: oT rm 

1 1 


x 1 x 
ua(x) = (t = x)us(t)dt == Fs, 
0 6! Jo 
and so on. The solution in a series form is given by 
1, 1, 1.6.1.2 


u(x) = 1 ae t ye az 


1 
6 yy 8 


aI” [eee s 


and in a closed form by 
u(x) = cosa, 


obtained upon using the Taylor expansion for cos x. 
Example 3.3 


Solve the following Volterra integral equation: 


u(x) =1-—a 52 fe x)u(t)dt. 


(3.19) 


(3.20) 


(621) 


(3.22) 


(3.23) 


(3.24) 


Notice that f(z) = 1-2 — $2”, = -1,K(za,t) = t— a. Substituting the 


decomposition series (3.4) into both sides of (3.24) gives 


fore) 1 : g co 
Sn =1-0— 5a -{ dt etoue, (3.25) 
or equivalently 
1 x 
u(t) + u(t) +un(2)-+-+ =1-a-5a?— | t—a)fuolt) + un(t) ++] 
0 
(3.26) 
This allows us to set the following recurrence relation: 
1 
uo(a) = 1l—-a— a 
(3.27) 


unsala) == f(t =2)un(at, b> 0, 
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that gives 


‘ : ; ; (3.28) 
u2(x) = -{ (¢—2)u,(t)dt = —2* — —2° — —2°, 
0 4! 5! 6! 
. 1 1 1 
u3(x) — -{ (t = x)ug(t)dt = 278 — Sy! = =i", 
0 6! 7! 8! 
and so on. The solution in a series form is given by 
1 1 1 
u(x) =1-(#4 Thal Fal ae bese), (3.29) 
and in a closed form by 
u(z) = 1-sinha, (3.30) 
obtained upon using the Taylor expansion for sinh z. 
Example 3.4 
We consider here the Volterra integral equation: 
u(x) = 52? — 2° +f tu(t)dt. (3.31) 
0 


Identifying the zeroth component uo(x) by the first two terms that are not 
included under the integral sign, and using the ADM we set the recurrence 


relation as 


ug(x) = 52° — 29, 


¢ 3.32 
Un+1 (x) = | tu,(t)dt, k > 0. oa 
0 


This in turn gives 
1, 1 4 (3.33) 


The solution in a series form is given by 
3 1/8. 27\a flat ie a ee 
u(x) = (5a° — 2°) 4 (« ze") 4 (52 ae’) +a aaa” )Aree. 
(3.34) 
We can easily notice the appearance of identical terms with opposite signs. 
Such terms are called noise terms that will be discussed later. Canceling 
the identical terms with opposite signs gives the exact solution 
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u(x) = 5x3, (3.35) 
that satisfies the Volterra integral equation (3.31). 
Example 3.5 
We now consider the Volterra integral equation: 
u(x) =2+27 4 a? za° P u(t)dt. (3.36) 


Identifying the zeroth component wo(x) by the first four terms that are not 
included under the integral sign, and using the ADM we set the recurrence 
relation as 


1 1 
u(x) =a2+at+ au + al 
(3.37) 
Un+1(£) = -| ux(t)dt, k > 0. 
0 
This in turn gives 
1 1 
_ A it i OB 
uo(@) = a+ a*+ gr + ae 
= 1 1 1 1 
u1(2) =--[ uo(t)dt = so al ral 507 
. Le le lg ly (3.38) 
— t)dt = =a? + —a2° + —a* 4+ —z"'" 
ua(z) | ui(t)dt = Ga" + 35% + og” + 597 


i 1 1 
u3(x“) = = ug(t)dt = ris — Tall fore, 


The solution in a series form is given by 


1 1 1 1 1 1 
u(x) = (« + xt 4 st 50°) (50° all rl at’) 


1 1 1 1 1 1 
Lg8 4 76 4 yt 4 27) — ( Sat + 274... oe 
+ (Je T 39% 5a +a") (2 + a9? + \+ 


We can easily notice the appearance of identical terms with opposite signs. 
This phenomenon of such terms is called noise terms phenomenon that will 
be presented later. Canceling the identical terms with opposite terms gives 
the exact solution 

u(x) =2+<2%. (3.40) 
Example 3.6 


We finally solve the Volterra integral equation: 
1 xz 
u(t) = 2+ >| xt? u(t)dt. (3.41) 
0 


Proceeding as before we set the recurrence relation 
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uo(z) = 2, Upqi(a) = ;/ rt?u,(t)dt, k>0 (3.42) 
0 
This in turn gives 
uo(x) = 2, 
(2) = 5 [at ug(tydt = Z08 
ui(“@) = = atu =<-2 
1 3 : 0 6 ’ 
1 f* 1 
=< tur (t)dt = —2"°, 
ual) ;/ wtlur(t)dt = Te (3.43) 
U3(x) = z/ art?ug(t)dt = a gi 
3 Jo 6804.” 
ug(@) = z/ art?u3(t)dt = a 
3 Jo 387828” 
and so on. The solution in a series form is given by 
1 1 1 
=? So 10 15 20 ee A4 
Ware Tenge Vee “ @eiada: 


It seems that an exact solution is not obtainable. The obtained series solution 
can be used for numerical purposes. The more components that we determine 
the higher accuracy level that we can achieve. 


Exercises 3.2.1 


In Exercises 1-26, solve the following Volterra integral equations by using the Ado- 


mian decomposition method: 


1. u(x) = 6x — 3a +f u(t)dt 2. 
3. u(x) = 1— 5° + ie u(t)dt 4. 
0 
5. ula) =1l+a+ fe — t)u(t)dt 6. 
0 
7.u(z) =1l+a— [ (a — t)u(t)dt 8 
9. u(x) = 1— fe — t)u(t)dt 10 
) 
11. u(z) = « — [ (a — t)u(t)dt 12 
13. u(x) =1 +f u(t)dt 14 
15. u(x) = 1+ 2 f tu(t)dt 16 
u(a) =1—a? — ‘ x —t)u 
17. u(x) =1 | (a—t)u(t)dt 18 


-U 


2) = 6a — x? itis 
)=6 +f tu(t)dt 


S 


v)=a2- 28 -2f u(t)dt 
3 0 


z)=1-2 + [e- t)u(t)dt 


vz)=1-a2- [e- t)u(t)dt 


.u(“z) = 1+ [e — t)u(t)dt 
.u(“z) =at+ [e — t)u(t)dt 
.u(z) =1—- ia u(t)dt 


.u(z) =1—- 2 fr tu(t)dt 


. u(x) = -2+32—2? [e t)u(t)dt 
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19. 1(@ =a? + [Ge —syu(eyat 20. u(x) = 2+ 2e +2? 4 fe t)u(t)dt 
0 0 


21. u(x =1+20+4 f 
0 


23. u(x) =1l+a+—-a2*4 fe t)? u(t)dt 
) 


(a —t)u(t)dt 22. u(x) =5+ 2a? — fe — t)u(t)dt 
0 


1 x 
24. u(w) = 1 — <a? + al (a — t)? u(t)dt 
) 


) 
In Exercises 27-30, use the Adomian decomposition method to find the series solution 


27. u(v) = 3+ f° at? u(t)dt 28. u(x) = 3+ 7[G + t?)u(t)dt 
) ) 


29. u(#) =142 ah (a? — #2)u(t)dt 30. u(z) =145f° o?u(t)dt 
0 


3.2.2 The Modified Decomposition Method 


As shown before, the Adomian decomposition method provides the solution 
in an infinite series of components. The components u;,j > 0 are easily 
computed if the inhomogeneous term f(a) in the Volterra integral equation: 


u(x) fa) [K( K (a, t)u(t)dt (3.45) 


consists of a polynomial. However, if the function f(x) consists of a com- 
bination of two or more of polynomials, trigonometric functions, hyperbolic 
functions, and others, the evaluation of the components u;,7 > 0 requires 
cumbersome work. A reliable modification of the Adomian decomposition 
method was developed by Wazwaz and presented in [7-9]. The modified de- 
composition method will facilitate the computational process and further ac- 
celerate the convergence of the series solution. The modified decomposition 
method will be applied, wherever it is appropriate, to all integral equations 
and differential equations of any order. It is interesting to note that the modi- 
fied decomposition method depends mainly on splitting the function f(x) into 
two parts, therefore it cannot be used if the function f(a) consists of only one 
term. The modified decomposition method will be outlined and employed in 
this section and in other chapters as well. 

To give a clear description of the technique, we recall that the standard 
Adomian decomposition method admits the use of the recurrence relation: 
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uo(2) = f(z), 


Uk+1(L) = af K(a, thug (t)dt,k > 0, en! 


where the solution u(x) is expressed by an infinite sum of components defined 
before by 


ua= S un(a). (3.47) 
n=0 


In view of (3.46), the components u,(x), n > 0 can be easily evaluated. 

The modified decomposition method [7-9] introduces a slight variation 
to the recurrence relation (3.46) that will lead to the determination of the 
components of u(x) in an easier and faster manner. For many cases, the 
function f(a) can be set as the sum of two partial functions, namely f1 (x) 
and f2(a). In other words, we can set 


f(x) = fila) + fo(a). (3.48) 
In view of (3.48), we introduce a qualitative change in the formation of the 
recurrence relation (3.46). To minimize the size of calculations, we identify 
the zeroth component uo(x) by one part of f(#), namely f(x) or fo(x). The 
other part of f(a) can be added to the component u;(x) among other terms. 
In other words, the modified decomposition method introduces the modified 
recurrence relation: 


uo(x) = fi(z), 


in(a) = f(a) + f° K(2,tuo(dae (3.49) 


Unti(x) = | K(a,t)uz(t)dt, kD 1. 
0 


This shows that the difference between the standard recurrence relation (3.46) 
and the modified recurrence relation (3.49) rests only in the formation of the 
first two components u(x) and ui(x) only. The other components w;,7 > 2 
remain the same in the two recurrence relations. Although this variation in 
the formation of uo(z) and w(x) is slight, however it plays a major role 
in accelerating the convergence of the solution and in minimizing the size of 
computational work. Moreover, reducing the number of terms in f(x) affects 
not only the component u1(x), but also the other components as well. This 
result was confirmed by several research works. 

Two important remarks related to the modified method [7-9] can be made 
here. First, by proper selection of the functions f(a) and f2(x), the exact 
solution u(z) may be obtained by using very few iterations, and sometimes 
by evaluating only two components. The success of this modification depends 
only on the proper choice of f(x) and fo(a), and this can be made through 
trials only. A rule that may help for the proper choice of fi(a) and fo(x) 
could not be found yet. Second, if f(x) consists of one term only, the standard 
decomposition method can be used in this case. 
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It is worth mentioning that the modified decomposition method will be 
used for Volterra and Fredholm integral equations, linear and nonlinear equa- 
tions. The modified decomposition method will be illustrated by discussing 
the following examples. 


Example 3.7 


Solve the Volterra integral equation by using the modified decomposition 
method: 


u(a) = sina + (e — e**) — / eS 'u(t)dt. (3.50) 
0 


We first split f(a) given by 
f(x) = sina + (e— e&”), (3.51) 

into two parts, namely 
fi(z) = sin wv, 


3.52 
fo(x) =e — e&*, 22) 
We next use the modified recurrence formula (3.49) to obtain 
uo(z) = fi(z) = sing, 
ui(xz) = (e — €°8*) — | © tug(t)dt = 0, (3.53) 


Unti(x) = -| K(a,t)uz(t)dt =0, kD. 
0 
It is obvious that each component of u;,7 > 1 is zero. This in turn gives the 
exact solution by 
u(a) = sina. (3.54) 
Example 3.8 


Solve the Volterra integral equation by using the modified decomposition 
method: 


u(x) = secx tana + (e°°°* — e) — | ety (t)dt, x < = (3.55) 
0 
Proceeding as before we split f(x) into two parts 
fi(a) =secatana, fo(x) = &°" —e. (3.56) 
We next use the modified recurrence formula (3.49) to obtain 


uo(a) = fi(a) = secxtana, 


u1(x) = (e*°? — e) — | oF "uo(t)dt = 0, (3.57) 


Un+1(2) = -| K (a, t)ug(t)dt = 0, k = 1. 
0 


It is obvious that each component of u;,7 > 1 is zero. This in turn gives the 
exact solution by 
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u(x) = seca tana. (3.58) 


Example 3.9 
Solve the Volterra integral equation by using the modified decomposition 
method: + 
u(x) = 22+sine + 2? —cosz+1— if u(t)dt. (3.59) 
0 


The function f(x) consists of five terms. By trial we divide f(x) given by 
f(z) = 22 +sing +2” —cosz +1, (3.60) 
into two parts, first two terms and the next three terms to find 
fi(x) = 2a + sing, 


3.61 
fo(x) = x? —cosx +1. ee 
We next use the modified recurrence formula (3.49) to obtain 
uo(x) = 2a + sing, 
u(x) = x7 —cosx+1— | uo(t)dt = 0, (3.62) 


ussa(t) == f° K(x,t)un(t)dt=0, b> 1. 
0 
It is obvious that each component of u;,7 > 1 is zero. The exact solution is 
given by 
u(a) = 2” +4 sina. (3.63) 
Example 3.10 


Solve the Volterra integral equation by using the modified decomposition 
method: 


1 Ho 
u(t) =1+2?+cosr—z Pll sinz 4 | u(t)dt. (3.64) 
0 


The function f(x) consists of six terms. By trial we split f(a) given by 


1 

f(z) =14+a?+cosz—a¢ rl sina, (3.65) 

into two parts, the first three terms and the next three terms, hence we set 
fi(z) =1+27 + cosa, 


1 3.66 
fo(x) = —-(a@+ gv + sina). oo 
Using the modified recurrence formula (3.49) gives 
uo(z) = 1+ 27+ cosa, 
1 x 
ui(x) = —(x4 37 + sin) 4 [ ug(t)dt = 0, (3.67) 


WV 
a 


Uk+1(L) = [ K (a, t)ug(t)dt _ 0, k 
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As a result, the exact solution is given by 
u(x) = 1427 +cosz. (3.68) 


Exercises 3.2.2 


Use the modified decomposition method to solve the following Volterra integral equa- 
tions: 


1. u(x) = cosx + sina — / u(t)dt 
) 


2. u(x) = sinha + cosha — 1 — | u(t)dt 
0 


3. u(x) = 2x = 3x? + (er =1)i= | et + u(t)dt 
0 


4. u(x) = 3a? + (1 — ey = i e+ u(t)dt 
0 


5. u(x) = 2a — (1 - Ee?) +f e-®* + u(t)dt 
0 


6. u(x) = ee = s( = e7*”) = [ atu(t)dt 


7. u(x) = cosha + x sinha — | vu(t)dt 
0 
8. u(x) = e* + xe” — a — i cu(t)dt 
0 


x 
9. u(x) =1+sine+24 x? —xcosx ‘ xcu(t)dt 
) 


xz 
10. u(x e” —zve” +sinz+2cosz4 / xcu(t)dt 
) 


1 x 
ll. u(z) =14+<24 xv? 4 5 + cosh x 4 vsinhe — [ xvu(t)dt 
) 


. az . 
12. u(x) = cosx — (1—e""*) ax — o/ eu (t)dt 
0 


13. u(x) = seca? — (l—e*"*)a-a@ ef@" tu(t)dt 


os 
8 


14. u(a) = cosha + ; (1- ge) + enh tu(t)dt 
0 


Nwls 


1 1 # 
15. u(x) = sinha + — (e— e682 7) + =| e008 ta(t)dt 
(c) = | Va, (t) 


1 x 
16. u(x) = #3 —2° + 5x | tu(t)dt 
10 Jo 
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3.2.3 The Noise Terms Phenomenon 


It was shown before that the modified decomposition method presents a reli- 
able tool for accelerating the computational work. However, a proper selection 
of fi(z) and f2(a) is essential for a successful use of this technique. 

A useful tool that will accelerate the convergence of the Adomian decom- 
position method is developed. The new technique depends mainly on the 
so-called noise terms phenomenon that demonstrates a fast convergence of 
the solution. The noise terms phenomenon can be used for all differential 
and integral equations. The noise terms, if existed between the components 
uo(x) and u(x), will provide the exact solution by using only the first two 
iterations. 

In what follows, we outline the main concepts of the noise terms : 


1. The noise terms are defined as the identical terms with opposite signs 
that arise in the components uo(x) and u,(x). Other noise terms may ap- 
pear between other components. As stated above, these identical terms with 
opposite signs may exist for some equations, and may not appear for other 
equations. 

2. By canceling the noise terms between uo(x) and wui(#), even though 
ui(x) contains further terms, the remaining non-canceled terms of u(x) may 
give the exact solution of the integral equation. The appearance of the noise 
terms between uo(x) and wu ,(x) is not always sufficient to obtain the exact 
solution by canceling these noise terms. Therefore, it is necessary to show 
that the non-canceled terms of uo(a) satisfy the given integral equation. 

On the other hand, if the non-canceled terms of uo(x) did not satisfy the 
given integral equation, or the noise terms did not appear between uo(2) 
and ui(z), then it is necessary to determine more components of u(x) to 
determine the solution in a series form as presented before. 

3.It was formally shown that the noise terms appear for specific cases 
of inhomogeneous differential and integral equations, whereas homogeneous 
equations do not give rise to noise terms. The conclusion about the self- 
canceling noise terms was based on solving several specific differential and 
integral models. However, a proof for this conclusion was not given. For fur- 
ther readings about the noise terms phenomenon, see [7,10]. 

4. It was formally proved in [7,10] that the appearance of the noise terms 
is governed by a necessary condition. The conclusion made in [7,10] is that 
the zeroth component uo(x) must contain the exact solution u(x) among 
other terms. In addition, it was proved that the inhomogeneity condition of 
the equation does not always guarantee the appearance of the noise terms as 
examined in [10]. 


A useful summary about the noise terms phenomenon can be drawn as 
follows: 
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1. The noise terms are defined as the identical terms with opposite signs 
that may appear in the components uo(#) and wi(a) and in the other com- 
ponents as well. 

2. The noise terms appear only for specific types of inhomogeneous equa- 
tions whereas noise terms do not appear for homogeneous equations. 

3. Noise terms may appear if the exact solution of the equation is part of 
the zeroth component uo(x). 

4. Verification that the remaining non-canceled terms satisfy the integral 
equation is necessary and essential. 


The phenomenon of the useful noise terms will be explained by the follow- 
ing illustrative examples. 


Example 3.11 


Solve the Volterra integral equation by using noise terms phenomenon: 
3 x 
u(x) = 82+2° — | tu(t)dt. (3.69) 
0 


Following the standard Adomian method we set the recurrence relation: 
uo(x) = 824+ 23, 
zx 


Un+1(2) = -f tuz(t)dt, k = 0. (3.70) 
0 
This gives 
uo(x) = 8a + 2°, 
2 3.71 
ui(“) = 5 tug(t)dt = - aa —z°. oe) 


The noise terms +2° appear in uo(x) and u(x). Canceling this term from 
the zeroth component u(x) gives the exact solution: 

u(x) = 8a, (3.72) 
that satisfies the integral equation. Notice that if the modified method is 
used, we select uo(a) = 8a. As a result, we find that ui(#) = 0. This in turn 
gives the same result. 


Example 3.12 


Solve the Volterra integral equation by using noise terms phenomenon: 


1 x 
u(x) =—-2+2+2" 4 Tul + sina + 2cosa i (2 —t)?u(t)dt. (3.73) 
0 
Following the standard Adomian method we set the recurrence relation: 
1 
uo(z) = —24+u+4+a74 Dp” +sinz + 2cos2, 
x (3.74) 
Uk+1(L) = -{ (2 — t)?u,(t)dt, k>O. 
0 


This gives 
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1 
uo(x) = -2 +4427 4 isi + sina +2cosz, 
3 x 
ui(“a) = —= tug(t)dt 
8 Jo 
1 1 2 1 
=2-2? ul 2cosx + 4sinz age zo - wnat oe 
(3.75) 
The noise terms +2,+2?,+42* and +2cosx appear in uo(x) and wji(z). 


Canceling these terms from the zeroth component uo(a) gives the exact so- 
lution 


u(x) =x+sing, (3.76) 


that satisfies the integral equation. It is to be noted that the other terms of 
ui(a) vanish in the limit with other terms of the other components. 


Example 3.13 


Solve the Volterra integral equation by using noise terms phenomenon 


2 
We set the recurrence relation: 


1 1 * 
u(x) = =a — Z sinh(2z) + sinh? x + | u(t)dt. (3.77) 
0 


1 1 
Uo(x) = at |G sinh(2x) + sinh? x, 
(3.78) 


Un+1 (2) =| ux(t)dt, k > 0. 
0 
This gives 
1 ce 42 
Uo(x) = at |G sinh(2x) + sinh* z, 


(3.79) 


id 1 1 1 1 1 
us(“) = | uo(t)dt = 5% + Z sinh(2a) + ri 1 ra “| cosh? x. 


The noise terms +42 and +} sinh(2z) appear in uo(x) and ui(x). Canceling 
these terms from the zeroth component uo(x) gives the exact solution: 


u(x) = sinh? g, (3.80) 
that satisfies the integral equation. 


Example 3.14 


Show that the exact solution for the Volterra integral equation: 
1 x 
u(x) =—-l+<24 xu + Qe” | u(t)dt, (3.81) 
0 


cannot be obtained by using the noise terms phenomenon. 
We set the recurrence relation: 


1 
uo(x) = -1+a4+ a + 2e”, 
s (3.82) 
Un+i(%) = -| ux(t)dt, k > 0. 
0 
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This gives 
1 
uo(xz) =-1+a2+ ha + 2e*, 
: , : (3.83) 
ui(x) = -| ug(t)dt = —~x? — 2e7+24+a- =z". 
" » 6 


The noise terms +32? and +2e” appear in uo(x) and w(x). Canceling these 


terms from the zeroth component uo(x) gives 

u(x) =a—-1, (3.84) 
that does not satisfy the integral equation. This confirms our belief that 
the non-canceled terms of uo(z) do not always give the exact solution, and 
therefore justification is necessary. The exact solution is given by 

u(t) =a+e*, (3.85) 
that can be easily obtained by using the modified decomposition method by 
setting fi(z) =x +e?. 


Exercises 3.2.3 


Use the noise terms phenomenon to solve the following Volterra integral equations: 


1. u(x) = 6x + 32? -f u(t)dt 2. u(x) = 6a + 32? -f xu(t)dt 
0 0 


3. u(x) = 6x + 223 -f tu(t)dt 4. u(t) =a+a? — 223-244 12 f (a — t)u(t)dt 
0 0 


5. u(x) = -2+ 2? 4+sina+2cosz | (a — t)? u(t)dt 
0 


6. u(x) = 2a — 2sina + cos x f (a — t)?u(t)dt 
0 


7. u(x) = sinha + esinha — x? cosha + | atu(t)dt 
0 


8. u(x) = a@+coshz + 2? sinha — xcoshx — | atu(t)dt 
0 


9. u(x) = sec? « — tana + | u(t)dt 
0 


10. u(x) = -5n - = sin(22) + cos? x +f u(t)dt 


1 1 # 
11. u(x) = 5 z sint22) + sin? a 4 / u(t)dt 
0 


xv 
12. u(x) = —a + tana + tan? « i u(t)dt 
0 
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3.2.4 The Variational Iteration Method 


In this section we will study the newly developed variational iteration method 
that proved to be effective and reliable for analytic and numerical purposes. 
The variational iteration method (VIM) established by Ji-Huan He [11-12] is 
now used to handle a wide variety of linear and nonlinear, homogeneous and 
inhomogeneous equations. The method provides rapidly convergent succes- 
sive approximations of the exact solution if such a closed form solution exists, 
and not components as in Adomian decomposition method. The variational 
iteration method handles linear and nonlinear problems in the same manner 
without any need to specific restrictions such as the so called Adomian poly- 
nomials that we need for nonlinear problems. Moreover, the method gives the 
solution in a series form that converges to the closed form solution if an exact 
solution exists. The obtained series can be employed for numerical purposes 
if exact solution is not obtainable. In what follows, we present the main steps 
of the method. 
Consider the differential equation: 


Lu+ Nu= g(t), (3.86) 


where L and N are linear and nonlinear operators respectively, and g(t) is 
the source inhomogeneous term. 

The variational iteration method presents a correction functional for equa- 
tion (3.86) in the form: 


Unt1(X) = Un(x) + a A(E) (Lun(&) + N tin(€) — 9(€)) 8, (3.87) 


where A is a general Lagrange’s multiplier, noting that in this method X 
may be a constant or a function, and U,, is a restricted value that means it 
behaves as a constant, hence dt, = 0, where 6 is the variational derivative. 
The Lagrange multiplier \ can be identified optimally via the variational 
theory as will be seen later. 

For a complete use of the variational iteration method, we should follow 
two steps, namely: 


1. the determination of the Lagrange multiplier \(€) that will be identified 
optimally, and 

2. with \ determined, we substitute the result into (3.87) where the re- 
strictions should be omitted. 


Taking the variation of (3.87) with respect to the independent variable wu, 
we find 


OUn+ 1 é6 
=1 
Sig Ou 


( | ” \(E) (Ltin(€) + Néin(€) — 9(8)) ie) (3.88) 


or equivalently 


Ricci Mig ded ( | ” ME) (Lain(€)) as) (3.89) 
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Integration by parts is usually used for the determination of the Lagrange 
multiplier \(€). In other words we can use 


a E)dE = XE ©- [xe Un(€)dé, 


[oa A(E)ull (Ede = (Ou, (€) — ¥ ©ttn (6) + a N"(Ouin (EAE, 
[x 
0 


Eun (Ede = A(E)uy (E) — A’(E)uy (E) + A” (E) tn (§) 


x (3.90) 
28, | Das (€)u 
0 
I A(E)ul™? (E)dE = A(E)un’(E) — (Eu (€) + A” (uh (6) — N"Un (€) 
0 
+ [© hunted, 
0 
and so on. These identities are obtained by integrating by parts. 
For example, if Du,(€) = u/,(€) in (3.89), then (3.89) becomes 
bUn41 = 6Un +6 (/ A(E) (Lun(€)) ie) . (3.91) 
0 
Integrating the integral of (3.91) by parts using (3.90) we obtain 
OUnti = OUn + OX(E @- [xe XN (E)dun(€)d€, (3.92) 
or equivalently 
bUn+1 = 6Un(€)(1 + Alexa) -f N'bUndé. (3.93) 
0 


The extremum condition of un+1 requires that dun.1 = 0. This means that 
the left hand side of (3.93) is zero, and as a result the right hand side should 
be 0 as well. This yields the stationary conditions: 


1+Aleze =0, lean = 0. (3.94) 
This in turn gives 
A=-1. (3.95) 
As a second example, if Lun(€) = ui’() in (3.89), then (3.89) becomes 
OUnt1 = 6Un +6 (/ A(E) (Lun(€)) i) ; (3.96) 
Integrating the integral of (3.96) by parts using (3.90) we obtain 
bUn+1 = OUn + OA((Un)’)§ — (A’OuUn)G +f Nbund€, (3.97) 


or equivalently 


Sting = bttn(€)(1 — lena) + 5A((tn)'lene) + | N5undé, (3.98) 
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The extremum condition of u,+1 requires that dun, = 0. This means 
that the left hand side of (3.98) is zero, and as a result the right hand side 
should be 0 as well. This yields the stationary conditions: 

LN lee = 0; Ale =D, A" lee =O (3.99) 
This in turn gives 
A=€-«2. (3.100) 

Having determined the Lagrange multiplier \(€), the successive approxi- 
mations Un+41,n > 0, of the solution u(x) will be readily obtained upon using 
selective function uo(«). However, for fast convergence, the function wo(x) 
should be selected by using the initial conditions as follows: 

uo(x) = u(0), for first order u/,, 
uo(x) = u(0) + vu’(0), for second order ui", 


1 3.101 
uo(x) = u(0) + xu’(0) + au" (0); for third order u”, ( ) 
and so on. Consequently, the solution 


In other words, the correction functional (3.87) will give several approxima- 
tions, and therefore the exact solution is obtained as the limit of the resulting 
successive approximations. 

The determination of the Lagrange multiplier plays a major role in the 
determination of the solution of the problem. In what follows, we summarize 
some iteration formulae that show ODE, its corresponding Lagrange multi- 
pliers, and its correction functional respectively: 


uw! + f(u(é),w/(€)) =0,A= 1, 
y Unt1 = Un — [ [uy + f(un,w),)] dé, 

wl + fu(é),w/(€),ul"(€) =0, A= (E-2), 
Unti = Un 4 [« zx) (ul! + f(uny ul, wl)] dé, 


ei 
unt ttn — f Em 2) EN + Fun un) a, 
(6) i 


| w+ flu(€),u' yw" ©,u"®@) =O, = -F(E- 2), 
| ul) + flu(e),u!O),w'"(6),w"(,wHO) =0,A= FE= 2), 


zy : 
nts = tin + f ra UN! + Fun; thy, ud?)| dé, 
0) . 
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and generally 
ul”) + f(u(€),u'(E),..-, uO) = 0, = (-1)"9—>__E— a), 
(n — 1)! 


) : 
tne = tn (A P(E NP [al + Ft) a6 


forn > 1. 

To use the variational iteration method for solving Volterra integral equa- 
tions, it is necessary to convert the integral equation to an equivalent initial 
value problem or to an equivalent integro-differential equation. As defined 
before, integro-differential equation is an equation that contains differential 
and integral operators in the same equation. The integro-differential equa- 
tions will be studied in details in Chapter 5. The conversion process is pre- 
sented in Section 2.5.1. However, for comparison reasons, we will examine the 
obtained initial value problem by two methods, namely, standard methods 
used for solving ODEs, and by using the variational iteration method as will 
be seen by the following examples. 


Example 3.15 


Solve the Volterra integral equation by using the variational iteration method 


u(a) = 1 +/ u(t)dt. (3.103) 
0 
Using Leibnitz rule to differentiate both sides of (3.103) gives 
u'(x) — u(x) = 0. (3.104) 


Substituting xz = 0 into (3.103) gives the initial condition u(0) = 1. 


Using the variational iteration method 
The correction functional for equation (3.104) is 


Una) Seige +f ME — tin(€))d€. (3.105) 
Using the formula (i) given above leads to 
A=-l. (3.106) 


Substituting this value of the Lagrange multiplier 4 = —1 into the functional 
(3.105) gives the iteration formula: 


idea=ag@~ 7 * (al (©) — tun(€)) a€. (3.107) 


As stated before, we can use the initial condition to select wo(x) = u(0) = 1. 
Using this selection into (3.105) gives the following successive approximations: 


uo(x) = 1, 
us(@) =1- | (uh(€) — uo(€)) df = 1+ 2, 


w(e) <140- fim) dea 1t0+ 3" 
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u3(z) =1+a4+ Age - [ (ug (€) — ue(€)) dé =1+a2+ A ae Le 
0 


2! 2! 3! 

(3.108) 

and so on. The VIM admits the use of 

u(x) = limp. Un(z) 
wl 
=limyn..(1+24 xa | a0 | aa | | <2"), aie 
that gives the exact solution by 

u(a) =e”. (3.110) 


Using ODEs method 
The ODE (3.104) is of first order, therefore the integrating factor pu(x) is 
given by 


Ca ie ae (3.111) 
For first order ODE, we use the formula: 
1 xz 
u(x) = — / pq(a)dax + c| = Ce*. (3.112) 
m 


To obtain the particular solution, we use the initial condition u(0) = 1 to 
find that C = 1. This gives the particular solution: 


u(x) =e”. (3.113) 
Example 3.16 


Solve the Volterra integral equation by using the variational iteration method 
u(t) =a+ / (a — t) u(t)dt. (3.114) 
0 


Using Leibnitz rule to differentiate both sides of (3.114) once with respect to 
x gives the integro-differential equation: 


u'(2) =1 +f u(t)dt, u(0) = 0. (3.115) 


However, by differentiating (3.115) with respect to x we obtain the differential 
equation: 
u(x) = u(2). (3.116) 

Substituting 7 = 0 into (3.114) and (3.115) gives the initial conditions u(0) = 
0 and u’(0) = 1. The resulting initial value problem, that consists of a second 
order ODE and initial conditions is given by 

u" (x) — u(x) =0, u(0)=0, w'(0) =1. (3.117) 
The integro-differential equation (3.115) and the initial value problem (3.116) 
will be handled independently by using the variational iteration method. 


Using the variational iteration method 


(i) We first start using the variational iteration method to handle the integro- 
differential equation (3.115) given by 
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u(@)=1+ [ u(t)dt, u(0) = 0. (3.118) 


The correction functional for Eq. (3.118) is 


x g 
Un+i(x) = Un(x) +/ A(E) (00 -1 -| in) dé. (3.119) 


Using the formula (i) for \ we find that 

A=-l. (3.120) 
Substituting this value of the Lagrange re XA = —1 into the functional 
(3.119) gives the iteration formula: 


x g 
Un+i(@) = Un(x) =) (00 -1 -| snr) dé. (3.121) 


We can use the initial conditions to select uo(a) = u(0) = 0. Using this 
selection into (3.121) gives the following successive approximations: 


uo(x) = 0, 


; (3.122) 
* 1 
ua(o)=a- f° (use) —1- fustr)dr) ag =a Fa8 + 50", 
0 0 3! 5! 
Un(“) = 2+ —a3+ le a a ee } an+1 
" 3! 5! 7! (Qn +1)! 
The VIM admits the use of 
u(x) = lim up(z), (3.123) 


that gives the exact solution by 

u(a) = sinha. (3.124) 
(ii) We can obtain the same result by applying the variational iteration 
method to handle the initial value problem (3.117) given by 


u" (x) — u(x) =0, u(0)=0, w'(0)=1. (3.125) 
The correction functional for Eq. (3.117) is 
Unti(£) = Un(x + [re NE — Uin(€)) dé. (3.126) 


Using the formula (ii) given above leads to 
iSeae (3.127) 
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Substituting this value of the Lagrange multiplier \ = €—« into the functional 
(3.126) gives the iteration formula: 


Unga (&) = Un() + | “(€=2) (ul (&) — un(€)) a. (3.128) 


We can use the initial conditions to select uo(#) = u(0) + xu’ (0) = x. Using 
this selection into (3.128) gives the following successive approximations 


Uo(x) = a, 
‘ ” 1 3 
una) =2+ f (E—2) (upl6) — wol6) dé = 0 + 52, 

1 3) * " 3 1 5 
us(a) = 2+ 50+ f (2) (uf(6) — wil) de = a+ Fa? + Fe" 
us(a) = 2+ Fa + Sa + f (Ea) (ule) — ual@)) a 

=f 0 za? aa", 
Un(x) = a+ =n" + aa! + aa" feet ae 
(3.129) 
The VIM admits the use of 
u(x) = Jim Un(2), (3.130) 


that gives the exact solution by 
u(x) = sinha. (3.131) 
Standard methods for solving ODEs 


The initial value problem (3.125) is of second order, therefore the auxiliary 
equation is of the form 


pL =O (3.132) 
that gives r = +1. This in turn gives the general solution by 
u(x) = Asinha + Bcosha. (3.133) 


To obtain the particular solution, we use the initial conditions u(0) = 
0, u’(0) = 1 to find that the particular solution is given by 


u(x) = sinha. (3.134) 

Example 3.17 
Solve the Volterra integral equation by using the variational iteration method 
u(x) =14+<a¢4 aa [oe t)u(t)dt. (3.135) 


Using Leibnitz rule to differentiate both sides of (3.135) once with respect to 
x gives the integro-differential equation: 
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1 xz 
l(a) =1+4 39? - - nideulo) 4, (3.136) 
: 0 
and by differentiating again we obtain the initial value problem 
u" (x2) + u(x) = 2, u(0) = 1,u/(0) = 1. (3.137) 


Using the variational iteration method 


(i) We first start using the variational iteration method to handle the integro- 
differential equation (3.136) given by 


/ _ 1 2 * = 
u (2) =1+4+ Th -| u(t)dt, u(0) = 1, (3.138) 


The correction functional for Eq. (3.138) is 
Unti(L) = Un(2) -{ A(E) (00 -1- oa +f in) dé. (3.139) 
0 0 


Using the formula (i) for \ we find that 
A= -1. (3.140) 


Substituting this value of the Lagrange multiplier \ = —1 into the functional 
(3.139) gives the iteration formula 


x § 
Un41(2) = Un(x) -| (0 -1- 50 +f en(] dé. (3.141) 


We can use the initial conditions to select uo(a) = u(0) = 1. Using this 
selection into (3.141) gives the following successive approximations 


uo(x) = 1, 
xv g 
ula) =e | («ie ea stor) ae 
=1+a2—- wet ya’ 
ug(x) = o- f (He aif 50 +f stor) dé 


x g 
us(2) =2— f (wo -1- Fe ii eater) ae 
1 


= \ 1 gp Lg (=1)" 2n 
Un(z) = a4 (1 Thad | a ha teee+ @nyr . 


The VIM admits the use of 
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u(x) = lim up(x), (3.143) 
that gives the exact solution by 
u(x) = a+ cose. (3.144) 


(ii) We next use the variational iteration method for solving the initial value 
problem 


u'(z)+u(z)=2, u(0)=1, w(0)=1. (3.145) 
The correction functional for Eq. (3.145) is 
Unti(x) = Un(x +f ME ) + tin(€) — €) dé. (3.146) 
Using the formula (ii) given above leads to 
N=E-z. (3.147) 


Substituting this value of the Lagrange multiplier A = €— into the functional 
(3.146) gives the iteration formula 


ungala) = unl) + f “(€—2) (ul() + unlé) — Oa. (3.148) 


We can use the initial conditions to select uo(#) = u(0) + eu’/(0) = 1+. 
Using this selection into (3.148) gives the following successive approximations 


uo(2) = 142, 
ui(v) = at f (Ea) (uf(@) + ole) — 6) a 
=1l+a- =, 
ua(0) <1 a pa? f (Ex) (uf(é) + ul) — 8) ae 
2 " 
1 1 
=l+a- Thal = a” (3.149) 
us(v) =Lba— 5ar+ Gat f(E—2) (usl6) + url6) - 8) a8 
=1+2- 5° iat - aa 
1 1 1 1 —1)” 
Un(x) = x4 (1 Tha | Thal ae | a sae ea =) 
Proceeding as before, the VIM gives the exact solution by 


u(a) = %+ cosa. (3.150) 


Standard methods for solving ODEs 
The ODE (3.169) is of second order and nonhomogeneous. The auxiliary 
equation for the homogeneous part is of the form 
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r?+1=0, (3.151) 


? — —1. The general solution is given by 


that gives r = +i,2 
u(x) = Uc + Up, 
u(z) = Acosx+ Bsina + a+ ba, 
where u, is the complementary solution, and uy is a particular solution. Using 


ODE methods and initial conditions we find that B=a=0,and A=b=1. 
The particular solution is given by 


u(x) = £+ cosa. (3.153) 


(3.152) 


Example 3.18 


Solve the Volterra integral equation by using the variational iteration method 
1 1 [* 
uz) =1+a+ al + >| (2 — t)? u(t)dt. (3.154) 
0 


Using Leibnitz rule to differentiate both sides of (3.154) three times with 
respect to x gives the two integro-differential equations 


u(a@) =1l4+a+ fe —t)u(t)dt, u(0)=1 
(3.155) 


u"(a#) =1 +f u(t)dt,u(0) =1, w’(0)=1. 
0 
and the third order initial value problem 
u(x) =u(x), u(0)=u'(0) = u"(0) = 1. (3.156) 
Using the variational iteration method VIM 


(i) We first note that we obtained two equivalent integro-differential equations 
(3.155). We will apply the VIM to these two equations. We first start using 
the VIM to handle the integro-differential equation 


xz 


u(a)=1+a+ / (x — t)u(t)dt, u(0) = 1. (3.157) 
0 
The correction functional for Eq. (3.157) is 


x € 
Un+1 (2) = Un(x) + | (Eg) (00 Loe [ (E nant] dé. 
(3.158) 


Proceeding as before we find 
A=-l, (3.159) 


that gives the iteration formula 
Uns1(%) = Un(x) — a ui (€) -1-€ fe r)Un(r)dr | dé. (3.160) 
0 . 0 


We can use the initial conditions to select uo(a) = u(0) = 1. Using this 
selection into (3.160) gives the following successive approximations 
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us(2) = -[ (se Lm [e Note) a 
of ” -_ fe mtr) (3.161) 


1 1 1 
=lt+at+o27+ 2-23 Par ee +—2°, 


2! 3! A! 5! 6! 
ee see ee eee: 1 Lg 
Un(z)=l+et+ Sa ra a be tae te a 
This in turn gives the exact solution by 
u(x) = e”. (3.162) 
(ii) We next consider the integro-differential equation 
u(r) =1 +f u(tjdé, u(O)=1, w'(0)=1. (3.163) 
0 


The correction functional for Eq. (3.163) is 


x € 
Unti(L) = Un(2x) +f A(E) (0 -—1 ay iar) dé. (3.164) 


Notice that the integro-differential equation is of second order. Therefore, we 


can show that 
A=€-2, (3.165) 


that gives the iteration formula 


x € 
tin (2) = tn(t) + i (« — 2)(u(Q) -1- | ee non(r)) dé. 


0 
(3.166) 
We can use the initial conditions to select uo(a) = 1+ 2. Using this selection 
into (3.166) gives the following successive approximations 


uo(a) =1+2, 


u(z) =1l+2 Te rT 
1 1 1 1 1 1 
uo(z) =1+z2 Tha + Thal + ae + All + ae + Te (3.167) 
\ \ ! 24 1 34 1 4A 1 1 1 n 
Un(2) =l+24 a T 317 T A t Fal + a a a * 


This in turn gives the exact solution by 
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u(x) =e”. (3.168) 
(iii) We next use the variational iteration method for solving the initial value 
problem 


u"(2) — u(x) = w (0) =u" (0) =1. (3.169) 
Unti(L) = Un(x are A(E) (uy (€) — Gin (E)) d€. (3.170) 

Using the formula (iii) given above for \ leads to 
=-Z(¢-2). (3.171) 


Substituting this value of the Lagrange multiplier into the functional (3.170) 
gives the iteration formula 


una(2) = tala) — 55 ff “(E=2)? (ul) —unQ) ag. (8.172) 


As stated before, we can use the initial conditions to select 


1 1 
uo(x) = u(0) + xu’(0) + 52 l= =1l+a+ hae (3.173) 
Using this selection into (3.172) gives the following successive approximations 
1 
uo(x) =1+a4+ Ta 
1 1 1 1 
ui(x) =l+a+ Tal i ae rial Fai 
Loe, tia, ta, 8 
ug(“) =1+a+ yt tae tae ae + a8 +a" + 2%, (3.174) 
ae eh ee ee 
Un(t) =1l+a+ 5a tae tage tee tage tae tye te 
The VIM admits the use of 
u(x) = lim up(x), (3.175) 


that gives the exact solution by 
u(x) =e”. (3.176) 
Using standard methods for solving ODEs 


The ODE (3.169) is of third order, therefore the auxiliary equation is of 
the form 


r?>—1=0, (3.177) 
that gives r= 1, —t a ¥3;, i? = —1. The general solution is given by 
3 3 
u(x) = Ae® + e~?* | Bcos VB, + Csin vi, : (3.178) 


To obtain the particular solution, we use the initial conditions to find that 
the particular solution 
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u(x) = e”. 


(3.179) 


It is interesting to point out that we need to use different approaches to 
solve ODEs by standard methods, whereas the variational iteration method 
attacks all problems directly and in a straightforward manner. 


Exercises 3.2.4 


Use the variational iteration method to solve the following Volterra integral equa- 
tions by converting the equation to initial value problem or to an equivalent integro- 
differential equation: 


1. 


3. 


. u(x) = 1osine + f 


ula) =1— [* u(nar 2. u(e) =atat+ 50? + 20° 
1 % 1 & 

(a) =1—Fa%+ f u(t)dt 4.u(z) =1l-2« 5t as (x 

-u(z) =1 =i (a — t)u(t)dt 6. u(x) = & +f (a — t)u(t)dt 


1 1. f* 
. u(x) =ltat+ ia? + s/f (a — t)? u(t)dt 
2 D ihe 


1 1 


u(x) =14 =o [ (a —t+ 1)u(t)dt 


2 


. u(x) = 142? ca t+1)?u(t)dt 


0 
“ei =o si © t)3.u(t)dt 


. u(x) =2+2—-2cosz [e t+ 2)u(t)dt 


ey =i= asinhe + ["(e— t + 2)u(t)dt 
0 


ig. t 8 


.u(“z) =1+4+ 2 + —2* + — (a —t + 2)? u(t)dt 


5 10 10 Jo 
3 


. u(x) = 24 324+ —274 ie >| (a —t + 2)? u(t)dt 
6 2s, 


2 
tu(t)dt 18. u(x) = xcoshax -f tu(t)dt 
) ) 


1 1 
. u(x) = —1 +e” + <a e | tu(t)dt 


x 
.u(“z) =1—asine+axcosz4 / tu(t)dt 
0 


[ u(t)dt 


t)u(t)dt 


ule) =142044 ["(e—sju(tat 8. u 2) = 5-420? — ["(w—s)u(tat 
(0) 0 
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3.2.5 The Successive Approximations Method 


The successive approximations method, also called the Picard iteration method 
provides a scheme that can be used for solving initial value problems or inte- 
gral equations. This method solves any problem by finding successive approx- 
imations to the solution by starting with an initial guess, called the zeroth 
approximation. As will be seen, the zeroth approximation is any selective 
real-valued function that will be used in a recurrence relation to determine 
the other approximations. 
Given the linear Volterra integral equation of the second kind 


sia) =F A i, ” K (a, t)u(t)dt, (3.180) 


where u(x) is the unknown function to be determined, K (x,t) is the kernel, 
and \ is a parameter. The successive approximations method introduces the 
recurrence relation 


Un(x) = f(x) + af K(a,t)un_i(t)dt,n > 1, (3.181) 


where the zeroth approximation uo(x) can be any selective real valued func- 
tion. We always start with an initial guess for uo(a), mostly we select 0,1, 2 
for ug(x), and by using (3.181), several successive approximations uz, k > 1 
will be determined as 


wan ee | ” K(x, tuo(t)dt, 


wala) = fle) +d f° K(e, Aube 


ug(z) = f(a) + af Ke, t)ualt)dt, (3.182) 


Un(x) = f(x) + af K (a, t)un—1(t)dt. 


The question of convergence of u,(x) is justified by noting the following 
theorem. 


Theorem 3.1 /f f(x) in (3.181) is continuous for the interval0 <a <a, and 
the kernel K(a,t) is also continuous in the triangleO <u <a,0<t<a, the 
sequence of successive approximations Un(x),n > 0 converges to the solution 
u(x) of the integral equation under discussion. 


It is interesting to point out that the variational iteration method admits 
the use of the iteration formula: 


unsala) = tn(e) + ff “6 ae : in()) dé. (3.183) 


whereas the successive approximations method uses the iteration formula 
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Un(x) = f(x) + K (a, t)un-1(t)dt,n > 1. (3.184) 
0 
The difference between the two formulas can be summarized as follows: 


1. The first formula contains the Lagrange multiplier A that should be 
determined first before applying the formula. The successive approximations 
formula does not require the use of X. 

2. The first variational iteration formula allows the use of the restriction 
tin(€) where d%,,(€) = 0. The second formula does require this restriction. 

3. The first formula is applied to an equivalent ODE of the integral equa- 
tion, whereas the second formula is applied directly to the iteration formula 
of the integral equation itself. 


The successive approximations method, or the Picard iteration method 
will be illustrated by the following examples. 


Example 3.19 


Solve the Volterra integral equation by using the successive approximations 
method 


u(x) =1— i (a — t)u(t)dt. (3.185) 
0 
For the zeroth approximation uo(x), we can select 
uo(x) = 1. (3.186) 


The method of successive approximations admits the use of the iteration 
formula 


Un+1(@) = 1 -f (a — t)un(t)dt,n > 0. (3.187) 
0 
Substituting (3.186) into (3.187) we obtain 


u(x) = 1— [e — t)uo(t)dt = 1— =a, 


ek Lay lie 
U2(x) = ii (a — t)ur(t)dt =1— 5 + a , 

= ° 1 1 1 3.188 
u3(“z) = 1— | (a — t)ue(t)dt = 1— ia 14 ral _ aa", ( ) 


= 1 
u(x) = 1 = (a — t)us(t)dt = 1 Tl rh ae qe 


Consequently, we obtain 
n 2k 
tipi (2) = 5 (—1)* Oih (3.189) 


k=0 


The solution u(x) of (3.185) 


u(x) = lim un4i(a) = cosa. (3.190) 
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Example 3.20 
Solve the Volterra integral equation by using the successive approximations 
method 


u(z) =1l+2+ 50? + ; [oe — t)?u(t)dt. (3.191) 


For the zeroth approximation uo(x), we can select 

uo(x) = 0. (3.192) 
The method of successive approximations admits the use of the iteration 
formula 


Ungi(t) =1+a2+ 52 - s[@ — t)°un(t)dt,n > 0. (3.193) 
Substituting (3.192) into (3.193) we obtain 
ui(a) =1l+a+ 30, 
U2(a) =1+a4+ @ + 5° + 5a! + a0", (3.194) 
u3(x) =1l+a+ 5 x 5° aa aa! + ar + ae + ae 
and so on. The solution u(a) of (3.191) is given by 
u(a“) = Jim Un+i(x) = e*. (3.195) 


Example 3.21 


Solve the Volterra integral equation by using the successive approximations 
method 


1 1 [* 
u(x) = —1+e" + =27e" — >| tu(t)dt. (3.196) 
2 a. 
For the zeroth approximation uo(x), we select 
uo(x) = 0. (3.197) 
We next use the iteration formula 
1 1 f[* 
0 
Substituting (3.197) into (3.198) we obtain 
1 
u(x) = —L+e7+ Tae 
1 1 
U2(a@) = —3 ral + e%(3 — 2 4 22 qv) 
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1 
to 4 ot 4 So? 4 o), (3.199) 


a a TS 
Notice that we used the Taylor expansion for e” to determine u3(x), u4(a),... 
The solution u(x) of (3.196) 


u(az) = lim un4i(a) = ze”. (3.200) 


1 1 1 1 
unai(t) <2 (1+ 504 34 ba Saba Sata), 


Example 3.22 


Solve the Volterra integral equation by using the successive approximations 
method 


u(z) = 1—asinx + a2cosx +f tu(t)dt. (3.201) 
0 
For the zeroth approximation uo(x), we may select 
uo(x) = a. (3.202) 
We next use the iteration formula 
Unqi(z) = 1—asineg + acosx+ | tuy(t)dt,n > 0. (3.203) 
0 
Substituting (3.202) into (3.203) gives 
1 
wie) = 1 zu zsinx + xcosz, 
12,133 2) a 2 
ug(x) = 3 5% 5” (2+ 3a — x*) sina — (2 — 34 — 2°) cosa, 
1 1 1 1 
u3(“) = (« a | al a ’) | (1 Thal + a _ at’) ; 
n okt n Pe 
a =) (-1)'———— —1)* ’ 
n+ (2) 2 err * 2 Rhy 


(3.204) 
Notice that we used the Taylor expansion for sinz and cosz to determine 
the approximations u3(a), u4(x),.... The solution u(x) of (3.201) is given by 


u(z) = lim un4i(a) = sina + cosa. (3.205) 


Exercises 3.2.5 


Use the successive approximations method to solve the following Volterra integral 
equations: 


oor I u(t)dt ee [e — t)u(t)dt 
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3. u(#) = 5° = [fe =tu(t)de 4. u(@) = 1 42¢4 af — t)u(t)dt 


5. u(x) = 5° + [fe — t)u(t)dt 6. u(z) =14+ a? [e t+1)?u(t)dt 
1 


7. u(x) = 5° = [fe — t)u(t)dt 8. u(x) = 1 5? A [e t)3u(t)dt 


9. u(x) = 1+ 3 u(t)dt 10. u(x) = 1— 2sinha + fe —t+2)u(t)dt 


0 


ll. u(x) =3+2? -f (a@—t)u(t)dt 12. u(#)=1-—asing +f tu(t)dt 
0 ) 


13. u(x) = xcosh« -f tu(t)dt 14. u(x) =1-—a - | (a~ — t)u(t)dt 
0 0 


15. u(x) = 1 -f 3t? u(t)dt 16. u(x) = 2a cosh x — af tu(t)dt 
0 0 


az 
17. u(z) = 1+ sinha — sinx + cosa — coshz 4 | u(t)dt 
0) 


18. u(x) = 1+ sinha + sinx — cosx + cosha / u(t)dt 
0 


19. u(x) = 2—2cosa fe t)u(t)dt 
0 


20. u(w) = —x# + 2sinha + : (a — t)u(t)dt 
) 


3.2.6 The Laplace Transform Method 


The Laplace transform method is a powerful technique that can be used for 
solving initial value problems and integral equations as well. We assume that 
the reader has used the Laplace transform method, and the inverse Laplace 
transform, for solving ordinary differential equations. The details and prop- 
erties of the Laplace method can be found in ordinary differential equations 
texts. 

Before we start applying this method, we summarize some of the con- 
cepts presented in Section 1.5. In the convolution theorem for the Laplace 
transform, it was stated that if the kernel K (x,t) of the integral equation: 


(= fe) 40 | ” K (a, thu(t)dt, (3.206) 


depends on the difference x —t, then it is called a difference kernel. Examples 
of the difference kernel are e*~‘, cos(a — t), and « — t. The integral equation 
can thus be expressed as 


i= Faas | ” K(x —t)u(t)dt. (3.207) 
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Consider two functions f:(a#) and f(a) that possess the conditions needed 
for the existence of Laplace transform for each. Let the Laplace transforms 
for the functions f;(#) and f(x) be given by 


L{fi(x)} = Fi(s), 
L{ fo(a)} = Fa(s). 


The Laplace convolution product of these two functions is defined by 


(3.208) 


(fi * fo)(x y= [nt fi(a — t) fo(t)dt (3.209) 
or 
(fo * fi)( a= [nl fo(a — t) fi(t)dt (3.210) 
Recall that 
(fi * fo)(@) = (fo * fi) (2). (3.211) 


We can easily show that the Laplace transform of the convolution product 
(fi * fo)(x) is given by 


cinema =£f [ ne-ofrioa}=A(s)ra). 8.212) 


Based on this summary, we will examine specific Volterra integral equations 
where the kernel is a difference kernel. Recall that we will apply the Laplace 
transform method and the inverse of the Laplace transform using Table 1.1 
in Section 1.5. 
By taking Laplace transform of both sides of (3.207) we find 

U(s) = F(s) + AK(s)U(s), (3.213) 

where 
U(s) = L{u(a)}, K(s)=L{K(2)}, F(s) = L{f(@)}. (3.214) 
Solving (3.213) for U(s) gives 
F(s) 
———, AX i 
TAKS)’ (s)# 
The solution u(x) is obtained by taking the inverse Laplace transform of both 
sides of (3.215) where we find 
. F(s) 
=L7') —~_ }. 3.216 

ue) =e { | (3.216) 
Recall that the right side of (3.216) can be evaluated by using Table 1.1 
in Section 1.5. The Laplace transform method for solving Volterra integral 
equations will be illustrated by studying the following examples. 


Example 3.23 


U(s) = (3.215) 


Solve the Volterra integral equation by using the Laplace transform method 


u(a) = 1+ ie u(t)dt. (3.217) 
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Notice that the kernel K(a#—t) = 1,\ = 1. Taking Laplace transform of both 
sides (3.217) gives 


L{u(x)} = L{1}4+ L{1 * u(a)}, (3.218) 
so that id 
U(s) = . + 5 U (8), (3.219) 
or equivalently 
Oe — (3.220) 


By taking the inverse Laplace transform of both sides of (3.220), the exact 
solution is therefore given by 


u(a) =e”. (3.221) 

Example 3.24 
Solve the Volterra integral equation by using the Laplace transform method 
u(x) =1— fo — t)u(t)dt. (3.222) 


Notice that the kernel K(a—t) = (a —t), A = —1. Taking Laplace transform 
of both sides (3.222) gives 


L{u(x)} = L{1} — L{(x — t) x u(a)}, (3.223) 

so that ; 4 
U(s) = — 2 (s); (3.224) 

or equivalently ; 
U(s) = Pee (3.225) 


By taking the inverse Laplace transform of both sides of (3.225), the exact 
solution 
u(x) = cosa, (3.226) 


is readily obtained. 
Example 3.25 


Solve the Volterra integral equation by using the Laplace transform method 


1 zx 
u(x) = Thal -| (a — t)u(t)dt. (3.227) 
; 0 
Taking Laplace transform of both sides (3.227) gives 
1 
L{u(x)} = qlte} —L{(x —t) «x u(ax)}. (3.228) 
This gives 
1 3! 1 


so that 
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1 1 1 


U(s) == — = 


s=- sas. 3.230 
s2(s27+1) 5s? 241 ( ) 


Taking the inverse Laplace transform of both sides of (3.230) gives the exact 
solution 
u(x) =x —sina. (3.231) 
Example 3.26 
Solve the Volterra integral equation by using the Laplace transform method 
u(a) = sina + cosx + 2 | sin(x — t)u(t)dt. (3.232) 
0 


Recall that we should use the linear property of the Laplace transforms. 
Taking Laplace transform of both sides (3.232) gives 


L{u(ax)} = L{sinx + cosx} + 2L{sin(x — t) « u(x) }, (3.233) 
so that j 
8 


or equivalently 
1 


s—l1 
Taking the inverse Laplace transform of both sides of (3.235) gives the exact 
solution 


U(s) = (3.235) 


u(x) =e”. (3.236) 


Exercises 3.2.6 


Use the Laplace transform method to solve the Volterra integral equations: 


1. u(z) = a+ [fe — t)u(t)dt 2. u(x) =1l-a— [fe — t)u(t)dt 
3. u(a) =1 50° - [fe t)u(t)\dt 4. ule) =14 3 [Ce — t)u(t)at 


5. u(x) =a—-—1+ [e — t)u(t)dt 


6. u(x) = cosa — sina + 2 cos(a — t)u(t)dt 
0 


7. u(x) = e” — cosx — 2 e*—tu(t)dt 8. u(x) =1—- j- ((w — t)? — 1) u(t)dt 


9. u(x) = sinx + sinha + cosha 2 [ cos (x — t)u(t)dt 
0 
10. u(x) = sinha + cosh a — cos x — ai cos (x — t)u(t)dt 
0 


11. u(x) = sina — cos x + cosh a — 2 f cosh (x — t)u(t)dt 
0 


3.2 Volterra Integral Equations of the Second Kind 103 


12. u(x) = sina + cos x + sinha — 2 | cosh (x — t)u(t)dt 
0 


13. u(x) = 2e* —2-—a+4+ fe —t)u(t)dt 14. u(v) = 2cosha — 2+ fe — t)u(t)dt 
0 0 


15. u(x) = 2— 2cosax i (a@—t)u(t)dt 16. u(#)=1+4+ - sin(a — t)u(t)dt 


3.2.7 The Series Solution Method 


A real function u(a) is called analytic if it has derivatives of all orders such 
that the Taylor series at any point 6 in its domain 


ne ¢(k) 
ue—= > f a (x — b)*, (3.237) 


converges to f(a) in a neighborhood of b. For simplicity, the generic form of 
Taylor series at x = 0 can be written as 


=e, (3.238) 
n=0 


In this section we will present a useful method, that stems mainly from the 
Taylor series for analytic soe for solving Volterra integral equations. 
We will assume that the solution u(x) of the Volterra integral equation 


u(x) ae, K(a,t)u (3.239) 


is analytic, and therefore possesses a Taylor series of the form given in (3.238), 
where the coefficients a, will be determined recurrently. Substituting (3.238) 
into both sides of (3.239) gives 


> Anz” = T(f(x)) + rf K(a,t) bs ot") dt, (3.240) 
n=0 0 n=0 


or for simplicity we use 


ay + aye + ana? +--+ = T(F(0)) +A f K(a,t) (ap + ayt + agt? +--+) dt, 
0 


(3.241) 
where T(f(a)) is the Taylor series for f(x). The integral equation (3.239) will 
be converted to a traditional integral in (3.240) or (3.241) where instead of 
integrating the unknown function u(x), terms of the form t”, n > 0 will be 
integrated. Notice that because we are seeking series solution, then if f(x) 
includes elementary functions such as trigonometric functions, exponential 
functions, etc., then Taylor expansions for functions involved in f(a) should 
be used. 

We first integrate the right side of the integral in (3.240) or (3.241), and 
collect the coefficients of like powers of x. We next equate the coefficients of 
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like powers of x in both sides of the resulting equation to obtain a recurrence 
relation in a;,7 > 0. Solving the recurrence relation will lead to a complete 
determination of the coefficients a;, 7 > 0. Having determined the coefficients 
aj,j = 0, the series solution follows immediately upon substituting the de- 
rived coefficients into (3.238). The exact solution may be obtained if such an 
exact solution exists. If an exact solution is not obtainable, then the obtained 
series can be used for numerical purposes. In this case, the more terms we 
evaluate, the higher accuracy level we achieve. 


Example 3.27 


Solve the Volterra integral equation by using the series solution method 


u(x) = 1 +f u(t)dt. (3.242) 
0 
Substituting u(#) by the series 
wal oe”, (3.243) 
n=0 


into both sides of Eq. (3.242) leads to 


3 nx" =1+ [ (>. ot) dt. (3.244) 
n=0 0 n=0 


Evaluating the integral at the right side gives 


foe) Co 1 
a n+1 
dan =1+ y eater ae (3.245) 
that can be rewritten as 
Co Co 1 
ne = 1 —An—12”, 3.246 
ao + 2d An& + 2d a 12 ( ) 
or equivalently 
1 1 
ao + aya + aga? + agu? +++» =1l+apa+ zur + zur +--+. (3.247) 


In (3.245), the powers of x of both sides are different, therefore, we make 
them the same by changing the index of the second sum to obtain (3.246). 
Equating the coefficients of like powers of x in both sides of (3.246) gives the 
recurrence relation 
ao = 1, 
1 (3.248) 


Gn = —An_-1,n > 1. 
n 


where this result gives 


1 
a, = ae > 0. (3.249) 


Substituting this result into (3.243) gives the series solution: 
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1 nr 
u(e) =) a", (3.250) 
n=0 
that converges to the exact solution u(x) = e”. 
It is interesting to point out that this result can be obtained by equating 
coefficients of like terms in both sides of (3.247), where we find 


ag=1, a=a=1, 


(3.251) 


1 1 


an = —An-1 = TZ 
nr 


This leads to the same result obtained before by solving the recurrence rela- 
tion. 


Example 3.28 


Solve the Volterra integral equation by using the series solution method 


ula) =o | (x — t)u(t)dt. (3.252) 
0 
Substituting u(#) by the series 
u(z) = oe Ant”, (3.253) 
n=0 


into both sides of Eq. (3.252) leads to 


3 Ane” = a+ [ (>. tant” — 3 ont) dt. (3.254) 
n=0 0 n=0 


n=0 


Evaluating the right side leads to 


co Co 1 
nee = —— ie" 3.255 
2 oe e+) GED ; ( ) 


n=0 
that can be rewritten as 


= nm — 1 Tm 
ao + a,x + 2d Ant = Us 2d n(n —1) "2" 5 (3.256) 
or equivalently 
2 3 1 2,1 3 i 4 
dp +ayx + agn* + agH° +--+ = a+ 3 oe + gue + 72% +--+ (3.257) 


Equating the coefficients of like powers of a in both sides of (3.256) gives the 
recurrence relation 
ao = 0, a, =1, 


(3.258) 
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This result can be combined to obtain 


1 

i Fa aR S 0. 3.259 
oa eee) 

Substituting this result into (3.253) gives the series solution 

= 1 2n+1 
= ——_— 1" 3.260 
= oa (3.260) 
that converges to the exact solution 

u(az) = sinha. (3.261) 


It is interesting to point out that this result can also be obtained by equating 
coefficients of like terms in both sides of (3.257), where we find 


1 
ao = 0, a, = 1, az = 540 = 0, 
; ‘ A (3.262) 
a3 672 = 31 ag = Tp” =:0: 


This leads to the same result obtained before by solving the recurrence rela- 
tion. 


Example 3.29 


Solve the Volterra integral equation by using the series solution method 
u(x) =1-—asine +/ tu(t)dt. (3.263) 
0 


For simplicity reasons, we will use few terms of the Taylor series for sin x and 
for the solution u(x) in (3.263) to find 


ao + a2 + ag? +a3x° + aga*+--- 


3 % (3.264) 
=1 (a ar --) | t(ag + ait + agt? +---)dt. 
: 0 
Integrating the right side and collecting the like terms of x we find 
1 1 1 1 
ag+a,2+a927+a3¢°?+a4x*+--- = 14 (540 1)a?4 zur | (+ qa2)a"+- my 
(3.265) 
Equating the coefficients of like powers of « in (3.265) yields 
ag = Ls ay = 0, 
1 1 1 
a2 = -ag —-1=—--, a3 = -a, = 0, 
2 2! 3 
iol 1 (3.266) 
eG ae ae 
and generally 
—1)r 
Gon41 =0, Gan = ) n>0. (3.267) 
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The solution in a series form is given by 


1 1 1 
u(x) =1 Thal az am poss (3.268) 
that gives the exact solution by 
u(x) = cosa. (3.269) 


Example 3.30 
Solve the Volterra integral equation by using the series solution method 
u(x“) = 2e" -2-—24 | (a — t)u(t)dt. (3.270) 
0 


Proceeding as before, we will use few terms of the Taylor series for e” and 
for the solution u(x) in (3.270) to find 


jo" 
(3.271) 
Integrating the right side and collecting the like terms of x we find 


a,x 4 dou? t a3x? t ayx* forse 


(pes hake a (ee a ates 
=r —a —-+--a 
a gt gue t (it ye) 2 


ao 


(3.272) 
Equating the coefficients of like powers of x in (3.272) yields 
1 1 
ao = 0, ay = 1, ag = 1, ag m4 = ape (3.273) 
and generally 
1 
An = a n>1l,a9 = 0. (3.274) 
The solution in a series form is given by 
= re ee ee 2 
u(a) =x(1 P+ a” T at” T rag T ++), (3.275) 
that converges to the exact solution 
u(x) = xe”. (3.276) 
Exercises 3.2.7 
Use the series solution method to solve the Volterra integral equations: 
1. u(x) =1—- a u(t)dt 2. u(x) =1— ” — t)u(t)dt 
) 
3. ula) = a+ fe — t)u(t)dt 4. u(x) = 1 eat (a —t+ 1)u(t)dt 
) 


5. u(x) = 1+ x2e” — f- tu(t)dt 6. u(w) = 1+ 2a+ ay, (a — t)u(t)dt 
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7. u(x) =34 27 — [fe — t)u(t)dt 8. u(z) = 1+ 2sina — a u(t)dt 


9. u(x) = & cos a +f tu(t)dt 10. u(x) = xcoshz -| tu(t)dt 
0 ) 


11. u(a) = 2cosha — 2 +f (a — t)u(t)dt 
0 


12. u(x) =1—-a— [fe — t)u(t)dt 13. u(x) =a —aln(1+2) +f u(t)dt 


1 xz 
14. u(a) = x? all + #3 In(1+ x) | 2xu(t)dt 
0 


15. u(x) = seca + tang -f 


sectu(t)dt 16. u(x) =a +f tan tu(t)dt 
0 0 


3.3 Volterra Integral Equations of the First Kind 


The standard form of the Volterra integral equations of the first kind is given 
by 


f(a) = y. K(a, t)u(t)dt, (3.277) 


where the kernel K (x,t) and the function f () are given real-valued functions, 
and u(z) is the function to be determined. Recall that the unknown function 
u(x) appears inside and outside the integral sign for the Volterra integral 
equations of the second kind, whereas it occurs only inside the integral sign 
for the Volterra integral equations of the first kind. This equation of the first 
kind motivated mathematicians to develop reliable methods for solving it. In 
this section we will discuss three main methods that are commonly used for 
handling the Volterra integral equations of the first kind. Other methods are 
available in the literature but will not be presented in this text. 


3.3.1 The Series Solution Method 


As in the previous section, we will consider the solution u(x) to be analytic, 
where it has derivatives of all orders, and it possesses Taylor series at x = 0 
of the form 


uay= >) ane”, (3.278) 
n=0 


where the coefficients a, will be determined recurrently. Substituting (3.278) 
into (3.277) gives 
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T(f(2)) = [ Keo (>. ot") dt, (3.279) 
n=0 


or for simplicity we can use 
T(f(2)) =i K(z,t) (ao + ait + agt” +--+) dt, (3.280) 
0 


where T(f(x)) is the Taylor series for f(x). 

The integral equation (3.277) will be converted to a traditional integral in 
(3.279) or (3.280) where instead of integrating the unknown function u(x), 
terms of the form t”, n > 0 will be integrated. Notice that because we are 
seeking series solution, then if f(a) includes elementary functions such as 
trigonometric functions, exponential functions, etc., then Taylor expansions 
for functions involved in f(a) should be used. 

The method is identical to that presented before for the Volterra integral 
equations of the second kind. We first integrate the right side of the inte- 
gral in (3.279) or (3.280), and collect the coefficients of like powers of x. We 
next equate the coefficients of like powers of x in both sides of the resulting 
equation to obtain a recurrence relation in a;,7 > 0. Solving the recurrence 
relation will lead to a complete determination of the coefficients a;,j7 > 0. 
Having determined the coefficients a;,7 > 0, the series solution follows im- 
mediately upon substituting the derived coefficients into (3.278). The exact 
solution may be obtained if such an exact solution exists. If an exact solution 
is not obtainable, then the obtained series can be used for numerical pur- 
poses. In this case, the more terms we evaluate, the higher accuracy level we 
achieve. This method will be illustrated by discussing the following examples. 


Example 3.31 


Solve the Volterra integral equation by using the series solution method 
sinz — x©cosz = | tu(t)dt. (3.281) 
0 


Proceeding as before, only few terms of the Taylor series for sina — 7 cos x 
and for the solution u(x) in (3.281) will be used. Integrating the right side 
we obtain 


2,1 3 1 se 
aor + =aj,x mae elem 


2 3 
1 1 
+ gasa® + Fae" ae 
(3.282) 
Equating the coefficients of like powers of « in (3.282) yields 
1 1 
a9=0, ajy=l1l, a=0, a3 = — 3 a4 = 0,05 = (3.283) 


The solution in a series form is given by 
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1 1 
ul“) =a“ — Thal + a toes (3.284) 
that converges to the exact solution 
u(a) = sina. (3.285) 


Example 3.32 
Solve the Volterra integral equation by using the series solution method 
2+2—2e%+2e" = | (a — t)u(t)dt. (3.286) 
0 


Using few terms of the Taylor series for 2+ #—2e* + ve” and for the solution 
u(x) in (3.286), and by integrating the right side we find 


1 ik 1 . 
ae eb a ee + ayt + agt? +--+ )dt 
gr t+ g* +72 i (a — t)(ao + ayt + ag )d 
1 2,1 3,1 ay 2 5 
= = — = 3.287 
5 10% + aoe + 73 22% T 59 28” ( ) 
+ age + 
— xv eee 
0° 
Equating the coefficients of like powers of « in (3.287) yields 
1 1 
ag = 0, ay = 1, ag = 1, a3 = ik a4 = 31 (3.288) 
The solution in a series form is given by 
1 1 
u(t) = a2(1t+a4 Tal ae b+), (3.289) 
that converges to the exact solution 
u(a) = xe”. (3.290) 


Example 3.33 
Solve the Volterra integral equation by using the series solution method 
1 x 
x 5 —In(l+2)+27In(1+2) = | 2tu(t)dt. (3.291) 
0 


x? —In(1 +2) +2? In(1 +2) and proceeding 


Using the Taylor series for x 
as before we find 


L 
2 


2 1 2 1 
ae) Set a a Oi ales ek 
37 An T 15” 12” T 
=f 2e(ao + axt + ast? + ast? +--+) (3.292) 
0 
2 1 2 1 
= agx? + ze" + a2" + 5a3e” or zane ares 
Equating the coefficients of like powers of a in (3.292) yields 
1 1 1 
ao 0, ay 1; a2 gt 02 gs (3.293) 


The solution in a series form is given by 
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1, 135 1, 
= =a +s Sie aes 294 
u(x“) =a“ ge + 3 — Ge (3.294) 
that converges to the exact solution 
u(x) = In(1 +2). (3.295) 


Exercises 3.3.1 


Use the series solution method to solve the Volterra integral equations of the first 
kind: 

xr xz 
le*7-1-a2= l (a — t+ 1)u(t)dt 2. xcoshx — sinha = | u(t)dt 

0 0 


x 1 x 
3.1+a¢e" —e* = / tu(t)dt 4.14 37 + ae” —e* = | tu(t)dt 
0 0 
1 3 x : 
6: = 1 Sa 5° +e" = (a — t)u(t)dt 
0 
6. —x+2sinx —xcosx = i («—t)u(t)dt 7. —1+cosha= | (a — t)u(t)dt 
) 0 


8. « — 2sinha + xcosha = | (a — t)u(t)dt 
0 


9. L+e—sinx cose = | (a — t)u(t)dt 10.1-—a%-e* =) (a — t)u(t)dt 
0 0 
1 4 sd 
ll. —24 52 + In(1+a2)+aln(1+ 2) =i u(t)dt 
0 


3.3.2 The Laplace Transform Method 


The Laplace transform method is a powerful technique that we used before for 
solving initial value problems and Volterra integral equations of the second 
kind. In the convolution theorem for the Laplace transform method, it was 
stated that if the kernel K (a, t) of the integral equation 


0) = f° K(e.nue t)dt, (3.296) 


depends on the difference x — t, then it is called a difference kernel. The 
Volterra integral equation of the first kind can thus be expressed as 


x)= | K(a — t)u(t)dt. (3.297) 


Consider two functions fi(2) and f(a) that possess the conditions needed 
for the existence of Laplace transform for each. Let the Laplace transforms 
for the functions f;(#) and f(x) be given by 
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L{fi(x)} = Fi(s), 
L{ fo(x)} = Fo(s). 


The Laplace convolution product of these two functions is defined by 


(3.298) 


(fi * fa)(x tae fi(a — t) fo(t)dt (3.299) 
or 
(fa * fr)( a= [ fo(x — t) fi(t)dt. (3.300) 
Recall that 
(fi * fo)(2) = (fo * fa)(2). (3.301) 


We can easily show that the Laplace transform of the convolution product 
(fi * fo)(x) is given by 


cae ma =£f [ ne-ofrioa) = Ais)ras). (8.302) 


Based on this summary, we will examine specific Volterra integral equations 
of the first kind where the kernel is a difference kernel. Recall that we will 
apply the Laplace transform method and the inverse of the Laplace transform 
using Table 1.1 in Section 1.5. 

By taking Laplace transform of both sides of (3.297) we find 


F(s) = K(s)U(s), (3.303) 
where 
U(s) = L{u(x)}, K(s)=L{K(x)}, F(s) = L{f(2)}- (3.304) 
Solving (3.303) gives 
U(s)= a. (3.305) 
where 
K(s) £0. (3.306) 


The solution u(x) is obtained by taking the inverse Laplace transform of both 
sides of (3.305) where we find 

-1 J F(s) 
Recall that the right side of (3.307) can be evaluated by using Table 1.1 in 
Section 1.5. The Laplace transform method for solving Volterra integral equa- 
tions of the first kind will be illustrated by studying the following examples. 


Example 3.34 


Solve the Volterra integral equation of the first kind by using the Laplace 
transform method 


e” — sin x —cosx = | Qe" 'u(t)dt. (3.308) 
0 


Taking the Laplace transform of both sides of (3.308) yields 
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1 1 s 2 


eo ets U 
s—1l s?+1 5441 #4s-1 


or equivalently 


2 2 
= 3.310 
Ene si" eal) 
This in turn gives 
1 
=>. 3.311 
()=s—> (3.311) 
Taking the inverse Laplace transform of both sides gives the exact solution 
u(a) = sina. (3.312) 


Example 3.35 


Solve the Volterra integral equation of the first kind by using the Laplace 
transform method 


1+a2-e7= fe — «)u(t)dt. (3.313) 
0 


Notice that the kernel is (t — x) = —(a — t). 
Taking the Laplace transform of both sides of (3.313) yields 


dy. T 1 1 
See =—-— 3.314 
ae en (3.314) 
so that ’ 1) 1-2 i 
s(is—l1)+s—l1-s 
So = - SU (). 3.315 
s?(s — 1) s? (s) ( ) 
Solving for U(s) we find 
1 
= —. 31 
()=— (3.316) 
Taking the inverse Laplace transform of both sides gives the exact solution 
u(x) =e”. (3.317) 


Example 3.36 


Solve the Volterra integral equation of the first kind by using the Laplace 
transform method 


1 x 
—1+2°+ ri + 2sinha + cosha = | (a — t + 2)u(t)dt. (3.318) 
0 
Taking the Laplace transform of both sides of (3.318) yields 
se+s2—-1 1 2 
as ff 31 
or equivalently 
i. 8 
=>=+—=—. 32 
U(s) atpoy (3.320) 


Taking the inverse Laplace transform of both sides gives the exact solution 
u(x) = %+ cosha. (3.321) 
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Exercises 3.3.2 


Use the Laplace transform method to solve the Volterra integral equations of the first 
kind: 


1.c-—sing = | (a — t)u(t)dt 2. e” + sing — cosxz = | 2e*—*u(t)dt 
0 0 
1 xz xr 
3.14 Thal —cosx = i, (c—t)u(t)dt 4.1+a—sine—cosx#= i (a — t)u(t)dt 
: 0 0 
B= / (1 + 2(a — t))u(t)dt 6. sinha = | e*—*u(t)dt 
0 0 
7. oo (a —t+ 1)u(t)dt 8 1l=2-e°* -| (t — x)u(t)dt 
0 0 
1 3 x 7 
9. l+a—-— =a" —e* = (t — x)u(t)dt 
3! 0 
ae ee 2 
10.1+ 24 a aie sing — cosa = (a —t+ 1)u(t)dt 
: 0 


11.3—7a +27? +sinhz 3cosh.x = | (a — t — 3)u(t)dt 
) 


12. 1—cosx = | cos(a — t)u(t)dt 
0 


3.3.3 Conversion to a Volterra Equation of the Second 
Kind 


In this section we will present a method that will convert Volterra integral 
equations of the first kind to Volterra integral equations of the second kind. 
The conversion technique works effectively only if K(x, x) 4 0. Differentiating 
both sides of the Volterra integral equation of the first kind 


f(x) = i K(a, t)u(t)dt, (3.322) 
0 
with respect to x, and using Leibnitz rule, we find 
Fe=Ka, au) +f K,(a, t)u(t)dt. (3.323) 
0 


Solving for u(x), provided that K(x,x) 4 0, we obtain the Volterra integral 
equation of the second kind given by 


f'(a) / “dl 
= - ——- K,, (a, t)u(t)dt. 3.324 
ne) K(a, x) 9 K(a,x) ea) ( ) 
Notice that the non-homogeneous term and the kernel have changed to 
aC) 
= . 2 
=>: (3.325) 


and 
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G(x,t) = — K,(z,t), (3.326) 


K (a, x) 


respectively. 

Having converted the Volterra integral equation of the first kind to the 
Volterra integral equation of the second kind, we then can use any method 
that was presented before. Because we solved the Volterra integral equations 
of the second kind by many methods, we will select distinct methods for 
solving the Volterra integral equation of the first kind after reducing it to a 
second kind Volterra integral equation. 


Example 3.37 


Convert the Volterra integral equation of the first kind to the second kind 
and solve the resulting equation 


sinha = [ e”—'u(t)dt. (3.327) 
Differentiating both sides of (3.327) aid using Leibnitz rule we obtain 
acing: uted. if ” e®tu(t)dt, (3.328) 
that gives the Volterra integral salialion of the second kind 
u(x) = cosh x — [ e” u(t) dt. (3.329) 


We select the Laplace transform method for solving this problem. Taking 
Laplace transform of both sides gives 


8 1 
that leads to 1 
U(s) = ——. 3.331 
(s) = — (3.331) 
Taking the inverse Laplace transform of both sides gives the exact solution 
u(r) =e”. (3.332) 


Example 3.38 


Convert the Volterra integral equation of the first kind to the second kind 
and solve the resulting equation 


1+sinxz—cosx = 4, (a —t + 1)u(t)dt. (3.333) 
0 


Differentiating both sides of (3.333) and using Leibnitz rule we obtain the 
Volterra integral equation of the second kind 


u(x) = cosa + sina — | u(t)dt. (3.334) 
0 


We select the modified decomposition method for solving this problem. There- 
fore we set the modified recurrence relation 
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uo(x) = cosa, 


(3.335) 


Urpi(Z) = -| up(t)dt =0,k > 1. 
0 
This gives the exact solution by 
u(x) = cosa. (3.336) 
Example 3.39 


Convert the Volterra integral equation of the first kind to the second kind 
and solve the resulting equation 


9x? + 5a? = J (oe — 10¢t + 6)u(t)dt. (3.337) 
Differentiating both sides of (3.337) and using Leibnitz rule we obtain 
182 + 15a? = 6u(ax) + J. 10u(t)dt, (3.338) 
that gives the Volterra integral equation of an second kind 
u(x) = 382+ >a? - sf u(t)dt. (3.339) 


We select the Adomian decomposition method combined with the noise terms 
phenomenon for solving this problem. Therefore we set the recurrence relation 


5 5 [* 
uo(x) = 3a + so Un+1(X) = -3/ ug(t)dt, k>O0, (3.340) 
0 
that gives 
Ba 5 255 
— = =-- —-=-—7Z . . 1 
Uo(x) = 3a + 5h u(x) 5” — ie” (3.341) 


Canceling the noise term 32”, that appear in uo(x) and u(x), from uo(z) 
gives the exact solution by 
u(x) = 32. (3.342) 


Remarks 


1. It was stated before that if K(a, 2) = 0, then the conversion of the first 
kind to the second kind fails. However, if K (a,x) = 0 and K,(«,2) 4 0, then 
by differentiating the Volterra integral equation of the first kind as many 
times as needed, provided that K(x,t) is differentiable, then the equation 
will be reduced to the Volterra integral equation of the second kind. 

2. The function f(x) must satisfy specific conditions to guarantee a unique 
continuous solution for u(x). The determination of these special conditions 
will be left as an exercise. 
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However, for the first remark, where K(x, x) = 0 but K,(2, x) #0, we will 
differentiate twice, by using Leibnitz rule, as will be shown by the following 
illustrative example. 


Example 3.40 


Convert the Volterra integral equation of the first kind to the second kind 
and solve the resulting equation 


xsinh xs = 2 | sinh(« — t)u(t)dt. (3.343) 
0 
Differentiating both sides of (3.343) and using Leibnitz rule we obtain 
xcoshx + sinha = a cosh(x — t)u(t)dt, (3.344) 
0 


which is still a Volterra integral equation of the first kind. However, because 
K,(a,x) 4 0, we differentiate again to obtain the Volterra integral equation 
of the second kind 


1 x 
u(a) = cosha + rh sinh x — | sinh(a — t)u(t)dt. (3.345) 
0 


We select the modified decomposition method for solving this problem. There- 
fore we set the modified recurrence relation 
uo(x) = cosha, 


1 x 
ui(z) = 52 sinh x — | sinh(a — t)uo(t)dt = 0, (3.346) 


Unqi(x) = -{ sinh(a — t)u,(t)dt =0, k>1. 
0 
The exact solution is given by 
u(a) = cosha. (3.347) 


Exercises 3.3.3 


In Exercises 1-12, use Leibnitz rule to convert the Volterra integral equation of the 
first kind to a second kind and solve the resulting equation: 


x Ba 


2e*—*u(t)dt 2. e* — cose = e*—*u(t)dt 


1::e” +sine cose = [ 
) 


0 


32 | (a —t+ 1)u(t)dt 4, e® +sinz —cosxz = i 2cos(x — t)u(t)dt 
0 0 


x 1 x 
he go LS / (a —t + 1)u(t)dt 6. ee = / e*—*u(t)dt 
) ) 


Bi 


7. e-1=/ (a —t+ 1)u(t)dt 8. sing —cose+1= [ (a —t+ 1)u(t)dt 
0 0 


9. 5a4 42° = ‘ (a —t+ 1)u(t)dt 
) 
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10. 4+ a — 4e* + 32e” = (a —t+ 2)u(t)dt 
0 


1 x 
11. 3-a+274 rll + 3e” =] (aw — t + 2)u(t)dt 
: ) 


12. tanz —Incosxz = 7 (a —t+1)u(t)dt,x2 < . 
0 


In Exercises 13-16, use Leibnitz rule twice to convert the Volterra integral equation 
of the first kind to the second kind and solve the resulting equation: 


13. xsing = | 2sin(a — t)u(t)dt 14. e” — sina — cosa = | 2sin(a — t)u(t)dt 
0 0 


15. singz —cost+e 7% = 2sin(a — t)u(t)dt 
0 


16. sinx — xcosx = i 2sinh(a — t)u(t)dt 
0 
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Chapter 4 
Fredholm Integral Equations 


4.1 Introduction 


It was stated in Chapter 2 that Fredholm integral equations arise in many 
scientific applications. It was also shown that Fredholm integral equations 
can be derived from boundary value problems. Erik Ivar Fredholm (1866— 
1927) is best remembered for his work on integral equations and spectral 
theory. Fredholm was a Swedish mathematician who established the theory 
of integral equations and his 1903 paper in Acta Mathematica played a major 
role in the establishment of operator theory. 

As stated before, in Fredholm integral equations, the integral containing 
the unknown function u(«) is characterized by fixed limits of integration in 
the form 


b 
u(x) = f(x) + | K (a, t)u(t)dt, (4.1) 


where a and b are constants. For the first kind Fredholm integral equations, 
the unknown function u(x) occurs only under the integral sign in the form 


b 
f(x) = ) K (a, t)u(t)dt. (4.2) 


However, Fredholm integral equations of the second kind, the unknown func- 
tion u(x) occurs inside and outside the integral sign. The second kind is 
represented by the form 


b 
u(x) = f(x) + af K (a, t)u(t)dt. (4.3) 


The kernel K(x,t) and the function f(x) are given real-valued functions [9], 
and \ is a parameter. When f(a) = 0, the equation is said to be homogeneous. 

In this chapter, we will mostly use degenerate or separable kernels. A de- 
generate or a separable kernel is a function that can be expressed as the sum 
of the product of two functions each depends only on one variable. Such a 
kernel can be expressed in the form 
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K(2,t) =) fila)gi(l). (4.4) 


Examples of separable kernels are x — t, (a — t)?, 4xt, etc. In what follows we 
state, without proof, the Fredholm alternative theorem. 


Theorem 4.1 (Fredholm Alternative Theorem) If the homogeneous Fredholm 
integral equation 


b 
u(x) = | K (a, t)u(t)dt (4.5) 


has only the trivial solution u(x) = 0, then the corresponding nonhomoge- 
neous Fredholm equation 


b 
u(x) = f(x) + af K(a,t)u(t)dt (4.6) 


has always a unique solution. This theorem is known by the Fredholm alter- 
native theorem [1]. 


Theorem 4.2 (Unique Solution) If the kernel K(a,t) in Fredholm integral 
equation (4.1) is continuous, real valued function, bounded in the square a < 
x<banda<t <b, and if f(x) is a continuous real valued function, then 
a necessary condition for the existence of a unique solution for Fredholm 
integral equation (4.1) is given by 

|A|I(b—a) <1, (4.7) 
where 

|K(z,t)|< MER. (4.8) 


On the contrary, if the necessary condition (4.7) does not hold, then a 
continuous solution may exist for Fredholm integral equation. To illustrate 
this, we consider the Fredholm integral equation 


1 
u(a@) = —2— 38a+ | (3x + t)u(t)dt. (4.9) 
0 
It is clear that A = 1,|K(a,t)| < 4 and (b— a) =1. This gives 
|A|M(b—a)=4 41. (4.10) 
However, the Fredholm equation (4.9) has an exact solution given by 
u(x) = 6a. (4.11) 


A variety of analytic and numerical methods have been used to handle 
Fredholm integral equations. The direct computation method, the successive 
approximations method, and converting Fredholm equation to an equiva- 
lent boundary value problem are among many traditional methods that were 
commonly used. However, in this text we will apply the recently developed 
methods, namely, the Adomian decomposition method (ADM), the modi- 
fied decomposition method (mADM), and the variational iteration method 
(VIM) to handle the Fredholm integral equations. Some of the traditional 
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methods, namely, successive approximations method, and the direct compu- 
tation method will be employed as well. The emphasis in this text will be on 
the use of these methods rather than proving theoretical concepts of conver- 
gence and existence. The theorems of uniqueness, existence, and convergence 
are important and can be found in the literature. The concern will be on the 
determination of the solution u(x) of the Fredholm integral equations of the 
first kind and the second kind. 


4.2 Fredholm Integral Equations of the Second Kind 


We will first study Fredholm integral equations of the second kind given by 


b 
u(x) = f(x) + | K (a, t)u(t)dt. (4.12) 


The unknown function u(a), that will be determined, occurs inside and out- 
side the integral sign. The kernel AK (a,t) and the function f(x) are given 
real-valued functions, and \ is a parameter. In what follows we will present 
the methods, new and traditional, that will be used to handle the Fredholm 
integral equations (4.12). 


4.2.1 The Adomian Decomposition Method 


The Adomian decomposition method (ADM) was introduced and developed 
by George Adomian in [2-5] and was used before in Chapter 3. The Adomian 
method will be briefly outlined. 

The Adomian decomposition method consists of decomposing the un- 
known function u(#) of any equation into a sum of an infinite number of 
components defined by the decomposition series 


ule)= Sin (a), (4.13) 
n=0 


or equivalently 
u(x) = uo(a) + ui(x%) + u2(x) +--- (4.14) 


where the components u,(2),n > 0 will be determined recurrently. The 
Adomian decomposition method concerns itself with finding the components 
U0, U1, U2,--- individually. As we have seen before, the determination of these 
components can be achieved in an easy way through a recurrence relation 
that usually involves simple integrals that can be easily evaluated. 

To establish the recurrence relation, we substitute (4.13) into the Fredholm 
integral equation (4.12) to obtain 
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lee} 


5 ec) 
ita Fhe A / K(.,t) (>. vn) dt, (4.15) 


n=0 n=0 
or equivalently 
b 
uo(a) + ur (a) + u(x) +--+ = f(x) + af K(a,t) [uo(t) + ui(t) +--+] dt. 
° (4.16) 


The zeroth component wo(x) is identified by all terms that are not included 
under the integral sign. This means that the components u,;(x),7 > 0 of the 
unknown function u(x) are completely determined by setting the recurrence 
relation 


b 
uo(x) = f(x), Un4yi(x) = af K(a,t)un(t)dt, n>0, (4.17) 


or equivalently 
uo(2) = 


f(z), 
b 
u(x“) = af K (a, t)uo(t)dt, 


b 4.18 
ug(x“) = rf K (a, thus (t)dt, 8 


b 
ttay 23 | K (a, tjus(#)de, 


and so on for other components. 

In view of (4.18), the components uo(), u1(x), U2(x), u3(x),... are com- 
pletely determined. As a result, the solution u(x) of the Fredholm integral 
equation (4.12) is readily obtained in a series form by using the series as- 
sumption in (4.13). 

It is clearly seen that the decomposition method converted the integral 
equation into an elegant determination of computable components. It was 
formally shown that if an exact solution exists for the problem, then the ob- 
tained series converges very rapidly to that exact solution. The convergence 
concept of the decomposition series was thoroughly investigated by many 
researchers to confirm the rapid convergence of the resulting series. How- 
ever, for concrete problems, where a closed form solution is not obtainable, a 
truncated number of terms is usually used for numerical purposes. The more 
components we use the higher accuracy we obtain. 


Example 4.1 


Solve the following Fredholm integral equation 
1 
u(x) =e” —a+ 7 tu(t)dt. (4.19) 
0 


The Adomian decomposition method assumes that the solution u(a) has a 
series form given in (4.13). Substituting the decomposition series (4.13) into 
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both sides of (4.19) gives 


3 un(x) =e -c+af t >> un(tdt, (4.20) 
n=0 0 n=0 
or equivalently 
uo(x) + ui (x) + ua(x) 4 aetoate | t [uo(t) + ur (t) + wa(t) +--+] dt. 
0 


(4.21) 
We identify the zeroth component by all terms that are not included under 
the integral sign. Therefore, we obtain the following recurrence relation 


1 
u(x) =e” —a@, Unqil(x) = of tuz(t)dt, k>0. (4.22) 
0 


Consequently, we obtain 


1 Hd 9 9 
= tus (t)dt = =t?dt = =a 
uate) | oly | 3 a (4.23) 


: ee 2 
ua(x) = ey) tus(t)dt = x — {dt = —o, 
0 


9 27 81 
and so on. Using (4.13) gives the series solution 
2 1 1 1 
ee eee ee ie ee ees eee 4.24 
u(z) =e” —2& = ( 5 gt a7 t ) (4.24) 


Notice that the infinite geometric series at the right side has a, = 1, and the 
ratio r = z. The sum of the infinite series is therefore given by 


1 3 
eee 4.2 
oi ee, 
The series solution (4.24) converges to the closed form solution 
u(x) =e", (4.26) 


obtained upon using (4.25) into (4.24). 
Example 4.2 


Solve the following Fredholm integral equation 


us 


u(x) =sinz-—a+a i‘ u(t)dt. (4.27) 


Proceeding as before, we substitute the decomposition series (4.13) into both 
sides of (4.27) to find 
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Co 5 co 
> Un(a) = sina — a+ of a Un(t)dt, (4.28) 
n=0 9 n=0 

or equivalently 


wa 


Uo(x) + uy (x) + ua(a) +--+ = sinc—ate f [wo(t) + ur(t) +--+] dt. (4.29) 
0 
We identify the zeroth component by all terms that are not included under 


the integral sign. Therefore, we obtain the following recurrence relation: 


m 


u(x) =sine@—a@, Upgi(x) = x f° ug(t)dt, k>0. (4.30) 
0 


Consequently, we obtain 


Uo(a%) = sina — a, 
(4.31) 


5 
= £)dt = ——¢ — —— 
ua(x) ef u3(t)d 519" ~ 40062” 
and so on. Using (4.13) gives the series solution 


n m2 4 
ua) =sine 0+ (1-2) ot (E-S)e 


a4 78 ia 78 
+ (z- a) e+ (5 - im)et ¢ ea) 


We can easily observe the appearance of the noise terms, i.e the identical 
terms with opposite signs. Canceling these noise terms in (4.32) gives the 
exact solution 


u(a) = sina. (4.33) 


Example 4.3 
Solve the following Fredholm integral equation 
| 1 
u(x) =x+e" — 3 + | tu(t)dt. (4.34) 
0 


Substituting the decomposition series (4.13) into both sides of (4.34) gives 


oo 4 1 oo 
\ Un(@) =a2+e7—=+4+ | t i, Un(t) dt, (4.35) 
n=0 3 0 n=0 


or equivalently 
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4 1 
uo(x) + ur (a) +ue(x)+-+- = rte + | t[uo(t) + ur(t) +---] dt. (4.36) 
0 
Proceeding as before, we set the following recurrence relation 
4 1 
uo(x) = a4+e" — 3? Unqi(Z) = | tuz(t)dt, k>0. (4.37) 
0 
Consequently, we obtain 
4 ‘ 2 
Uuo(@) =x@+e7—-=, u(x) = | tuo(t)dt = =, 
3 0 3 
1 1 1 1 
U2(x) =} tus(t)dt = =, — us(x) =|} tuo(t)dt = =, (4.38) 
0 3 0 6 
1 
ua(2) =| tugs(t)dt = Pp’ 
and so on. Using (4.13) gives the series solution 
(x) eer ae ee ee a (4.39) 
ua) =a+e7—=+- ~t-+4+=4::-). ; 
3. 3 2 4 8 


Notice that the infinite geometric series at the right side has a; = 1, and the 
ratio r = 4. The sum of the infinite series is therefore given by 


1 
= 7 = 2. (4.40) 
I-35 
The series solution (4.39) converges to the closed form solution 
u(x) =a+e”. (4.41) 
Example 4.4 
Solve the following Fredholm integral equation 
u(z) = 2+ cosa + / tu(t)dt. (4.42) 
0 
Proceeding as before we find 
> Un(x) = 2+ cosa+ | t oa Un(t)dt, (4.43) 
n=0 0 n=0 
or equivalently 
uo(x) + ui (x) + ue(x)+-+-= 2+cos2+ f t [uo(t) + ur(t) +--+] dt. (4.44) 
0 


We next set the following recurrence relation 
uo(@) =2+cosz, ugyi(x) = / tuz(t)dt, k>O0. (4.45) 
0 


This in turn gives 
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2 (4.46) 


and so on. Using (4.13) gives the series solution 


1 
u(x) = 2+ cosz+(-24+77) 4 ( n 4 5m‘) 


1 1 1 1 
} ( 5™ t *°) t ( a t 7) bere, (4.47) 


We can easily observe the appearance of the noise terms, i.e the identical 
terms with opposite signs. Canceling these noise terms in (4.47) gives the 
exact solution 


u(x) = cosa. (4.48) 


Example 4.5 


Solve the following Fredholm integral equation 


1/7 
u(a) = 1+ >| sec? xu(t)dt. (4.49) 
0 


Substituting the decomposition series (4.13) into both sides of (4.49) gives 


ee = 145 sec? » f 5 atid (4.50) 


n=0 n=0 
or equivalently 
uo(x) +u1 (x) +u2(x) +--+ = 145 sec? I [uo(t) + wi(t) +-+-]dt. (4.51) 
Proceeding as before, we set the recurrence relation 
uo(a) = 1,  unqi(x) = 500? of ux(t)dt, k > 0. (4.52) 


Consequently, we obtain 
uo(a) = 1, 
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(x) : sec? [ (t)dt 7 sec? 
U2\e) = — ax U1 = z, 
2 16 
1 a 
u3(v) = 7 sec? of U2(t)dt = > sec? x, (4.53) 
0 


1 7 
wale) = 5 sec? a u3(t)dt = = sec? x, 
0 
and so on. Using (4.13) gives the series solution 


_ T 9 1 1 1 
u(x) = 1+ ¢ sec o(i45+p+5+ ). (4.54) 
The sum of the infinite series at the right side is S = 2. The series solution 


(4.54) converges to the closed form solution 


u(a) = 1+ = sec” x. (4.55) 
Example 4.6 
Solve the following Fredholm integral equation 
u(x) = ma + sin 2x + of tu(t)dt. (4.56) 
Proceeding as before we find _ 
ae = ne+singe+e f tS tn (tat, (4.57) 
n=0 —T  n=0 


To determine the components of u(x), we use the recurrence relation 
Tv 


ug(“) = ma+sin2x, uUpzi(x) = of tuz(t)dt, k>O0. (4.58) 


TT 
This in turn gives 
Uo(x) = 7x + sin 2a, 


iE 2 4 4.59 
Ug(x“) = 7 ui (t)dt = —<nte + <1" a, en 
0 9 
# 4 8 
u3(x) = of ug(t)dt = —-n’ 2 + — n'a, 
and so on. Using (4.13) gives the series solution 
2 2 4 
u(x) = 7a + sin 2a 4 ( mT 4 =n) a+ (-3" + 57”) x 
of gt og Vipge (4.60) 
9 27 , 


Canceling the noise terms in (4.60) gives the exact solution 
u(a) = sin 2a. (4.61) 
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Exercises 4.2.1 


In Exercises 1—20, solve the following Fredholm integral equations by using the Ado- 
mian decomposition method 


1 1 
1. u(x) =e” +1—-e + u(t)dt 2. u(%) = e” + al u(t)dt 
) 0 


3. u(x) = cosa + 2a +f atu(t)dt 4. u(“) = sina — x +f? atu(t)dt 
0 ) 


1 w+1 _ 1 al 
5. u(x) = e? t? — 2 | e*t*u(t)dt 6. u(x) = e* + ————— — i e**tu(t)dt 
0 z+ 0 


1 
7. u(x) = a+ (1—a)e” +f xet(@—Dau(t)dt 
0 


ae 
2 


8. u(x) = 14+ ssn? ay u(t)dt 
0 


wis 


1 1ft es 
9. u(z) = we*™ — = + >| u(t)dt 10. u(x) = xsing — = + =| u(t)dt 
a Ola 5° Ody 


pL 
2 


1 [7 5 
11. u(a) = xcosx+1+ 5 di u(t)dt 12. u(x) = sina +f sin x cos tu(t)dt 
0 0 


zm 1 1 
13. u(x) =a +sinae — i, xcu(t)dt 14. u(x) = 1 ral / (at + 27 t?)u(t)dt 
0 =i 
19 5 ‘i 242 
15. u(x) = —2* 4 | (at + at" )u(t)dt 
15 =i 
16. u(x) = —x+sina« 4 fo x — t)u(t)dt 
0 


e-(@+1) __ 4 
at+l 


3 if 1 
18. u(x) = Se” — ae +f e? + u(t)dt 
0 


1 
17. u(x) =e" * + +f e **u(t)dt 
0 


1 z 
19. u(x) = a +f? cos x sintu(t)dt 20. u(x) = “ — sec? x — i‘ u(t)dt 
0 


4.2.2 The Modified Decomposition Method 


As stated before, the Adomian decomposition method provides the solutions 
in an infinite series of components. re components u;,j > 0 are easily 
computed if the inhomogeneous term f(x) in the Fredholm integral equation 


u(z) = fay +r f Keo t)dt, (4.62) 


consists of a polynomial of one or two terms. However, if the function f(x) 
consists of a combination of two or more of polynomials, trigonometric func- 
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tions, hyperbolic functions, and others, the evaluation of the components 
uj,j = 0 requires more work. A reliable modification of the Adomian de- 
composition method was presented and used in Chapter 3, and it was shown 
that this modification facilitates the computational work and accelerates the 
convergence of the series solution. As presented before, the modified decom- 
position method depends mainly on splitting the function f(x) into two parts, 
therefore it cannot be used if the f(x) consists of only one term. The modified 
decomposition method will be briefly outlined here, but will be used in this 
section and in other chapters as well. 

The standard Adomian decomposition method employs the recurrence re- 


lation 
uo(x) = F(z), 


b (4.63) 
Unqi(x) = af K(a,t)uz(t)dt, k>O0, 
where the solution u(x) is expressed by an infinite sum of components defined 
by 


ue) =>” an (a). (4.64) 
n=0 


In view of (4.63), the components u,(a), n > 0 are readily obtained. 

The modified decomposition method presents a slight variation to the re- 
currence relation (4.63) to determine the components of u(x) in an easier and 
faster manner. For many cases, the function f(a) can be set as the sum of 
two partial functions, namely f;(2) and f(x). In other words, we can set 


f(x) = file) + fala). (4.65) 
In view of (4.65), we introduce a qualitative change in the formation of the 
recurrence relation (4.63). The modified decomposition method identifies the 
zeroth component uo(x) by one part of f(a), namely fi(a) or fo(x). The 
other part of f(a) can be added to the component u(x) that exists in the 
standard recurrence relation. The modified decomposition method admits the 
use of the modified recurrence relation: 


uo(a) = fil), 


b 
mula) = fale) +d f K(e,tuoltah (4.66) 


b 
Unqi(x) = | K(a,t)ux(t)dt, k>1. 


It is obvious that the difference between the standard recurrence relation 
(4.63) and the modified recurrence relation (4.66) rests only in the formation 
of the first two components uo(x) and u(x) only. The other components 
uj,j 2 2 remain the same in the two recurrence relations. Although this 
variation in the formation of uo(#) and uy() is slight, however it has been 
shown that it accelerates the convergence of the solution and minimizes the 
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size of calculations. Moreover, reducing the number of terms in f(a) affects 
not only the component u(x), but also the other components as well. 

We here emphasize on the two important remarks made in Chapter 3. 
First, by proper selection of the functions f1(x) and f2(a), the exact solution 
u(z) may be obtained by using very few iterations, and sometimes by eval- 
uating only two components. The success of this modification depends only 
on the proper choice of f(a) and fo(x), and this can be made through trials 
only. A rule that may help for the proper choice of fi(a) and f(a) could 
not be found yet. Second, if f(a) consists of one term only, the modified 
decomposition method cannot be used in this case. 


Example 4.7 


Solve the Fredholm integral equation by using the modified decomposition 
method 


u(x) = 3a + e4** all? + 3e4) 4 | tu(t)dt. (4.67) 
We first decompose f(x) given by 
f(a) =32+e* - aglt? +3e, (4.68) 
into two parts, namely 
fils) =32+e*, f(z) = - (17 + 3e4), (4.69) 


We next use the modified recurrence formula (4.66) to obtain 
uo(x) = fi(x) = 3a + e*, 
1 {| 4 | : = 
16 (l? + 3e*) + | tug(t)dt = 0, (4.70) 
ussite) = f° K(e,tu()dt=0, b> 1. 
0 


It is obvious that each component of u;,7 > 1 is zero. This in turn gives the 
exact solution by 


Uy (x) = 


u(x) = 3a + e*. (4.71) 


Example 4.8 


Solve the Fredholm integral equation by using the modified decomposition 


method i 


1 : 
u(x) = a 2sinh = + I. ee td. (4.72) 
Proceeding as before we split f(a) given by 
1 0 
f(x) = Lae — 2sinh 7 (4.73) 


into two parts, namely 
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1 og Mt 
fi(a) = Tange’ fo(az) = —2sinh 7 (4.74) 
We next use the modified recurrence formula (4.66) to obtain 
1 
uo(z) = f(t) = 77a 
1 
: a arctan t 
ui(“) = —2sinh ri +f e€ uo(t)dt = 0, (4.75) 
-1 


1 
Un+1(L) -| error (dt=0, ke 1. 


-1 
It is obvious that each component of u;,7 > 1 is zero. This in turn gives the 
exact solution by 

1 


u(x) = Tae (4.76) 


Example 4.9 


Solve the Fredholm integral equation by using the modified decomposition 
method 


i. o= 1 : 
u(x) = x +sin~2 — + ett 5a / u(t)dt. (4.77) 


We decompose f(x) given by 
1 vu + 1 2-7 2 


f(x) =a+sin7 a we (4.78) 
into two parts given by 
- 1 v oe 1 2-7 2 
fi(z) =x +sin >a fo(x) = 5 (4.79) 
We next use the modified recurrence formula (4.66) to obtain 
1 
uo(x) =x+sin7" — 
2-n7, 1,f° 
oe aie uo(t)dt = 0, (4.80) 
-1 


1 
Unq¢i(L) = -{ up(t)dt =0, kB 1. 


-1 
It is obvious that each component of u;,7 > 1 is zero. The exact solution is 


therefore given by 


,ct+il 


u(z) =a+sin™ (4.81) 


Example 4.10 


Solve the Fredholm integral equation by using the modified decomposition 
method 
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us 


a4 
u(x) =setetat+e— f (<2? +ew) dt. 
0 


(4.82) 


The function f(x) consists of three terms. By trial we split f(x) given by 


f(z) =sec? a+ 2742, 
into two parts 
fi(z) =sec? 2, fo(x) =a? +2. 
Using the modified recurrence formula (4.66) gives 


uo(2) = fi(x) = sec? a, 


Un+i(& )= f° Kedunl (t)\dt=0, k>1. 


As a result, the exact solution is given by 


u(x) = sec? 2. 


Exercises 4.2.2 


(4.83) 


(4.84) 


(4.85) 


(4.86) 


Use the modified decomposition method to solve the following Fredholm integral equa- 


tions: 


1. u(x) = sina — & +0 f° tu(t)dt 
0 


2. u(x) = (1 + 2)a + sine — cosx a tu(t)dt 
0 


ye (a — t)u(t)dt 
0 


1 =1 1 
4. u(x) = (w — 2)a +sin7? -- sin-1 = 5 | xvu(t)dt 
0 


wh (a* — t*)u(t)dt 


ee fre e+tu(t)dt 


Tula) = ee” a *—~tu(t)dt 


1 
9. u(x) = e* +? + e® —1 4 (e? + 1)e7 1 ; e*—*u(t)dt 
0 


2 7 2 3 1 
10. u(x) = 1 +—r+a2°+2 : (1+ a — t)u(t)dt 
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1 


11. u(x) = e?? — 7 + 1)a +f atu(t)dt 
0 


1 
12. u(x) = eX(e8 =) ae? = =| es *ul(t)dt 
) 


1 
13. u(x) = a +e” — we” +f xet@—Du(t)dt 
0 


14. u(x) = (nw? + 2a — 4) — (w# + 2)e + 2(sin x — cosa) 4 [e t)u(t)dt 


15. u(x) = oe +atan ta — a (1+ a —t)u(t)dt 
l+te e® 4 
16. u(x) =in( 5 jet ie a7 vu(t)dt 


4.2.3 The Noise Terms Phenomenon 


It was shown that a proper selection of f;(a) and f2(x) is essential to use the 
modified decomposition method. However, the noise terms phenomenon, that 
was introduced in Chapter 3, demonstrated a fast convergence of the solution. 
This phenomenon was presented before, therefore we present here the main 
steps for using this effect concept. The noise terms as defined before are the 
identical terms with opposite signs that may appear between components 
uo(x) and ui(a). Other noise terms may appear between other components. 
By canceling the noise terms between uo(x) and uy(x), even though u(x) 
contains further terms, the remaining non-canceled terms of uo(x) may give 
the exact solution of the integral equation. The appearance of the noise terms 
between uo(a#) and u;(x) is not always sufficient to obtain the exact solution 
by canceling these noise terms. Therefore, it is necessary to show that the 
non-canceled terms of uo(x) satisfy the given integral equation. 

It was formally proved in [6] that a necessary condition for the appearance 
of the noise terms is required. The conclusion made in [6] is that the zeroth 
component uo(a) must contain the exact solution u(a) among other terms. 

The phenomenon of the useful noise terms will be explained by the follow- 
ing illustrative examples. 


Example 4.11 
Solve the Fredholm integral equation by using the noise terms phenomenon: 
= 
u(x) = avsing — a+ i cu(t)dt. (4.87) 
0 


Following the standard Adomian method we set the recurrence relation 
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u(x) = xsing — a, 
z (4.88) 
Un+1(2) =| cuz(t)dt, k>0. 
0 
This gives 
uo(@) = xsina — 2, 
T 


3 2 (4.89) 
uy(x) = i xuo(t)dt = x — an 


The noise terms =a appear in uo(x) and ui(«). Canceling this term from the 
zeroth component uo(x) gives the exact solution 


u(“) = xsinz, (4.90) 
that justifies the integral equation. The other terms of u;(x) vanish in the 
limit with other terms of the other components. 


Example 4.12 


Solve the Fredholm integral equation by using the noise terms phenomenon: 
z 
u(x) = sina + cosa — so f xtu(t)dt. (4.91) 
0 
The standard Adomian method gives the recurrence relation 
uo(x) = sina + cosa — = 
x (4.92) 
Unqi(r) = | xtu,(t)dt, k>0. 
0 
This gives 
: T 
uo(a) = sina + cosa — ha 
(4.93) 


z 4 
u(x“) = | xtug(t)dt = =a — ae. 
0 


The noise terms -52 appear in uo(x) and u;(x). Canceling this term from 
the zeroth component u(x) gives the exact solution 


u(x) = sina + cosa, (4.94) 


that justifies the integral equation. It is to be noted that the other terms of 
ui(x) vanish in the limit with other terms of the other components. 


Example 4.13 


Solve the Fredholm integral equation by using the noise terms phenomenon: 


lA 


: 3 
2 sin x T 
= —— + — In2— t)dt. 4.95 
1 OT eg ee »| u(t) ( ) 


The standard Adomian method gives the recurrence relation: 
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3 


uo(x) = 27 + i icccak — + set xin2, 
COs & 
x (4.96) 
Unqi(x) = -« | u(t)dt, k>O0. 
0 
This gives 
: 3 
_ 42 sin & ™ ino 
no) =e ipeeee ot , (4.97) 
(x) p (4)dt 2 in? nm? In2 7 
ui(“) = — XU =—-—2r-—2ln2—- L- ——z. 
‘ 2 8 192 
: 


The noise terms +4,2,+21n2 appear in u(x) and u;(«). Canceling these 
terms from the zeroth component uo(x) gives the exact solution 


. 
te wa. in x 


— 4, 
1+cos2’ oe) 


that justifies the integral equation. The other terms of uj(a) vanish in the 
limit with other terms of the other components. 


Example 4.14 


Solve the Fredholm integral equation by using the noise terms phenomenon 
3 Tw 
u(x) = 2? + xcosxz + ve — 2x2- of u(t)dt. (4.99) 
0 


Proceeding as before, we set the recurrence relation 
3 
uo(x) = 2? + 2c0sx+ oo — 2x, 
(4.100) 
0. 


W 


Ungi(e) = -« [ up(t)dt, k 
0 


This gives 
aa 
uo(x) = x2 + xcosx + ze 2a, 


wT 3 5 
uy(x) = -« f uo(t)dt = o( jay ey 7). 
‘ 3° 6 


The noise terms +2 q, 2x appear in uo(a) and u;(x). Canceling these terms 
from the zeroth component uo(a) gives the exact solution 


u(x) = 2? + xcosa, (4.102) 
that justifies the integral equation (4.99). 


(4.101) 


Exercises 4.2.3 


Use the noise terms phenomenon to solve the following Fredholm integral equations: 


rz 


1. u(e)=14+(Z+m2) e+ = — [* eucnae 


1l+singz 
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1. 


12. 


13. 


14. 


15. 


16. 


T 
2 
u(x“) = (< = 1) a+ a -f? xu(t)dt 
2 1l+sinz 0 


uz) =2(1 wea =) baie [ear 
uz) =2(1 =) + x? + sec? x i avu(t)dt 


. u(x) = x(m7 — 2+ sinz + cos x) [ vu(t)dt 


2 : z 
sua) =2 (142 +2) + 22 — [* sult 
0 


1+cosz 
. u(x) = 2(1+1n2)+4+sinz4 ies a xvu(t)dt 
1l+sinz 0 
in x(2 + si 2 
ipa le eee | wu(t)at 
1+sinz 0 


x 


1+sinz 


ao) a cos © — [P euat 
ty) 


. u(x) = (1 =) x +a*(sinx + cos@) 4 a vu(t)dt 


u(x) = 2 (J +4 sin(2r) = i vu(t)dt 


zr 


u(x) = (>) x + xcos(2x) — ie xvu(t)dt 
0 
2 1 
u(x) = s te . | x tan‘ tu(t)dt 
142? 32 0 


1 
u(x) =na+ costae — [ xcu(t)dt 
-1 
at 1 
u(t) =—Te+xcoste— [ xcu(t)dt 
-1 


u(x) = (>) g+atan—t¢— i, xu(t)dt 


4.2.4 The Variational Iteration Method 


In 


Chapter 3, the variational iteration method was used to handle Volterra 


integral equations, where the Volterra integral equation was converted to an 
initial value problem or to an equivalent integro-differential equation. The 
method provides rapidly convergent successive approximations to the exact 
solution if such a closed form solution exists. 


In this section, we will apply the variational iteration method to han- 


dle Fredholm integral equation. The method works effectively if the kernel 
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K(a,t) is separable and can be written in the form K(x,t) = g(x)h(t). The 
approach to be used here is identical to the approach used in the previous 
chapter. This means that we should differentiate both sides of the Fredholm 
integral equation to convert it to an identical Fredholm integro-differential 
equation. It is important to note that integro-differential equation needs an 
initial condition that should be defined. In view of this fact, we will study 
only the cases where g(a) = «",n > 1. Solving Fredholm integro-differential 
equation by the variational iteration method will be studied again in details 
in Chapter 6. 
The standard Fredholm integral equation is of the form 


b 
u(x) = f(x) +f K(a, t)u(t)dt, (4.103) 
or equivalently , 
ia wiaeue) / h(t)u(t) dt. (4.104) 


Recall that the integral at the right side represents a constant value. Differ- 
entiating both sides of (4.104) with respect to x gives 
b 


rie ee Oe / h(t)u(t)dt. (4.105) 


a 


The correction functional for the integro-differential equation (4.105) is 


x b 
tina () = tin(t) + i; ME) (00 ~fO-g® / Hole) dé. 


(4.106) 
As presented before, the variational iteration method is used by applying 
two essential steps. It is required first to determine the Lagrange multiplier 
A(€) that can be identified optimally via integration by parts and by using 
a restricted variation. However, \(€) = —1 for first order integro-differential 
equations. Having determined A, an iteration formula, without restricted vari- 
ation, given by 


x b 
tina (tt) = tin (2) — | (00 ~f'(®-9'© / iether) dé, (4.107) 


is used for the determination of the successive approximations un+1(x),n > 
0 of the solution u(x). The zeroth approximation uo can be any selective 
function. However, using the given initial value u(0) is preferably used for 
the selective zeroth approximation ug as will be seen later. Consequently, the 
solution is given by 

u(x) = lim up(z). (4.108) 


n—-oco 
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The variational iteration method will be illustrated by studying the following 
Fredholm integral equations. 


Example 4.15 


Use the variational iteration method to solve the Fredholm integral equation 
u(x) =e” —a+ of tu(t)dt. (4.109) 
Differentiating both sides of this equation aa respect to x yields 
u(x) =e” —1+ [ tu(t)dt. (4.110) 
0 


The correction functional for this equation is given by 


Un+1(2) = unto) f (we) +1 f run(oyar) dé, (4.111) 


where we used \ = —1 for first-order integro-differential equations. Notice 
that the initial condition u(0) = 1 is obtained by substituting « = 0 into 
(4.109). 

We can use the initial condition to select uo(#) = u(0) = 1. Using this 
selection into the correction functional gives the following successive approx- 
imations 


uo(x) = 1, 


< 
a 
"tiie 
a 
II 
i~ 
o) 
eo, 
= 
| 


1 
Un+1 e” = 2x3r” nm > 0 (4.112) 
The VIM admits the use of 
u(x) = lim u,(x) = e® (4.113) 


Example 4.16 


Use the variational iteration method to solve the Fredholm integral equation 


us 


u(x) = sing — a+ of u(t)dt. (4.114) 


Differentiating both sides of this equation with respect to x gives 
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u(x) =cosx —1+ p u(t)dt. (4.115) 
0 


The correction functional for this equation is given by 


x 


Un+1(@) = Un(a) — [ («0 —cos€é+1-— I valor) dé, (4.116) 


where we used \ = —1 for first-order integro-differential equations. The initial 
condition u(0) = 0 is obtained by substituting « = 0 into (4.114). 

We can use the initial condition to select uo(#) = u(0) = 0. Using this 
selection into the correction functional gives the following successive approx- 
imations 


uo(x) => 0, 
ui(x) = uo(x) — a (Hie —cos€+1-— is voter) dé 
= sing — 2, 
ua(x) = ui (a) — i (He —cos€é+1 -| stor) dé rere 


Tv 


= (sing — 2) + («- =r) 
u3(a) = u2(x) — [ (ue —cos€é+1— ih stor) dé 


Tv n x 
= (sinz — 2) 4 (« 72) | & me), 


and so on. Canceling the noise terms, the exact solution is given by 
u(x) = sina. (4.118) 


Example 4.17 


Use the variational iteration method to solve the Fredholm integral equation 


u(x) = —2a+sinz + cosa 4 | vu(t) de. (4.119) 
0 


Differentiating both sides of this equation with respect to x gives 


u(x) = —2+cosx—sing 4 | u(t)dt. (4.120) 
0 
The correction functional for this equation is given by 


Unti(Z) = Un(x) — | (unto + 2—cos€+sin€ | un(r)ar) dé. 
0 0 
(4.121) 
The initial condition u(0) = 1 is obtained by substituting 7 = 0 into (4.119). 
Using this selection into the correction functional gives the following succes- 
sive approximations 
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uo(x) = 1, 


uo(x) — e (use +2—cosé+sin€é — [ u(r) d& 


= sing + cosa + (ra — 22), 


ee [ (ue 2 gone [uar) dé 


ui(2) 


3 
= sina + cosx% + (ma — 2a) + (-n0 + 2x — 19 + Tr) , (4.122) 


u(x) — i, (ue +2—cos€ + siné — [ wo(r)dr dé 


u3(x) 


: Pe a 
= sina + cosa + (mx — 2x) 4 ma + 2x — 1-24 zt 


3 
(2x eo ), 


and so on. Canceling the noise terms, the exact solution is given by 
u(x) = sinx + cosa. (4.123) 


Example 4.18 


Use the variational iteration method to solve the Fredholm integral equation 


z 
u(x) = —2? + cosx +f x u(t)dt. (4.124) 
0 
Differentiating both sides of this equation with respect to x gives 
= 
u'(z) = —32? — sine + 32? | u(t)dt. (4.125) 
0 


The correction functional for this equation is given by 
z 
0 


Unti(Z) = un(e)~ f° (“0 + 3€? + sin€ — ae | vari) dg. (4.126) 


The initial condition is u(0) = 1. Using this selection into the correction 
functional gives the following successive approximations 
uo(x) = 1, 
3 
0 


un(2) = wala) — f° («ie +36 +sing — 36? | voter) dé 


=cosx+ (F2° —2£ 
D ’ (4.127) 


us 


ua(#) = u(x) — [ (He + 3€? + sin € — se |" stor) dg 


4 5 
= cosa + (Fa° a? ( sf + £3 ia =), 


and so on. Canceling the noise terms, the exact solution is given by 
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u(x“) = cosa. (4.128) 


Exercises 4.2.4 


Solve the following Fredholm integral equations by using the the variational iteration 
method 


x 


1. u(x) = cosa + 2a + | atu(t)dt 2. u(x) = sing —x#+ ie atu(t)dt 
) 0 
1 1 
3. u(x) = 1 x / (xt + 2? t?)u(t)dt 
15 -1 
19 5 242 
4. u(x) =1 x (at + xt" )u(t)dt 
as 


5. u(x) = (m7 + 2)a + sin x — cosa a tu(t)dt 
0 


1 1 
6. u(x) = e?* — rica + l)a4 / atu(t)dt 
0 


1 
7. u(x) =14 9x + 2x? + 23 | (20at + 10x74?) u(t)dt 
0 


8. u(x) = <a + sin x — cosx +f x cos tu(t)dt 
0 


9 fl 1 
9. u(x) =1l+a+e7— = | atu(t)dt 10. u(x) = 2a +e” — >| atu(t)dt 
3 fe) A 0 
1 . 4 x -1 
11. u(x) = 2 ri + sin(2a) } — xcu(t)dt 12. u(x) = e” + 2re7* — atu(t)dt 
0 al 
7 a 13 2 
13. u(x) = ( 3) x — cos x i atu(t)dt 14. u(a) = —a — sine -| atu(t)dt 
3 , 24 , 


15. u(a) = V2a+seca + tana — a x sec tu(t)dt 
0 


16. u(x) = ce + sin x + cosa — in x sintu(t)dt 
) 


4.2.5 The Direct Computation Method 


In this section, the direct computation method will be applied to solve the 
Fredholm integral equations. The method approaches Fredholm integral equa- 
tions in a direct manner and gives the solution in an exact form and not in 
a series form. It is important to point out that this method will be applied 
for the degenerate or separable kernels of the form 


K(x, t) = > g(x) hy (t). (4.129) 
k=1 
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Examples of separable kernels are x — t, xt, x? — t?, at? + xt, etc. 
The direct computation method can be applied as follows: 


1. We first substitute (4.129) into the Fredholm integral equation the form 


b 
u(x) = f(x) +f K (a, t) u(t)dt. (4.130) 
2. This substitution gives 
b b 
ule) = f(x) +gi(0) fha(tju(that + gala) f halt)u(tide + --- 
_ 2 (4.131) 
Gna) / An (t)u(t)de. 


3. Each integral at the right side depends only on the variable ¢ with 
constant limits of integration for t. This means that each integral is equivalent 
to a constant. Based on this, Equation (4.131) becomes 


u(x) = f(x) + Aa191(Z) + Aaage(x) +--+ + Adin gn(Z), (4.132) 
where 


b 
a= | hi(tju(t)dt, 1<i<n. (4.133) 


4. Substituting (4.132) into (4.133) gives a system of n algebraic equations 
that can be solved to determine the constants a;,1 < i < n. Using the 
obtained numerical values of a; into (4.132), the solution u(x) of the Fredholm 
integral equation (4.130) is readily obtained. 


Example 4.19 


Solve the Fredholm integral equation by using the direct computation method 


1p 

u(x) = 34+ 327 + >| x’ tu(t)dt. (4.134) 
0 

The kernel K(x, t) = x7t is separable. Consequently, we rewrite (4.134) as 


1 1 
u(x) = 3a + 3a? + sof tu(t)dt. (4.135) 
0 


The integral at the right side is equivalent to a constant because it depends 
only on functions of the variable ¢ with constant limits of integration. Con- 
sequently, Equation (4.135) can be rewritten as 


1 
u(x) = 32+ 327 + sor" (4.136) 
where : 
a= | tu(t)dt. (4.137) 
0 


To determine a, we substitute (4.136) into (4.137) to obtain 


1 1 
a= | t (se + 3t? + sat?) dt. (4.138) 
0 
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Integrating the right side of (4.138) yields 


7 1 
=o +s 4.1 
a=7 + ia (4.139) 
that gives 
a=2. (4.140) 
Substituting (4.140) into (4.136) leads to the exact solution 
u(x) = 32 + 4a”, (4.141) 


obtained by substituting a = 2 in (4.136). 
Example 4.20 


Solve the Fredholm integral equation by using the direct computation method 


x 


1 1 3 
u(x) = 32 + sec x tan x — al u(t)dt. (4.142) 


The integral at the right side is equivalent to a constant because it depends 
only on functions of the variable ¢ with constant limits of integration. Con- 
sequently, Equation (4.142) can be rewritten as 


1 1 
u(a) = 32 + seca tan x — 30h) (4.143) 
where 7 
3 
a= - u(t)dt. (4.144) 
0 
To determine a, we substitute (4.143) into (4.144) to obtain 
31 1 
a= | (50 + sect tant — zat) dt. (4.145) 
9 \3 3 
Integrating the right side of (4.145) yields 
- 12 1s 
a=l+on ~ 5go™ (4.146) 
that gives 
oe, (4.147) 
Substituting (4.147) into (4.143) gives the exact solution 
u(x) = secx tan x. (4.148) 


Example 4.21 


Solve the Fredholm integral equation by using the direct computation method 
1 
u(x) = lle + 100? +49 — - (30xt? + 20x7t)u(t)dt. (4.149) 
0 


The kernel K (x,t) = 30xt? + 202x?t is separable. Consequently, we rewrite 
(4.149) as 


1 1 
u(x) = 112 + 102? + 2? — 302 | tPu(t)dt — 20x? | tu(t)dt. (4.150) 
0 0 
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Each integral at the right side is equivalent to a constant because it depends 
only on functions of the variable ¢ with constant limits of integration. Con- 
sequently, Equation (4.150) can be rewritten as 


u(x) = (11 — 30a)a + (10 — 208)2? + 2°, (4.151) 
where 


a= [ tu(t)dt, 
° (4.152) 


p= [ tu(t)dt. 


To determine the constants a and , we substitute (4.151) into (4.152) to 
obtain 


: 5915 
— | t?((11 — 30a) z + (10 — 208) 2? + x*)dt = jo a 
i (4.153) 
: 191 
B= | t((11 — 30a)¢ + (10 — 208)2? + x*)dt = 3p ~ 100-56. 
0 
Solving this system of algebraic equations gives 
11 9 
=— =—, 4.154 
o>) P= 55 (4.154) 
Substituting (4.154) into (4.151) gives the exact solution 
u(x) = 2? + 2°. (4.155) 


Example 4.22 


Solve the Fredholm integral equation by using the direct computation method 


1 
u(x) = 4+ 452 + 262? | (1 + 30xt? + 12%7t)u(t)dt. (4.156) 
0 


The kernel K (x,t) = 1+30xt? + 1227t is separable. Consequently, we rewrite 
(4.156) as 
1 1 1 
u(x) = 4+ 452 + 262? -{ u(t)dt — soe | t?u(t)dt — 120° [ tu(t)dt. 

‘ : (4.157) 
Each integral at the right side is equivalent to a constant because it depends 
only on functions of the variable t with constant limits of integration. Con- 
sequently, Equation (4.157) can be rewritten as 


u(x) = (4— a) + (45 — 308)x + (26 — 12y)z?, (4.158) 


where 


a= | u(t)dt, a= | t“u(t)dt, v= f tu(t) dt. (4.159) 


To determine the constants a, 3 and 7, we substitute (4.158) into each equa- 
tion of (4.159) to obtain 
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a= fo ((4 — a) + (45 — 308)t + (26 — 12y)t?) dt 
0 


211 


1 
B= 7 t? ((4— a) + (45 — 308)t + (26 — 12y)t?) dt 
0) 
1067 1 15, 12 


= a 


60 3 q 5 
1 
y= | t((4—a) + (45 — 308)t + (26 — 12y)t?) dt 
0 


47 1 
= ——-a-106-3y. 
gg eR ar 
Unlike the previous examples, we obtain a system of three equations in three 


unknowns a, 3, and +. Solving this system of algebraic equations gives 


(4.160) 


43 23 
= = — any 4.161 
os, P=. Y= a5 (4.161) 
Substituting (4.161) into (4.158), the exact solution is given by 
u(x) = 14 2a + 3a”. (4.162) 


Exercises 4.2.5 


Use the direct computation method to solve the following Fredholm integral equations: 


1 
1. u(z) = 14+ 9a + 2x? 4 2? / (20at + 10x7t?)u(t)dt 
0 


1 
2. u(x) =—-8+ 112-2? 423 i (12a — 20t)u(t)dt 
0 


1 
3. u(x) = -114 9¢4+a74 24 | (20a — 30t)u(t)dt 
) 


1 
4. u(x) = -15 +102? + a4 (20z° — 56t?)u(t)dt 
0 


1 
5. u(x) =14 7a + 20a? + a? i: (10xt? + 20a7t)u(t)dt 
0 


zr 


_ 1) x +secax tan x — - xu(t)dt 
) 


2 
3 
20 3 
: In(2 4 v3) a seortane— | atu(t)dt 
0 


1 
8. u(x) = 1 +f In(at)u(t)dt,0<a<1l 
o+ 


No} 


1 
u(x) =1+Ine—- | In(wt? u(t)dt,0<a <1 
or 
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1 
10. u(x) =1 +ine- f In Su(t)at, 0 <a¢l 
ot 
11. u(x) = sina + (a — 1) cosa — cose | tu(t)dt 
0 
12. u(a) = <a + sin x — cos x +f x cos tu(t)dt 
0 


zr 


13. u(a) = 1+ * sec? gL i sec? xu(t)dt 14. u(x) =1— | 
0) ) 


me 
4 


sec” xu(t)dt 


2 1 3 1 
15. u(x) =1+a+e* — a atu(t)dt 16. u(x) = 2a + e® — ma xtu(t)dt 


4.2.6 The Successive Approximations Method 


The successive approximations method, or the Picard iteration method was 
introduced before in Chapter 3. The method provides a scheme that can be 
used for solving initial value problems or integral equations. This method 
solves any problem by finding successive approximations to the solution by 
starting with an initial guess as uo(x), called the zeroth approximation. As 
will be seen, the zeroth approximation is any selective real-valued function 
that will be used in a recurrence relation to determine the other approxi- 
mations. The most commonly used values for the zeroth approximations are 
0,1, or x. Of course, other real values can be selected as well. 
Given Fredholm integral equation of the second kind 


b 
u(x) = f(x) + | K (a, t)u(t)dt, (4.163) 


where u(x) is the unknown function to be determined, K (x,t) is the kernel, 
and \ is a parameter. The successive approximations method introduces the 
recurrence relation 

uo(x) = any selective real valued function, 


? 4.164 
Un+i(x) = f(x) + af K(a,t)un(t)dt, n> 0. ( ) 


The question of convergence of u,(x) is justified by Theorem 3.1. At the 
limit, the solution is determined by using the limit 


u(x) = Jim, Un+i1(2). (4.165) 


It is interesting to point out that the Adomian decomposition method 
admits the use of an iteration formula of the form 
uo(x) = all terms not included inside the integral sign, 


b 
uy(x“) = af K (a, t)uo(t)dt, 
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Ug(a) = af K(a,t)us (t)dt, (4.166) 


b 
Un+i(L) = Un(x) + | K(a,t)up(t)dt. 


The difference between the two formulas (4.164) and (4.166) can be summa- 
rized as follows: 


1. The successive approximations method gives successive approximations 
of the solution u(x), whereas the Adomian method gives successive compo- 
nents of the solution u(z). 

2. The successive approximations method admits the use of a selective 
real-valued function for the zeroth approximation up, whereas the Adomian 
decomposition method assigns all terms that are not inside the integral sign 
for the zeroth component uo(a). Recall that this assignment was modified 
when using the modified decomposition method. 

3. The successive approximations method gives the exact solution, if it 
exists, by 

u(x) = lim un4i(2). (4.167) 


n— Ooo 


However, the Adomian decomposition method gives the solution as infinite 
series of components by 


u(a“) = om Un(2). (4.168) 
n=0 


This series solution converges rapidly to the exact solution if such a solution 
exists. 


The successive approximations method, or the iteration method will be 
illustrated by studying the following examples. 


Example 4.23 


Solve the Fredholm integral equation by using the successive approximations 
method 


1 
u(x) = 4+ e" — | xtu(t) dt. (4.169) 
0 
For the zeroth approximation uo(x), we can select 
uo(x) = 0. (4.170) 


The method of successive approximations admits the use of the iteration 
formula 


1 
Unqi(“) = a +e" — | atuy(t)dt,n > 0. (4.171) 
0 


Substituting (4.170) into (4.171) we obtain 


148 4 Fredholm Integral Equations 


= 
7 ie 7 1 (4.172) 
P 9 


: i AOL 
Unt1 = E+e*— xtun(t)dt = e* + an x. 
0 


Consequently, the solution u(x) of (4.169) is given by 
u(v) = lim Un4i(a) = e”. (4.173) 


Example 4.24 


Solve the Fredholm integral equation by using the successive approximations 
method 


1 
u(@) = a+ | xtu(t)dt. (4.174) 
-1 
For the zeroth approximation uo(x), we can select 
uo(a) = a. (4.175) 


The method of successive approximations admits the use of the iteration 
formula 


1 
Un+i(“) = a+ rf atu,(t)dt,n > 0. (4.176) 
-1 


Substituting (4.175) into (4.176) we obtain 


u(x) = at 


2 
3 
2 
U2(x) = a+ tae + ( 
2 
2 
Unqi(2) = a+ gat t ( 
The solution u(x) of (4.174 


) is given by 


u(x) = lim unyi(z) ==, 0<A< . (4.178) 
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obtained upon using the infinite geometric series for the right side of (4.177). 
Example 4.25 


Solve the Fredholm integral equation by using the successive approximations 
method 


x 


u(a) = sina + sine [ cos tu(t)dt. (4.179) 
0 


For the zeroth approximation uo(x), we select 
uo(x) = 0. (4.180) 


We next use the iteration formula 


m 


3 
Un+1(x) = sina + sine [ costun(t)dt, n>0. (4.181) 
0 
Substituting (4.180) into (4.181) we obtain 
3 
u(x) = sing, ug(x) = 3 sin L, 
15 
u3(z) = —sinaz, u4(x) = —sing, 
8 (4.182) 
gntt_ 4 1 
Unqi(Z) = or Sine = (2 _ x) sin 2. 
The solution u(x) of (4.179) is given by 
u(z) = lim un4i(x) = 2sina. (4.183) 


Example 4.26 


Solve the Fredholm integral equation by using the successive approximations 
method 


t 
u(v) = 2+ sec?a— [ ru(t)dt. (4.184) 
0 
For the zeroth approximation uo(x), we may select 
uo(x) = 0. (4.185) 
We next use the iteration formula 
t 
Un+i(z) = x + sec? x — | LUy(t)dt, n>. (4.186) 
0 
This in turn gives 
2 
u(x) = sec? z+ 2, u2(x) = sec? x — St, 
4 6 
u3(x) = sec? x 4 i ua(x) = sec? x — area” ane 
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1 ” 
Un+1(x) = sec? x + (—1)” (5) x. 
Notice that 2\" 
Jim, (3) = (4.188) 


Consequently, the solution u(x) of (4.184) is given by 


u(x) = lim uUn4i(x) = sec? x. (4.189) 


Exercises 4.2.6 


Use the successive approximations method to solve the following Fredholm integral 
equations: 


1 i 
1. u(x) =a+ | atu(t)dt 2. u(x) =14+23 4 | xtu(t)dt 
Bae -1 


1 1 
3. u(x) = e® + 2re~* — / atu(t)dt 4. u(x) = 2+ 2a +e” — | atu(t)dt 
=1 0 


7. u(x) = (5 1) z+ cos x i atu(t)dt 
0 
73 wT 
8. u(x) = (+ + 3) x — cos x — | atu(t)dt 
0 
73 3 = 
9. u(x) = ore sin x — ie atu(t)dt 10. u(x) =a +sinae — i atu(t)dt 
0 0 


11. u(x) = (1 + ) x +secx tan x -f° a(1 + u(t))dt 
0 


z 


12. u(a) = se + seca tan x -f° x sec tu(t)dt 
0 
13. u(x) = V2a4+ seca + tan x — | ‘ x sec tu(t)dt 
0 


x 


14. u(a) = <e + sing + cosx i x sin tu(t)dt 
) 


15. u(x) = (7 + 2)a + sina — cosa a x(1 + u(t))dt 


16. u(x) = x + In(at) — [. x(3 + u(t))dt 
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4.2.7 The Series Solution Method 


A real function u(a) is called analytic if it has derivatives of all orders such 
that the Taylor series at any point 6 in its domain 
Ei OB 
u(x) => A) ly (4.190) 


n=0 


converges to f(a) in a neighborhood of b. For simplicity, the generic form of 
Taylor series at x = 0 can be written as 


u(a) = oe Gn x”. (4.191) 
n=0 


Following the discussion presented before in Chapter 3, the series solution 
method that stems mainly from the Taylor series for analytic functions, will 
be used for solving Fredholm integral equations. We will assume that the 
solution u(a) of the Fredholm integral equations 


b 
ne ee eee / K (a, t)u(t)dt (4.192) 


is analytic, and therefore possesses a Taylor series of the form given in (4.191), 
where the coefficients a, will be determined recurrently. Substituting (4.191) 
into both sides of (4.192) gives 


3 Anz” = T(f(x)) + af K(a,t) (>. ot") dt, (4.193) 
n=0 7 n=0 


or for simplicity we use 


b 
ag + aye + apa? +++ = T(F(0)) +A f K(x, t) (ao + ait + agt? +--+) dt, 


(4.194) 
where T(f(a)) is the Taylor series for f(x). The integral equation (4.192) will 
be converted to a traditional integral in (4.193) or (4.194) where instead of 
integrating the unknown function u(x), terms of the form t”, n > 0 will be 
integrated. Notice that because we are seeking series solution, then if f(x) 
includes elementary functions such as trigonometric functions, exponential 
functions, etc., then Taylor expansions for functions involved in f(a) should 
be used. 

We first integrate the right side of the integral in (4.193) or (4.194), and 
collect the coefficients of like powers of x. We next equate the coefficients of 
like powers of x in both sides of the resulting equation to obtain a recurrence 
relation in a;,7 > 0. Solving the recurrence relation will lead to a complete 
determination of the coefficients a;, 7 > 0. Having determined the coefficients 
aj,j = 0, the series solution follows immediately upon substituting the de- 
rived coefficients into (4.191). The exact solution may be obtained if such an 
exact solution exists. If an exact solution is not obtainable, then the obtained 
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series can be used for numerical purposes. In this case, the more terms we 
evaluate, the higher accuracy level we achieve. 

It is worth noting that using the series solution method for solving Fred- 
holm integral equations gives exact solutions if the solution u(x) is a poly- 
nomial. However, if the solution is any other elementary function such as 
sin z,e”, etc, the series method gives the exact solution after rounding few of 
the coefficients a;,7 > 0. This will be illustrated by studying the following 
examples. 


Example 4.27 


Solve the Fredholm integral equation by using the series solution method 
1 
u(x) = (4+ 1)? + / (at + xt?)u(t)dt. (4.195) 


-1 
Substituting u(a#) by the series 


u(a) = >; An x™ (4.196) 
n=0 


into both sides of Eq. (4.195) leads to 


3 an2” = (a +1)? + / G + 27t?) (ot) dt. (4.197) 
n=0 1 


= n=0 


Evaluating the integral at the right side gives 


a 1 2 a = = 3 x 
ay + ay2-4 | bess = 14 (2+ 501+ a3 + Sas + = 
0 10 + A292 a3x 3 1 5 3 7 5 9 7 
ee ee P 
+ (1+ Sao + Sag + Sas + —ag + —ag | 2?. 
gg a ee ee 
(4.198) 
Equating the coefficients of like powers of x in both sides of (4.198) gives 
25 
ao=1, a =6, a= ae Gn =0, nos. (4.199) 
The exact solution is given by 
25 
u(z) =1+6a+ ae (4.200) 


obtained upon substituting (4.199) into (4.196). 
Example 4.28 


Solve the Fredholm integral equation by using the series solution method 


u(x) = 2? — «4 [o + at)u(t)dt. (4.201) 


Substituting u(x) by the series 


ual — Sanat”, (4.202) 
n=0 
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into both sides of Eq. (4.201) leads to 


3 ann” =a? — 23 + [ (« + zt) Sto") dt. (4.203) 
n=0 0 


n=0 
Evaluating the integral at the right side, and equating the coefficients of like 
powers of x in both sides of the resulting equation we find 


29 1 
ala a ale ag2=1, ag=—-l, a,=0, n>4. (4.204) 
Consequently, the exact solution is given by 
2 1 
u(a) = -= —_e +27 — 2°. (4.205) 


Example 4.29 


Solve the Fredholm integral equation by using the series solution method 
u(x) = —2* + a (at? — x?t)u(t)dt. (4.206) 
Substituting u(x) by the series = 
u(x) = > An&”, (4.207) 
into both sides of Eq. (4.206) leads . 


oo 1 oo 
Ss Anz” = —24+ / G — x*t) S- ot") dt. (4.208) 
n=0 ot n=0 


Evaluating the integral at the right side, and equating the coefficients of like 
powers of x in both sides of the resulting equation we find 


0. Sy eS, ee ee 
mS as “PE gag? ae gee eee (4.209) 
Qn =0, nod. 
Consequently, the exact solution is given by 
2 
u(x) = Bec + Ae ge (4.210) 


133 133 
Example 4.30 
Solve the Fredholm integral equation by using the series solution method 
3 
u(x) = —1+ cosa +f u(t)dt. (4.211) 
0 
Substituting u(a) by the series 
ial > age”, (4.212) 
n=0 


into both sides of Eq. (4.211) gives 
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ya = -1+ cose + | (Seton) dt. (4.213) 
0 


n=0 n=0 
Evaluating the integral at the right side, using the Taylor series of cos x, and 
proceeding as before we find 


(aly 3 
ag = 1, a2j41 = 0, a23 = rey | S 0. (4.214) 


Consequently, the exact solution is given by 
u(x) = cosa. (4.215) 


Exercises 4.2.7 


Use the series solution method to solve the following Fredholm integral equations: 


1. u(x) =1+ [a — 3at)u(t)dt 2. u(x) = 6a + 4a? + i: (at? — a?t)u(t)dt 


1 
3. u(x) = 5a — 2a? +f (at? — 23 t?)u(t)dt 
-1 


i 


.u(a@) = 5a+ fia — xt)u(t)dt 


ot 


u(r) = 2452 — 32? 4 a (1 — at)u(t)dt 


6. u(x) = 3a — 5x3 + - (1 — xt)u(t)dt 


-1 


x] 


. u(x) = 2-22 +5a4+ 72° 4 i. (a — t)u(t)dt 


ioe) 


1 
ula) = 8a? — 5a3 +f x tu(t)dt 
-1 


[A 


9. u(x) = —24+ sing + - ” tu(t)dt 10. u(x) = —2+ a? +sinz +f tu(t)dt 


AIA owls 


11. u(x) = sec? « — 1 +f u(t)dt 12. u(x) = -14+In(1+ 2) +f u(t)dt 


4.3 Homogeneous Fredholm Integral Equation 


Substituting f(a) = 0 into the Fredholm integral equation of the second kind 


b 
u(x) = f(x) + | K (a, t)u(t)dt, (4.216) 


the homogeneous Fredholm integral equation of the second kind is given by 
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u(a) = af Ke,)u(dae (4.217) 


In this section we will focus our study on the homogeneous Fredholm integral 
equation (4.217) for separable kernel K(x, t) only. The main goal for studying 
the homogeneous Fredholm equation is to find nontrivial solution, because 
the trivial solution u(#) = 0 is a solution of this equation. Moreover, the 
Adomian decomposition method is not applicable here because it depends 
mainly on assigning a non-zero value for the zeroth component uo(x), and 
in this kind of equations f(x) = 0. Based on this, the direct computation 
method will be employed here to handle this kind of equations. 


4.38.1 The Direct Computation Method 


The direct computation method was used before in this chapter. This method 
replaces the homogeneous Fredholm integral equations by a single algebraic 
equation or by a system of simultaneous algebraic equations depending on 
the number of terms of the separable kernel K(z, t). 

As stated before, the direct computation method handles Fredholm inte- 
gral equations in a direct manner and gives the solution in an exact form but 
not in a series form as Adomian method or the successive approximations 
method. It is important to point out that this method will be applied for the 
degenerate or separable kernels of the form 


K(x,t) = sen). (4.218) 
k=1 


The direct computation method can be applied as follows: 
1. We first substitute (4.218) into the homogeneous Fredholm integral 
equation the form: 
b 
u(x) = af K (a, t) u(t)dt. (4.219) 
2. This substitution leads to 
b 


u(x) = Agi(x) 7: hi(t)u(t)dt + dgo(e) f ho(t)u(t)dt + --- 
(4.220) 


b 
oie / hn (t)u(t)dt. 


3. Each integral at the right side depends only on the variable t with 
constant limits of integration for t. This means that each integral is equivalent 
to a constant. Based on this, Equation (4.220) becomes 

u(x) = Aa1g1(x) + AQ2gG2(x) ++++ + AQngn(2), (4.221) 
where 
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b 
an | h(t) u(t)dt,1 <i<n. (4.222) 


4. Substituting (4.221) into (4.222) gives a system of n simultaneous alge- 
braic equations that can be solved to determine the constants a;,1 <i<n. 
Using the obtained numerical values of a; into (4.221), the solution u(a) of 
the homogeneous Fredholm integral equation (4.217) follows immediately. 


Example 4.31 


Solve the homogeneous Fredholm integral equation by using the direct com- 
putation method 


n= cos x sint u(t)dt. (4.223) 
This equation can be rewritten as 
u(x) = adcos a, (4.224) 
where a 
z 
a =} sint u(t)dt. (4.225) 
0 
Substituting (4.224) into (4.225) gives 
a= af cos t sin tdt, (4.226) 
that gives 
1 
a= zo (4.227) 


Recall that a = 0 gives the trivial solution. For a # 0, we find that the 
eigenvalue X is given by 
A= 2. (4.228) 


This in turn gives the eigenfunction u(a) by 

u(x) = Acosa, (4.229) 
where A is a non zero arbitrary constant, with A = 2a. 
Example 4.32 


Solve the homogeneous Fredholm integral equation by using the direct com- 
putation method 


1 
u(a“) = rf 2e*t* u(t)dt. (4.230) 
0 
This equation can be rewritten as 


u(x) = 2aXe”, (4.231) 


where 


a= [ e' u(t)dt. (4.232) 
0 
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Substituting (4.231) into (4.232) gives 
1 
a=2ad feat, (4.233) 
0 


that gives 
a = ar(e? — 1). (4.234) 


Recall that a = 0 gives the trivial solution. For a # 0, we find that the 
eigenvalue \ is given by 


1 
A= >+—. 4.235 
ai (4.235) 
This in turn gives the eigenfunction u(a) by 
A 
u(x) = >—e"," (4.236) 
ef 1 


where A is a non zero arbitrary constant, with A = 2a. 
Example 4.33 


Solve the homogeneous Fredholm integral equation by using the direct com- 
putation method 


u(a) = rf sin(x + t) u(t)dt. (4.237) 
0 


Notice that the kernel sin(a+t) = sin x cost+cos x sin t is separable. Equation 
(4.237) can be rewritten as 


u(x) = adAsina + BACcosz, (4.238) 
where 7 2 
a= | costu(t)dt, B= | sin tu(t)dt. (4.239) 
0 0 
Substituting (4.238) into (4.239) gives 


a= | cos t(aAsint + BAcost)dt, 
0 


7 (4.240) 
B= | sin t(aAsint + BA cos t)dt, 
0 
that gives 
1 1 
a= shan, B= goat. (4.241) 
For a 40,34 0, we find that the eigenvalue \ is given by 
2 
=1t-,a=9. (4.242) 
T 


This in turn gives the eigenfunction u(a) by 


u(x) = +A (sin x+ cose), (4.243) 
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where A = 2a. 
Example 4.34 


Solve the homogeneous Fredholm integral equation by using the direct com- 
putation method 


1 
x) = | (12x + 2t) u(t)dt. (4.244) 
-1 
Equation (4.244) can be rewritten as 
u(x) = 12ad\x + 2B), (4.245) 
where 
1 1 
a= / u(t)dt, B= | tu(t)dt. (4.246) 
-1 -1 


Substituting (4.245) into (4.246) gives 


1 
a= / (12aAt + 28A)dt = 48d, 
7 (4.247) 
B= i] t(12aAt + 26A)dt = 8aX. 
-1 


Recall that a = 0 and 8 = 0 give the trivial solution. For a 4 0,8 4 0, we 
find that the eigenvalue A is given by 


1 
A= +——, B= V2a. 4.248 
i: 6 (4.248) 
This in turn gives the eigenfunction u(x) by 
a 
= +—x(6r + V2). 4.249 
u(a) = 5° (6r + v2) (4.249) 


Example 4.35 


Solve the homogeneous Fredholm integral equation by using the direct com- 
putation method 


1 
x)= af 10(x? — 2at — t?) u(t)dt. (4.250) 
0 
Equation (4.250) can be rewritten as 
u(x) = 10aAx? — 206Ax — 10), (4.251) 
where 
1 1 
a= ‘| u(t)dt, B= - tu(t = r= f t?u(t)dt. (4.252) 
0 0 


Substituting (4.251) into (4.252) gives 
10 
= y (10aAt? — 208A\t — 107A) dt = zo — 108 — 10Ay, 
0 


— fi t(10adAt? — 208At — 107A) dt = Pa) - BA — BAY, (4.253) 
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1 
1 
y= | t?(10aAt? — 208At — 10yA)dt = 2ar — 5BA — <M, 
0 


Recall that a = 0,2 =0 and y = 0 give the trivial solution. For a £ 0,3 40 
and y 4 0, and by solving the system of equations we find 


3 20 7 
Se, te =5 4.254 
ec Sy B 37 ( ) 
and 7¥ is left as a free parameter. This in turn gives the eigenfunction u(x) by 
u(x) = y(—40x? + 282 + 6), (4.255) 


where ¥ is a non-zero arbitrary constant. 


Exercises 4.3 


Use the direct computation method to solve the homogeneous Fredholm integral 
equations: 


1. u(x) = af" sin? xu(t)dt 2. u(x) = af? tan x sec tu(t)dt 
3. u(x) = af 10 sec? xu(t)dt 4. u(x) = a |" sin xu(t)dt 

5. u(x) = af xtu(t)dt 6. u(x) = af xe’u(t)dt 

7. u(x) = af 8sin—+ xtu(t)dt 8. u(x) = af 8cos~* xtu(t)dt 
9. u(x) = rf + t)u(t)dt 10. u(x) = rf — 107) u(t)dt 


11. u(a) = af" = cos(e —t)u(t)dt 12. u(a) = rfc — 6x + 9t)u(t)dt 


13. u(x) = rf e — 3x —3t)u(t)dt 14. u(x) = » [120 + 24at + 18t?)u(t)dt 


4.4 Fredholm Integral Equations of the First Kind 


We close this chapter by studying Fredholm integral equations of the first 
kind given by 


b 
f(v) =) | K(x, t)u(t)dt, x € D, (4.256) 


where D is a closed and bounded set in real numbers, and f(a) is the data. 
The range of x does not necessarily coincide with the range of integration 
[7]. The unknown function u(x), that will be determined, occurs only inside 
the integral sign and this causes special difficulties. The kernel K(a,t) and 
the function f(a) are given real-valued functions, and \ is a parameter that 
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is often omitted. However, the parameter \ plays an important role in the 
singular cases and in the bifurcation points as will be seen later in the text. 
An important remark has been reported in [7] and other references con- 
cerning the data function f(x). The function f(x) must lie in the range of 
the kernel K (x,t) [7]. For example, if we set the kernel by 
K(a,t) = sinzsint. (4.257) 
Then if we substitute any integrable function u(a) in (4.256), and we evaluate 
the integral, the resulting f(#) must clearly be a multiple of sin x [7]. This 
means that if f(x) is not a multiple of the x component of the kernel, then a 
solution for (4.256) does not exist. This necessary condition on f(x) can be 
generalized. In other words, the data function f(a) must contain components 
which are matched by the corresponding x components of the kernel K (2, t) 
Fredholm integral equation of the first kind is considered ill-posed problem. 
Hadamard [8] postulated the following three properties: 


1. Existence of a solution. 

2. Uniqueness of a solution. 

3. Continuous dependence of the solution u(x) on the data f(x). This 
property means that small errors in the data f(x) should cause small errors 
[9] in the solution u(x). 


A problem is called a well-posed problem if it satisfies the three afore- 
mentioned properties. Problems that are not well-posed are called ill-posed 
problems such as inverse problems. Inverse problems are ill-posed problems 
that might not have a solution in the true sense, if a solution exists it may 
not be unique, and the obtained solution might not depend continuously on 
the observed data. If the kernel A(z, t) is smooth, then the Fredholm integral 
equation (4.256) is very often ill-posed and the solution u() is very sensitive 
to any change in the data f(a). In other words, a very small change on the 
data f(a) can give a large change in the solution u(«). For all these rea- 
sons, the Fredholm integral equations of the first kind is ill-posed that may 
have no solution, or if a solution exists it is not unique and may not depend 
continuously on the data. 

The Fredholm integral equations of the first kind (4.256) appear in many 
physical models such as radiography, stereology, spectroscopy, cosmic radi- 
ation, image processing and electromagnetic fields. Fredholm integral equa- 
tions of the first kind arise naturally in the theory of signal processing. Many 
inverse problems in science and engineering lead to the Fredholm integral 
equations of the first kind. An inverse problem is a process where the solu- 
tion u(x) can be obtained by solving (4.256) from the observed data f(a) at 
various values of x. Most inverse problems are ill-posed problems. This means 
that the Fredholm integral equations of the first kind is aill-posed problem, 
and solving this equation may lead to a lot of difficulties. 

Several methods have been used to handle the Fredholm integral equations 
of the first kind. The Legendre wavelets, the augmented Galerkin method, 
and the collocation method are examples of the methods used to handle this 
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equation. The methods that we used so far in this text cannot handle this 
kind of equations independently if it is expressed in its standard form (4.256). 

However, in this text, we will first apply the method of regularization that 
received a considerable amount of interest, especially in solving first order 
integral equations. The method transforms first kind equation to second kind 
equation. We will second apply the homotopy perturbation method [10] to 
handle specific cases of the Fredholm integral equations where the kernel 
K(a,t) is separable. 

In what follows we will present a brief summary of the method of regular- 
ization and the homotopy perturbation method that will be used to handle 
the Fredholm integral equations of the first kind. 


4.4.1 The Method of Regularization 


The method of regularization was established independently by Phillips [11] 
and Tikhonov [12]. The method of regularization consists of replacing ill- 
posed problem by well-posed problem. The method of regularization trans- 
forms the linear Fredholm integral equation of the first kind 


f= ; ” K(w,t)u(t)dt, x € D, (4.258) 


to the approximation Fredholm integral equation 


b 
pup, (x) = f(x) -| K(a,t)u,(t)dt,« € D, (4.259) 


where p is a small positive parameter. It is clear that (4.259) is a Fredholm 
integral equation of the second kind that can be rewritten 


b 
Up(x) = EPCs) - at K(a,t)u,(t)dt,x € D. (4.260) 
ll Uda 


Moreover, it was proved in [7,13] that the solution wu, of equation (4.260) 
converges to the solution u(x) of (4.258) as ys — 0 according to the following 
lemma [14]: 


Lemma 4.1 


Suppose that the integral operator of (4.258) is continuous and coercive in the 
Hilbert space where f(x), u(x), and u,(x) are defined, then: 


1. |u,| is bounded independently of 1, and 
2. |up(x) — u(x)| + 0 when p — 0. 


The proof of this lemma can be found in [7,13]. 
In summary, by combining the method of regulariztion with any of the 
methods used before for solving Fredholm integral equation of the second 
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kind, we can solve Fredholm integral equation of the first kind (4.258). The 
method of regulariztion transforms the first kind to a second kind. The re- 
sulting integral equation (4.260) can be solved by any of the methods that 
were presented before in this chapter. The exact solution u(a) of (4.258) can 
thus be obtained by 

u(x) = = Up(x). (4.261) 
In what follows we will present five illustrative examples where we will use the 
method of regulariztion to transform the first kind equation to a second kind 
equation. The resulting equation will be solved by any appropriate method 
that we used before. 


Example 4.36 


Combine the method of regulariztion and the direct computation method to 
solve the Fredholm integral equation of the first kind 


ie = A e”—' u(t)dt. (4.262) 

Using the method of regularization, Equation (4.262) can be transformed to 
a ie 

Up(x) = a - =f eu, (t)dt. (4.263) 


The resulting Fredholm integral equation of the second kind will be solved 
by the direct computation method. Equation (4.263) can be written as 


1 
uy(2) = (= - =) e*, (4.264) 
where 
a= [ e *u,(t)dt. (4.265) 
0 


To determine a, we substitute (4.264) into (4.265), integrate the resulting 
integral and solve to find that 


po (4.266) 
1+4p 
This in turn gives : 
up(2) = eer (4.267) 
The exact solution u(x) of (4.262) can be obtained by 
u(a“) = faa Up (x) = e”. (4.268) 


Example 4.37 


Combine the method of regulariztion and the direct computation method to 
solve the Fredholm integral equation of the first kind 
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eT +1= | *(dte® 4 3) u(t)dt. (4.269) 
0 


Notice that the data function f(x) = e” + 1 contains components which are 
matched by the corresponding x« components of the kernel K(a,t) = 4te* +3. 
This is a necessary condition to guarantee a solution. 

Using the method of regularization, Equation (4.269) can be transformed 
to 


* ae e u 
up(a) = Te + oo i; (Ate? + 3)u,,(t)dt. (4.270) 


The resulting Fredholm integral equation of the second kind will be solved 
by the direct computation method. Equation (4.270) can be written as 


1 4a 1 3 
tia) = (+ - <) et (+ - “2 ) ; (4.271) 
where ; : 
a= | tu, (t)dt, B= | up, (t)dt. (4.272) 


To determine a and (, we substitute (4.271) into (4.272), integrate the re- 
sulting integrals and solve to find that 


3(e —3—p) —2(e+ 6+ pe) 
Z <i es 4.273 
o> Gea Ti) ba 18 =F eats) 
Substituting this result into (4.271) gives the approximate solution 
(1+ pe” + (7 — 3e+4+ p) 
i = = 4,274 
Unl®) = “S64 nt DP) ey 
The exact solution u(x) of (4.269) can be obtained by 
1 7 —3e 
u(a) lim up (x) 6G —.6)° + 6-6 (4.275) 


It is interesting to point out that another solution to this equation is given 
by 
u(x) = 2”. (4.276) 


As stated before, the Fredholm integral equation of the first kind is ill-posed 
problem. For ill-posed problems, the solution might not exist, and if it exists, 
the solution may not be unique. 


Example 4.38 


Combine the method of regulariztion and the direct computation method to 
solve the Fredholm integral equation of the first kind 


S sing = f sin(x — t) u(t)dt. (4.277) 
0 


Notice that the data function f(a#) = $sina contains component which is 
matched by the corresponding « component of the kernel K(a,t). This is a 
necessary condition to guarantee a solution. 
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Using the method of regularization, Equation (4.277) can be transformed 


to 
1 - 
Up(£) = — sine - — sin(a — t)u,,(t)dt, 4.278 
p(2) Du aah (x — t)u, (t) (4.278) 
that can be written as 
Up (x) = (= - <) sin x + ers (4.279) 
7 a LL 
where ” : 
a= / costu,(t)dt, B= i; sin tu,,(t)dt. (4.280) 
0 0 


To determine a and £3, we substitute (4.279) into (4.280), integrate the re- 
sulting integrals and solve to find that 


ac mW 

= ——__ = ———; 4.281 
2(m2 + 4p)’ d 1? + 4? ( ) 

Substituting this result into (4.279) gives the approximate solution 

27 UL : ‘id 
tie) = ae sin x + yar COS X. (4.282) 
The exact solution u(x) of (4.277) can be obtained by 
u(a“) = lim Up(x) = cosa. (4.283) 
bo 


Example 4.39 


Combine the method of regulariztion and the Adomian decomposition method 
to solve the Fredholm integral equation of the first kind 


1 
1 3 
=e T= | e'—* u(t)dt. (4.284) 
3 0 
Using the method of regularization, Equation (4.284) can be transformed to 
ee | * thu, (t)dt (4.285) 
Up,(x) = —e *-—— eu ; : 
. 3h uw Jo “ 
The Adomian decomposition method admits the use of 
ile) = Styl), (4.286) 
n=0 
and the recurrence relation 
1 xz 
Upto (x) = oa ’ 
i (4.287) 
3 
Upper (Z) _ -= | e Fup, (Ede, k20. 
HK Jo 


This in turn gives the components 
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1 1 
U o(z) =z-e", u ,(z) =—2 46", 
: uv " sa (4.288) 
Upy(X) = Wee Ups (L) = aye?” 
and so on. Substituting this result into (4.286) gives the approximate solution 
u —2@ 
The exact solution u(x) of (4.284) can be obtained by 
u(x) = - up(z) =e-*. (4.290) 


Example 4.40 


Combine the method of regulariztion and the successive approximations 
method to solve the Fredholm integral equation of the first kind 


if 1 
-—2= i xt u(t)dt. (4.291) 
4 0 
Using the method of regularization, Equation (4.291) can be transformed to 
i a 
Up,(x%) = —a — - | xtu,,(t)dt. (4.292) 
4g 


To use the successive approximations method, we first select u,,(z) = 0. 
Consequently, we obtain the following approximations 


Uno (x) = 0, 
Up (Z) na 4 x, 
4 1 
Une) = 7 PF 2" (4.293) 
1 1 1 
Ups (x) = au > De 3618 xz, 
1 i 1 1 
Ua (x) == 


— +8 + — 4 —- —— It, 
Au 12? 363 108 ps4 
and so on. Based on this we obtain the approximate solution 
3 


= ———__ 7. 4.294 
ww) = Far aay" way 
The exact solution u(x) of (4.291) can be obtained by 
3 
u(x) = lim u(x) = —2. (4.295) 
u—-0 4 


It is interesting to point out that another solution to this equation is given 
by 
u(x) = 2”. (4.296) 


As stated before, the Fredholm integral equation of the first kind is ill-posed 
problem and the solution may not be unique. 
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Exercises 4.4.1 


Combine the regularization method with any other method to solve the Fredholm 
integral equations of the first kind 


1 a 1 2 
1. —(1— e7?)e3* = e8®—4tu(t)dt 2: ee? = in e3®—Stu(t)dt 
2 0 2 0 
3 , 6 x 
3. —2 =f xt? u(t)dt Avag? = xt? u(t)dt 
4 0 5 0 
2 7 1 7 
5. La? =) xt? u(t)dt 6. =x =i xtu(t)dt 
5 =1 5 0 
1 7 2 1 
7. <a? =f x t?u(t)dt 8. =2? -/ xt? u(t)dt 
6 i) 3 =1 
1 1 1 1 
9. — —& ay atu(t)dt 10. —x = atu(t)dt 
4 0 4 0 
1 1 7 1 
11. —a =i atu(t)dt 12. —x = atu(t)dt 
12 5 12 a 
7 ™ 7 me 
13. a sing = / cos(a — t)u(t)dt 14. se | cos(a — t)u(t)dt 
0 ) 
15.2-—a7+4 22 = | (a — t)u(t)dt 16.2+7-22 = | (a — t)u(t)dt 
0 0 


4.4.2 The Homotopy Perturbation Method 


The homotopy perturbation method was introduced and developed by Ji- 
Huan He in [10] and was used recently in the literature for solving linear 
and nonlinear problems. The homotopy perturbation method couples a ho- 
motopy technique of topology and a perturbation technique. A homotopy 
with an embedding parameter p € [0,1] is constructed, and the impeding 
parameter p is considered a small parameter. The method was derived and 
illustrated in [10], and several differential equations were examined. The cou- 
pling of the perturbation method and the homotopy method has eliminated 
the limitations of the traditional perturbation technique [10]. In what follows 
we illustrate the homotopy perturbation method to handle Fredholm integral 
equations of the second kind and the first kind. 


The HPM for Fredholm Integral Equation of the Second Kind 


In what follows we present the homotopy perturbation method for handling 
the Fredholm integral equations of the second kind. We first consider the 
Fredholm integral equation of the second kind 
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b 
v(x) = f(a) +f K (a, t)v(t)dt. (4.297) 
We now define the operator 
b 
j= — He / K (a, t)u(t)dt = 0, (4.298) 
where u(x) = v(x). Next we define the homotopy H(u,p),p € [0,1] by 
H(u,0) = F(u), H(u,1) = L(u), (4.299) 


where F'(u) is a functional operator. We construct a convex homotopy of the 
form 


H(u,p) = (1 — p)F(u) + pL(u) = 0. (4.300) 


This homotopy satisfies (4.299) for p = 0 and p = 1 respectively. The embed- 
ding parameter p monotonically increases from 0 to 1 as the trivial problem 
Fu) = 0 continuously deformed [10] to the original problem L(u) = 0. The 
homotopy perturbation method admits the use of the expansion 


c= Pips (4.301) 
n=0 
and consequently 
v= lim abn: 4.302 
io Dy Pp (4.302) 


The series (4.302) converges to the exact solution if such a solution exists. 

Substituting (4.301) into (4.300), using F(x) = u(x) — f(x), and equating 
the terms with like powers of the embedding parameter p we obtain the 
recurrence relation 


b 
p°:uo(z) = f(z), p™**: ungi = | K(a,t)un(t)dt,n > 0. (4.303) 


Notice that the recurrence relation (4.303) is the same standard Adomian 
decomposition method as presented before in this chapter. This proves the 
following theorem: 


Theorem 4.3 The Adomian decomposition method is a homotopy perturba- 
tion method with a conver homotopy given by 


b 
H(u,p) = u(x) — f(a«) — »|f K(a,t)un(t)dt = 0. (4.304) 


HPM for Fredholm Integral Equation of the First Kind 


In what follows we present the homotopy perturbation method for handling 
the Fredholm integral equations of the first kind of the form 


b 
f(a) -| K (a, t)v(t)dt. (4.305) 
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We now define the operator 


b 
— / K(a, t)u(t)dt = 0. (4.306) 
We construct a convex homotopy of the form 
H(u,p) = (1—p)u(a) + pL(u)(a) = 0. (4.307) 


The embedding parameter p monotonically increases from 0 to 1. The homo- 
topy perturbation method admits the use of the expansion 


= Pte; (4.308) 
and consequently 
= fee? oy D"'Un(x (4.309) 


The series (4.309) converges to the exact solution if such a solution exists. 
Substituting (4.308) into (4.307), and proceeding as before we obtain the 
recurrence relation 


uo(z) = 0, wi(x) = f(z), 
Unti(@) = Un (a pee t)dt, n>1. 


If the kernel is separable, i.e. (x,t) = g(x)h(t), then the following condition 


b 
1- | K(t, t)dt 


must be justified for convergence. The proof of this condition is left to the 
reader. 

We will concern ourselves only on the case where K(x, t) = g(x)h(t). The 
HPM will be used to solve the following Fredholm integral equations of the 
first kind. 


Example 4.41 


(4.310) 


<1, (4.311) 


Use the homotopy perturbation method to solve the Fredholm integral equa- 
tion of the first kind 


1 
C= - e*—' u(t)dt. (4.312) 
0 


r= [ K(enat aie 
0 


Using the recurrence relation (4.310) we find 


Notice that 
<i. (4.313) 
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Uo(x) =0, ui(x) = =e”, 
, (4.314) 
Un+1(L) = Un(x) -f e” *un(t)dt, n>1. 
0 
This in turn gives 
1 
uo(z) =0, u(x) = 3°? 
il; 
3 2 
u2(z) = ur(z) -f e* "uy (t)dt = 9° 
0 
(4.315) 


1 
3 8 
u4(@) = u3(x) — i: e* *us(t)dt = —e”, 
0 81 
and so on. Consequently, the approximate solution is given by 


1 2 4 8 
ar 2 Poe ieee amet ce OED 4.31 
u(x) e(Gtatatet ie (4.316) 


that converges to the exact solution 
u(a) =e”. (4.317) 
Example 4.42 


Use the homotopy perturbation method to solve the Fredholm integral equa- 
tion of the first kind 


1 
=f e'* u(t)dt. (4.318) 
4 0 

Notice that 


im in K(t,t)dt| = ; 4, (4.319) 
0 


Using the recurrence relation (4.310) we find 


1 
uo(z) =0, u(x) = 7° ; 


1 (4.320) 
Un+i(Z) = Un (x) -f e’ *un(t)dt, n>1 
0 
This in turn gives 
1 
uo() = 0, mi(a) = Fe-*, 
Z : 3 
Ug(x) = ui (x) — | e~ “ui (t)di = Fe", (4.321) 
1 
4 9 
u3(a) = ua(x) -| e'"u(t)dt = —e*, 
: 64 
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and so on. Consequently, the approximate solution is given by 
_,f1 3 9 27 
u(x) =e G+otatee)) 
that converges to the exact solution 
u(z) =e, (4.323) 
obtained by evaluating the sum of the infinite geometric series. 


(4.322) 


Example 4.43 


Use the homotopy perturbation method to solve the Fredholm integral equa- 
tion of the first kind 


L= [ xt u(t)dt. (4.324) 
0 


Notice that i 
2 
r -| K(t.Oat =e <i. (4.325) 
) 


Using the recurrence relation (4.310) we find 


uo(z) =0, u(r) =2, 


1 (4.326) 
Un+i(L) = Un(x) -f rtun(t)dt, n>. 
0 
This in turn gives 
ug(z) =0, w(x) =a, 
: 2 
U2(x) = uy, (x) -f atu (t)dt = 3% 
0 
I 4 (4.327) 
u3(“) = Ug(x) -f atuy(t)dt = 9” 
0 
: 8 
ua(x) = g(x) -f xtu3(t)dt = =a, 
0 27 
and so on. Consequently, the approximate solution is given by 
2 4 8 
=a(l+=4+-4+=5+°-:: 4,32 
u(x) o(i42+o454 i; (4.328) 
that converges to the exact solution 
u(x) = 32. (4.329) 


Example 4.44 


Use the homotopy perturbation method to solve the Fredholm integral equa- 
tion of the first kind 


5 1 
<2 = / at u(t)dt. (4.330) 
6 0 
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Notice that , 
2 
r -f (t,t = 3 <i. (4.331) 
0 


Using the recurrence relation (4.310) we find 


uo(z) =0, ui(x) = 2s 


6 
1 (4.332) 
Unti(L) = Un(x) -f ttun(t)dt, n 21. 
0 
This in turn gives 
5 
uo(z) = 0, us(z) = 6 
: 5 
U2(x) = u(x) -| xtuy(t)dt = 9” 
0 
; a (4.333) 
u3(x) = u2(x) -f xtug(t)dt = =a, 
0 27 
: 20 
Ua(@) = g(x) — | xtus(t)dt = —x, 
and so on. Consequently, the approximate solution is given by 
5 5 2 4A 8 
=- -x(1l+=-4+-4—4--: 4.334 
u(x) eet Se(1t seca e ). (4.334) 
that converges to the exact solution 
5 
u(x) = ha (4.335) 


obtained by evaluating the sum of the infinite geometric series. 
It is interesting to point out that another solution to this equation is given 
by 
u(w) =1+a. (4.336) 


As stated before, the Fredholm integral equation of the first kind is ill-posed 
problem. For ill-posed problems, the solution might not exist, and if it exists, 
the solution may not be unique. 


Example 4.45 


Use the homotopy perturbation method to solve the Fredholm integral equa- 
tion of the first kind 


eI 


2= [ at u(t)dt. (4.337) 
0 


Notice that , 
2 
h -[ (t,t =3<1 (4.338) 
0 


Using the recurrence relation (4.310) we find 
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1 
uo(z) = 0, ui(x) = rua 
1 (4.339) 
Un+ti(£) = Un (x) -f atun(t)dt, n>1. 
0 
This in turn gives 
1 
uo(z) =0, ui(z) = Tan 
: i 
U2(x) = ui (x) -f atuy(t)dt = 6@ 
0 
1 1 (4.340) 
u3(x) = a(x) -| xtug(t)dt = 9” 
0 
‘ 2 
ua(x) = u3(x) -f atus(t)dt = =a, 
0 27 
and so on. Consequently, the approximate solution is given by 
1 2 4. 8 
=-r(l4+=+4+-4+—4+::: 4.341 
u(x) seis 545+ st ). ( ) 
that converges to the exact solution 
3 
u(a) = —2. (4.342) 


4 
It is interesting to point out that another solution to this equation is given 
by 
u(x) = 2”. (4.343) 


As stated before, the Fredholm integral equation of the first kind is ill-posed 
problem and the solution may not be unique. Notice that the ill-posed Fred- 
holm problem is linear. 


Exercises 4.4.2 


Use the homotopy perturbation method to solve the Fredholm integral equations of 
the first kind 


1 _ i 3 
1. =(1—e7?)e3” =| e8®—4tu(t)dt 2. eee - 68? —3tu(t)dt 
2 ) 2 ) 
3 + 6 
3. -—2£ =) xt? u(t)dt 4, <a? =/ x7 t?u(t)dt 
4 fe} 5 0 
209 * 42 1 . 
5. 2° = at u(t)dt 6. 2 = atu(t)dt 
5 =i 5 10) 
ly * 242 2 2 e513 
7. 2° = x t~u(t)dt 8. 27 = at u(t)dt 
6 (0) 3 -1 
1 = 1 1 
9. — -& =) atu(t)dt 10. —x =i xtu(t)dt 
4 i) 4 0 
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1 : 7 1 
ll. —x¢= | xtu(t)dt 12. —r%#= | atu(t)dt 
12 0 12 0 
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Chapter 5 
Volterra Integro-Differential Equations 


5.1 Introduction 


Volterra studied the hereditary influences when he was examining a popu- 
lation growth model. The research work resulted in a specific topic, where 
both differential and integral operators appeared together in the same equa- 
tion. This new type of equations was termed as Volterra integro-differential 
equations [1-4], given in the form 


x 
uw” (2) = f(x) +r K (a, t)u(t)dt, (5.1) 
0 

where u(”)(x) = 4. Because the resulted equation in (5.1) combines the 
differential operator and the integral operator, then it is necessary to de- 
fine initial conditions u(0),u/(0),...,u("—)(0) for the determination of the 
particular solution u(x) of the Volterra integro-differential equation (5.1). 
Any Volterra integro-differential equation is characterized by the existence of 
one or more of the derivatives u’(x), u’’(x),... outside the integral sign. The 
Volterra integro-differential equations may be observed when we convert an 
initial value problem to an integral equation by using Leibnitz rule. 

The Volterra integro-differential equation appeared after its establishment 
by Volterra. It then appeared in many physical applications such as glass- 
forming process, nanohydrodynamics, heat transfer, diffusion process in gen- 
eral, neutron diffusion and biological species coexisting together with increas- 
ing and decreasing rates of generating, and wind ripple in the desert. More 
details about the sources where these equations arise can be found in physics, 
biology and engineering applications books. 

To determine a solution for the integro-differential equation, the initial 
conditions should be given, and this may be clearly seen as a result of involv- 
ing u(x) and its derivatives. The initial conditions are needed to determine 
the exact solution. 
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5.2 Volterra Integro-Differential Equations of the 
Second Kind 


In what follows we will present the recently developed methods, namely the 
Adomian decomposition method (ADM) and the variational iteration method 
(VIM) that will be used to handle the Volterra integro-differential equations 
of the second kind. Moreover, some of the traditional methods, namely the 
Laplace transform method, the series solution method, converting Volterra 
integro-differential equations to equivalent Volterra integral equations and 
converting Volterra integro-differential equations to equivalent initial value 
problem, will be studied as well. 

However, the Volterra integro-differential equations of the first kind will 
be examined. The Laplace transform method and the variational iteration 
method will be used to handle the first kind equations. 


5.2.1 The Adomian Decomposition Method 


The Adomian decomposition method [5-9] gives the solution in an infinite 
series of components that can be recurrently determined. The obtained series 
may give the exact solution if such a solution exists. Otherwise, the series 
gives an approximation for the solution that gives high accuracy level. 

Without loss of generality, we may assume a Volterra integro-differential 
equation of the second kind given by 


u(x) = f(a) + - K(a,t)u(t)dt, u(0)=ao, wu’ (0) = ay. (5.2) 
0 
Integrating both sides of (5.2) from 0 to x twice leads to 
u(x) =agp t+ ayr+L'(f(x)) +L! (| K(e, (at) : (5.3) 
) 


where the initial conditions u(0) and u/(0) are used, and L~! is a two-fold 
integral operator. We then use the decomposition series 


u(t) = So un(2), (5.4) 
n=0 
into both sides of (5.3) to obtain 


S- un(#) = a9 + aye + L~* (f(x)) + L7 Uf K (a, t) (>. mo) i) 
n=0 ° n=0 


(5.5) 
or equivalently 
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uo(x) + ur(x) + u2(x) + u3(x) +++» = a9 + aye + L~! (f(a)) 


+E! ([ K(e, ula) +57' (f° K(e, u(t) 
+E-1 ([ K(e, ual) peer, (5.6) 


To determine the components wo(x),ui(x), u2(x), u3(x),... of the solution 
u(x), we set the recurrence relation 


uo(x) = a9 +a,2+ L-!(f(x)), 
eae m( fx K (a, t)ur(t (at) k>0, ma 


where the zeroth component u(x) is defined by all terms not included inside 
the integral sign of (5.6). Having determined the components u;(a),i > 0, 
the solution u(x) of (5.2) is then obtained in a series form. Using (5.4), 
the obtained series converges to the exact solution if such a solution exists. 
However, for concrete problems, a truncated series }>;_) ug (z) is usually used 
to approximate the solution u(x) that can be used for numerical purposes. 


Remarks 


1. The Adomian decomposition method was presented before to handle a 
second order Volterra integro-differential equations. For other orders, we can 
follow the same approach as presented. This will be explained later in details 
by discussing the illustrative examples, where first-order, second-order, third- 
order, and fourth-order Volterra integro-differential equations will be studied. 

2. The modified decomposition method that we used before can be used 
for handling Volterra integro-differential equations of any order. 

3. The phenomenon of the noise terms that was applied before can be used 
here if noise terms appear. 


The Adomian decomposition method for solving the second kind Volterra 
integro-differential equations will be illustrated by studying the following 
examples. The selected equations are of orders 1, 2, 3, and 4. Other equations 
of higher orders can be treated in a like manner. 


Example 5.1 


Use the Adomian method to solve the Volterra integro-differential equation 
u(x) =1-— [ u(t)dt, u(0) =0. (5.8) 

Applying the integral operator i defined by 
Ot [vee (5.9) 


to both sides of (5.8), i.e. integrating both sides of (5.8) once from 0 to a, 
and using the given initial condition we obtain 
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u(z)=a2—L ([ u(t) (5.10) 


Using the decomposition series (5.4), and using the recurrence relation (5.7) 
we obtain 


uo(x) = 2, ; 
un(e) = -E- ( [wala = — 5 
Cs ene ad ([ a(t) _ i (5.11) 


and so on. This gives the solution in a series form 
oe ee 


u(“) =x 32 Be — ame fee, (5.12) 
and hence the exact solution is given by 
u(a) = sina. (5.13) 


Example 5.2 


Use the Adomian method to solve the Volterra integro-differential equation 
e'(e)=1 +04 / (x—t)u(t)dt, u(0)=1, wu’(0)=1. (5.14) 
0 


Applying the two-fold integral operator L~! defined by 


i. [ [ Goaeae. (5.15) 


to both sides of (5.14), ie. integrating both sides of (5.14) twice from 0 to 
x, and using the given initial conditions we obtain 
i. A * 
u(x) =l+a+ Thal + Tk +L (/ (2 — du(tat) : (5.16) 
! ! 0 
Using the decomposition series (5.4), and using the recurrence relation (5.7) 
we obtain i 4 
uo(xz) =1+at+ Tha + 7” 


ui(z) = L- (fe ~ tuo(ta) (5.17) 


and so on. This gives the solution in a series form 
1 1 1 1 1 
24 — 93 4 rial poe? 4 S oF 4 Hoe? 4... (5.18) 


and this converges to the exact solution 


u(j@) =1l+a+— 
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u(x) =e”. (5.19) 


Example 5.3 


Use the Adomian method to solve the Volterra integro-differential equation 

u(x) =-lt+e2 | (x—t)u(t)dt, u(0)=1, w(0)=-1, u"(0)=1. 
0 

(5.20) 


Applying the three-fold integral operator L~! defined by 


Ee) -[f [ iaaeae, (5.21) 


to both sides of (5.20), and using the given initial conditions we obtain 


u(t) =1 a+ 5a — galt oe | ([ te-aunat). (5.22) 


Using the decomposition series (5.4), and using the recurrence relation (5.7) 
we obtain 


ug(2) =1=—24 me ~ 32 | m®” 
ui(x) = —L71 (/ (a — tua(tat) (5.23) 
0 
1 1 1 1 1 
= ae, 0 Jagel ot a8 aa 
=> Bl 1 6!” 7 T Thad gl? 


and so on. This gives the solution in a series form 


1 1 1 1 1 1 
u(x) =1—-24 Tall ae ae Fal am ae | , (5.24) 
and this converges to the exact solution 
u(x) =e”. (5.25) 
Example 5.4 


Use the Adomian method to solve the Volterra integro-differential equation 
ul) (2) = -l+o@ | (a — t)u(t)dt, 
0 


u(0)=—1, w(0)=1, w(0)=1, w(0)=-1. 


Applying the four-fold integral operator L~! to both sides of (5.26) and using 
the given initial condition we obtain 


ula) =2-1-—L-* (ft - du(tat) (5.27) 


Using the decomposition series (5.4), and using the recurrence relation (5.7) 
we obtain 


(5.26) 
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1 i 1 1 
uo(z) = -1+<24 Thal Tk rk Ae 
7 ; ‘ F (5.28) 
ui(a) = L-! (/ (x — tuo(tat) =r — fat toa +e, 
Q 6! 7! 8! 


and so on. The series solution is given by 
_ oo ee oe gee ae Log. Lod: Doe 
uz) = (2 32 t ae ae oe 1 me +g are fees |, 


so that the exact solution is given by 


u(x) = sina — cosa. (5.30) 


Exercises 5.2.1 


Solve the following Volterra integro-differential equations by using the Adomian de- 
composition method: 


1.u/(2)=1+ u(t)dt, u(0) = 0 
0 
2.u'(z)=1l+at+ fe —t)u(t)dt, u(0) = 1 

0 
3. ul (x) =2+4+4a +4 8 [ —t)u(t)dt, u(0) = 1 

0 
4.ul"(x) =1+ fe — t)u(t)dt, u(0) = 1, u/(0) =0 
0 
5. ul (x) = -1+ fe — t)u(t)dt, u(0) =1, u’(0) =0 
0 

6. u(x) = 1 tet [@- t)u(t)dt, u(0) = 1, u’(0) =1 

0 


7.u" (2) =-l-a2+ [e — t)u(t)dt, u(0) =1, u’(0) =1 


8. u(x) =2— 2rsinz — fe —t)u(t)dt, u(0) = 0, u’(0) =0 
0 


9. ul (a) = —a so [fe t)u(t)dt, u(0) =0, u’(0) =2 


10. u(x) =1+2 a fe t)u(t)dt, u(0) =1, u’(0) =2 


11. w(x) =1l—-a#+2sinaz fe t)u(t)dt, u(0) = 1, u’(0) = —-1, u’’(0) = —-1 
) 


wy as 1 I % r u ub _ u! _ ul” = 
12. u/"(#) =1+2@ sate fC t)u(t)dt, u(0) =1, u/(0) =0, u’’(0) =1 


"g) = ee x u u(0) =1, w’(0) =1, uw” (0) = 
13. u"(a) =1+a 2" + t)u(t)dt, u(0) =1, u’(0) =1, uw’ (0) =3 
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14. ul) (2) =1+ae— [fe — t)u(t)dt, u(0) = w’(0) = 1, vw’ (0) = u’’"(0) = -1 


15. ul) (2) =1l+2 rill | (a — t)u(t)dt, u(0) = u’(0) = u’’(0) = 1, 
0 
ul(0) =7 
(iv) ls 1 3 * 
16. uw" (a) =1l+a x es (a — t)u(t)dt, 
2! 3! 0 


u(0) = u'(0) = 2, u’(0) =u’"(0) =1 


5.2.2 The Variational Iteration Method 


In Chapter 3, the variational iteration method was used to handle Volterra 
integral equations by converting it to an initial value problem or by convert- 
ing it to an equivalent integro-differential equation. The method provides 
rapidly convergent successive approximations of the exact solution if such a 
closed form solution exists, and not components as in Adomian decomposi- 
tion method. The variational iteration method handles linear and nonlinear 
problems in the same manner without any need to specific restrictions such 
as the so called Adomian polynomials that we need for nonlinear problems. 
The standard ith order integro-differential equation is of the form 


u(x) = f(x) + [ K (a, t)u(t)dt, (5.31) 


where u(x) = 4, and u(0),u/(0),...,u-(0) are the initial conditions. 


— dxt? 


The correction functional for the integro-differential equation (5.31) is 


x ; & 
tine () = tin(2t) + | Me) (ure af(G= | K(E,r)tin(r) i) dé. 


(5.32) 
The variational iteration method [8,10] is used by applying two essential 
steps. It is required first to determine the Lagrange multiplier \ that can be 
identified optimally via integration by parts and by using a restricted vari- 
ation. Having \ determined, an iteration formula, without restricted varia- 
tion, should be used for the determination of the successive approximations 
Un+i(x),n > 0 of the solution u(#). The zeroth approximation uo(x) can be 
any selective function. However, the initial values u(0), u’(0),--- are prefer- 
ably used for the selective zeroth approximation uo(«) as will be seen later. 
Consequently, the solution is given by 


u(“) = Jim, Un(2). (5.33) 


It is useful to summarize the Lagrange multipliers as derived in Chapter 3: 
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w+ f(u(€), u'(€)) =0,A=—-1, 
ul" + f(u(g),u'(g),w"(g)) =0,A=€-2, 


ul + flulé).@),u"(6),u"®) =0.=-FE-2, iggy 
ul”) ate f(ul€), u'(€), u(€), an wh (é)) = =0, 
A= (IP ale). 


The VIM will be illustrated by studying the following examples. 
Example 5.5 


Use the variational iteration method to solve the Volterra integro-differential 
equation 


etn i: | ” u(é)at, u(0) = 1. (5.35) 


The correction functional for this equation is given by 


x g 
Un+i(£) = Un(x) -| («0 = =f, soir) dé, (5.36) 


where we used 1 = —1 for first-order integro-differential equations as shown 
n (5.34). 

We can use the initial condition to select uo(#) = u(0) = 1. Using this 
selection into the correction functional gives the following successive approx- 
imations 


uo(x) = 1, 
x g 
u(2) = wo(2) — f (ie =1= f uo(r)d dé 
=ltet+sa 
x € 
ua(2) = (0) ~ | (He t= stor) dé (37) 
=1+e+ 52" +2 + 70%, 


tg() = a(x) — ‘i . (ue i i sia dé 


i 1 1 i. ; 
=l+at+ aa? 4+ 503 4+ oat 4+ 0° + o2%, 


2! 3! 4! 5! 6! 
and so on. The VIM admits the use of 
u(x) = lim up(x), (5.38) 


that gives the exact solution 
u(x) =e”. (5.39) 
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Example 5.6 


Use the variational iteration method to solve the Volterra integro-differential 
equation 


wey =i1e | (x — t)u(t)dt,u(0) = 1, w’(0) = 0. (5.40) 
0 
The correction functional for this equation is given by 


x € 
tins (2) = ten(ae) + i: (€-2) (sie -1- | (uri) dé, (5.41) 


where A = € — x for second-order integro-differential equations as shown in 
(5.34). 

We can use the initial conditions to select uo(x) = u(0)+2u’(0) = 1. Using 
this selection into the correction functional gives the following successive 
approximations 


uo(x) = 1, 
x € 
uy(x) = uo(x) +f (€—2) (uo -l1- | (€ — Dente) dé 
=14+ 974+ ar 


2! 4! 


x g 
ua(2) = u(x) + f (E—2) (whe) -1- f Hater) dé (5.42) 


x € 
us() = tua() + | (€—2) ( wi -1- | (Hater) dé 


1 1 1 1 1 1 
Hire og ti ee ee 
a Tae Te” TB” ~ Tor 12!” 
and so on. 
The VIM admits the use of 
u(x) = lim u,(2), (5.43) 
that gives the exact solution 
u(x) = cosha. (5.44) 


Example 5.7 


Use the variational iteration method to solve the Volterra integro-differential 
equation 


uw" (2) =14+a+ ore + fe — t)u(t)dt, u(0) =1, u’(0) =0, w’(0) = 1. 
0 


3! 
(5.45) 
The correction functional for this equation is given by 
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Unpa( a) = Un (x) 


. g 
-5 [ ¢-) (wre L=€ xf [« Dente] dq, 


(5.46) 
where \ = —3(€ — x)? for third-order ODEs and for second-order integro- 
differential equations as shown in (5.34). 

The zeroth approximation uo(x) can be selected by using the initial con- 
ditions, hence we set uo(x) = u(0) + zu’(0) + y2?u"(0) = 1+ F2?. Using 
this selection into the correction functional gives the following successive ap- 
proximations 


1 
uo(z) = 1+ —2?, 


2! 
u1(x) = uo(z) 
1. f* 1 
a (é=a) («re Le ae fe Dente) dé 
1 1 1 iL 1 
=14 Tha Till Tal Ae t get ae", 


= | 1 24 1 34 1 4A 1 5 6 t 8 
=1+ hed 317 This Bre + Bye So had =F ai” Si ; 
(5.47) 
and so on. The VIM admits the use of 
u(x) = lim up(x), (5.48) 
that gives the exact solution 
u(x) =e” — a. (5.49) 


Example 5.8 


Use the variational iteration method to solve the Volterra integro-differential 
equation 


ul) (2) = 244+ 2+ —28 i (x — t)u(t)dt, 
30 : 


u(0)=0, w(0)=1, w’(0)=0, w”’(0)=-1. 
The correction functional for this equation is given by 


Un+1(#) = Un (x) 


si € 
+5 (€ — 2)? (4% 24—€ =,0° AG entra] dé, 


(5.50) 
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where A = 2(€ — x)® for fourth-order ODEs integro-differential equations as 
shown in (5.34). 

Using uo(x) = 2 — 42° into the correction functional gives the following 
successive approximations 


1 
Uo(“) =u rae 
ui(x) = uo(2) 
1 ; 1 § 
+f (€-2)° (ur 24—€ ae | (¢ Dente) dg 
0 0 
— 74 4 Lj ob Le ae, 1 10 
EE ee Re ae ge Teron 


1 * iv 1 g 
+2] €-2) (« )-m—e- ree [E nari) a 
0 0 
1 1 1 1 1 
— we i pd do py Spal iO gl Sane 
Pee a eee ae ge ee eed 


(5.52) 
and so on. Notice that «'° in u1(x) has vanished from u2(x). Similarly other 
noise terms vanish in the limit. The VIM admits the use of 


u(x) = lim u,(x), (5.53) 
that gives the exact solution by 
u(x) = 2*+sinz. (5.54) 


Exercises 5.2.2 


Solve the following Volterra integro-differential equations by using the variational 
iteration method: 


1l.u/(24)=x2-1- [e —t)u(t)dt, u(0) = 1 
2.u'(a4)=1l+at+ fe —t)u(t)dt, u(0) = 1 
0 
3. u’ (x) = 3e*™ —2-—a2+ fe —t)u(t)dt, u(0) =0 
0 


4.u" (2) =a2+ ie (x — t)u(t)dt, u(0) = 0, u’(0) =1 


5. ul (2) =a2—- =n 7 [e — t)u(t)dt, u(0) =0, u’(0) = 2 
6. u(x) =1— =n a [@-pmoa, u(0) =1, w’(0) =1 


7.u" (2) =1tat+ fe — t)u(t)dt, u(0) =1, w’(0) =1 
0 
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8. ul" (2) =-1—a2+ [fe — t)u(t)dt, u(0) =1, u/(0) = 1 


oe = : } “te u u(0) = 1, u’(0) = 
9. u"(e) =—1 ae tf £)u(t)dt, u(0) =1, w/(0) =1 


"(g¢) = E } ue u u(0) =0, u/(0) = 
10. u!’ (x) =2—2 att fC t)u(t)dt, u(0) =0, u/(0) =1 


ll. u!" (2) =1—-2+2sine fe t)u(t)dt, u(0) =1, u’(0) = —1, u’’(0) =—-1 
0 


1 1 1 f® 
12. u(x) =1l+2 x? x* 4 | (a — t)? u(t)dt, 
TT 4! 2 Jo 
u(0) = 1, u’(0) = 2, u’’(0) = 1 
1 1 [* 
13. u!""(x) = —3 — 2a 5t + 6e” 4 a (x — t)? u(t)dt, 
) 


u(0) =0, u/(0) =1, w’(0) =2 
14. u@) (2) =1+ae— fe — t)u(t)dt, u(0) = w’(0) = 1, vw’ (0) = u’’"(0) = -1 
0 


: 1 1 1 [* 
15. u&@) (ev) =1l+a+ a? — —2° 4 s/f (a — t)?u(t)dt, u(0) = u’(0) = u’”(0) = 1, 
2! 60 2 Jo 
u’(0) =3 
: 1 1 1 /[* 
16. ul) (a) =1l+2 hal 37 | a (a — t)?u(t)dt, 
) 


dt 


u(0) = 3, u’(0) = u’’(0) = u’”"(0 


5.2.38 The Laplace Transform Method 


The Laplace transform method was used before for solving Volterra integral 
equations of the first and the second kind in Chapter 3. The details and prop- 
erties of the Laplace transform method can be found in ordinary differential 
equations texts. 

Before we start applying this method, we summarize some of the concepts 
presented in Section 1.5. In the Laplace transform convolution theorem, it 
was stated that if the kernel A(«,t) of the integral equation 


u(x) = f(a) +r : ” K(a, t)u(t)dt, (5.55) 


depends on the difference x — t, then it is called a difference kernel. The 
integro-differential equation can thus be expressed as 


u(x) = f(a) +A | , K(x — t)u(t)dt. (5.56) 


Consider two functions f:(a#) and f(a) that possess the conditions needed 
for the existence of Laplace transform for each. Let the Laplace transforms 
for the functions f;(#) and f(x) be given by 


L{fila)} = Fils), L fo(a)} = Fr(s). (5.57) 
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The Laplace convolution product of these two functions is defined by 


(fi * fo)(@ =f fila — t) fo(t)dt (5.58) 
or 
fo * fid( =| nl fal Hy id t) fil t)dt (5.59) 
Recall that 
(fi * fo)(@) = (fo * fr) (2). (5.60) 


We can easily show that the Laplace transform of the convolution product 
(fi * fo)(x) is given by 


L{(fi* fa)(@)} = £ { / "ia. nyfatyar} = Fy(s)Fo(s). (5.61) 


To solve Volterra integro-differential equations by using the Laplace trans- 
form method, it is essential to use the Laplace transforms of the derivatives 
of u(x). We can easily show that 


L{u™(a2)} = s"L{u(x)} — s"-1u(0) — s"-2u/(0) —----— ul-Y0). (5.62) 
This simply gives 
L{u'(x)} = sL{u(x)} — u(0) 


= sU(s) — u(0), 


Liu" (x)} = ea — su(0) — u’(0) 
= s°U(s) — su(0) — u’(0), 
C{u"(a)} = #C{u(a)} — e2u(0) ~ aw) — "0 ee 
= s°U(s) — su(0) — su’(0) — u’(0), 
L{ul)(x)} = ene — su(0) — s?u’(0) — su”(0) — u’”"(0) 


*U(s) — s°u(0) — s?u'(0) — su"(0) — u’”(0), 
and so on for janes of higher order. 

The Laplace transform method can be applied in a similar manner to the 
approach used before in Chapter 3. We first apply the Laplace transform to 
both sides of (5.56), use the proper Laplace transform for the derivative of 
u(x), and then solve for U(s). We next use the inverse Laplace transform 
of both sides of the resulting equation to obtain the solution u(x) of the 
equation. Recall that Table 1.2 in Chapter 1 should be used. The Laplace 
transform method for solving Volterra integro-differential equations will be 
illustrated by studying the following examples. 


Example 5.9 


Use the Laplace transform method to solve the Volterra integro-differential 
equation 


u(x)=1+ [ u(t)dt, u(0) = 1. (5.64) 
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Notice that the kernel K(x —t) = 1. Taking Laplace transform of both sides 
of (5.64) gives 


L(u'(x)) = £1) + L(1 *« u(z)), (5.65) 
so that i4 
sU(s) — u(0) = A + 5 Us); (5.66) 


obtained upon using (5.63). Using the given initial condition and solving for 


U(s) we find 
1 
U(s) = ; (5.67) 
s—1l 
By taking the inverse Laplace transform of both sides of (5.67), the exact 
solution is given by 


u(x) = e”. (5.68) 


Example 5.10 


Use the Laplace transform method to solve the Volterra integro-differential 
equation 


u(x) =—-1l-24 fe thu(t)dt, u(0)=1, w(0)=1. (5.69) 


Notice that the kernel K(x —t) = (a —t). Taking Laplace transform of both 
sides of (5.69) gives 


L(u'(x)) = —L(1) — L(x) + L( (a — t) « u(x), (5.70) 
so that ; 4 i 
s’U(s) — su(0) — u/(0) = 2 (8), (5.71) 


obtained upon using (5.63). Using the given initial condition and solving for 


U(s) we find 
0 ee ee 
te al s2?+1° 


By taking the inverse Laplace transform of both sides of (5.72), the exact 
solution is given by 


(5.72) 


u(x) = sina + cosa. (5.73) 


Example 5.11 


Use the Laplace transform method to solve the Volterra integro-differential 
equation 


ul” (x) =e 


1, 1, 1 2 ’ " 
a es —t)?u(t)dt ~ 254i 1, 
Ter ha sf (a—t)“u(t)dt, u(0) ,u (0) ,u 

(5.74) 
Taking Laplace transform of both sides of (5.74) gives 


L{ul(z)} = LU} +L fa} + £07} - = Lat} sef(0—t)?u(2)}, (5.75) 
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so that 4 i : ; 
3 2 a eS a a ee 
s’U(s) —s*-2s-1l= a ee 53 (s). (5.76) 


Using the given initial condition and solving for U(s) we find 


1 1 
U(s) = =+—. 5.77 
()=5+— (6.77) 
Using the inverse Laplace transform, the exact solution is given by 
u(x) = 7+ e”. (5.78) 


Example 5.12 


Solve the Volterra integral equation by using by the Laplace transform 
method 


uG) (x) = sing + cosa + 2 sin(x — t)u(t)dt, 
0 


(5.79) 
u(0) = u’(0) = uw" (0) = u’”(0) = 1. 
Taking Laplace transform of both sides of (5.79) gives 
L{u")(x)} = L{sin xz} + L{cos xz} + 2L{sin(ax — t) * u(x)}, (5.80) 
so that 
1 8 
4 3_ 22 = 
s'U(s)—s —S§ Se gg ea el (5.81) 
Using the given initial condition and solving for U(s) we find 
1 
U(s) = (5.82) 
Using the inverse Laplace transform, the exact solution is given by 
u(a) =e”. (5.83) 


Exercises 5.2.3 


Solve the following Volterra integro-differential equations by using the Laplace trans- 
form method 


Ll. u(x) =1l+ta—2?4 [e t)u(t)dt, u(0) =3 


2.u/(#4)=2+2 5 [fe t)u(t)dt, u(0) = 1 


3. u’ (x) = —(a + b)u(zx) — ab | u(t)dt, u(0) =a—b 


x 
0 


4.ul'(@) = a + [e — t)u(t)dt, u(0) =0, u/(0) = 1 


5. ul’ (2) = —2 5° : [e t)u(t)dt, u(0) =0, u’(0) =2 


6. u'’ (x) = cosh x +f e~@~Yu(t)dt, u(0) = 1,u’(0) =1 
) 
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7. u(x) = cosh x — | e(®@—u(t)dt, u(0) = 1, u’(0) = -1 
) 


8. ul’ (x) = 4e” + af e(Yu(t)dt, u(0) = 1,u'(0) =2 
0 


9. ul" (x) = —ax 4 il sf @ t)3u(t)dt, u(0) =0, u’(0) =1 


dl 1. fp? 
10. u(x) =1+ 57 + al (2 — t)?u(t)dt, u(0) =1, u’(0) =0 
0 


11. a!" (2) = 14 e— 207 4 [fe t)u(t)dt, u(0) = 5,u"(0) = u"(0) =1 


12. u!"(x) =1 5 si @ — t)?u(t)dt, u(0) = u’’(0) = 0, u/(0) = 1 
a" Gime ‘ xt sf e@ t)2u(t)dt, u(0) = u’(0) = u/’(0) =1 


14. (ay et — | e2(®@—Du(t)dt, u(0) = u/(0) = u’(0) = u'”"(0) = 1 
0 


15. uw) (2) = 3e” + e?* -f e?(@—Hu(t)dt, u(0) = 0, 
0 
u’(0) =1, u’’(0) = 2, u’’’(0) =3 


16. u@Y) (2) = ; x0 ve | e2(@—Yu(t)dt, 
) 


u(0) =1, w/(0) =2, w(0) =u'"(0) =1 


5.2.4 The Series Solution Method 


It was stated before in Chapter 3 that a real function u(z) is called analytic 
if it has derivatives of all orders such that the Taylor series at any point 6 in 


its domain — 
u(e) = >= ) (x —b)”, (5.84) 


n=0 


converges to u(x) in a neighborhood of b. For simplicity, the generic form of 
Taylor series at x = 0 can be written as 


u(x) = ‘3 Ant”. (5.85) 
n=0 


In this section we will apply the series solution method for solving Volterra 
integro-differential equations of the second kind. We will assume that the 
solution u(a) of the Volterra integro-differential equation 


u(x) = foa)+a f K(a, t)u(t)dt, u (0) = klaz, O< k < (n—1), (5.86) 
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is analytic, and therefore possesses a Taylor series of the form given in (5.85), 
where the coefficients a,, will be determined recurrently. 

The first few coefficients a, can be determined by using the initial condi- 

tions so that 

1 1 

a9 =Uu(0), a,=u'(0), a= xe (0); a3 = ge (9), (5.87) 

and so on. The remaining coefficients a, of (5.85) will be determined by ap- 

plying the series solution method to the Volterra integro-differential equation 
(5.86). Substituting (5.85) into both sides of (5.86) gives 


a (n) x 66 
(>: at) = T(f(z))+ | K(a,t) (>: a) dt, (5.88) 
k=0 ° k=0 


or for simplicity we use 


(agp tayz+agx?+---)™ = r(s(a))+ [ K(a,t) (ao + ait + agt? +--+) dt, 
0 


(5.89) 
where T(f(a)) is the Taylor series for f(a). The integro-differential equation 
(5.86) will be converted to a traditional integral in (5.88) or (5.89) where in- 
stead of integrating the unknown function u(x), terms of the form t”, n > 0 
will be integrated. Notice that because we are seeking series solution, then 
if f(a) includes elementary functions such as trigonometric functions, expo- 
nential functions, etc., then Taylor expansions for functions involved in f(z) 
should be used. 

We first integrate the right side of the integral in (5.88) or (5.89), and 
collect the coefficients of like powers of «. We next equate the coefficients 
of like powers of x into both sides of the resulting equation to determine a 
recurrence relation in a;,7 > 0. Solving the recurrence relation will lead to 
a complete determination of the coefficients a;,7 > 0, where some of these 
coefficients will be used from the initial conditions. Having determined the 
coefficients a;,7 > 0, the series solution follows immediately upon substitut- 
ing the derived coefficients into (5.85). The exact solution may be obtained 
if such an exact solution exists. If an exact solution is not obtainable, then 
the obtained series can be used for numerical purposes. In this case, the more 
terms we evaluate, the higher accuracy level we achieve. 


Example 5.13 


Use the series solution method to solve the Volterra integro-differential equa- 
tion 


u(x) =1 +f u(t)dt. (5.90) 
0 
Substituting u(a) by the series 
u(x) = S- Anz”, (5.91) 
n=0 


into both sides of Eq. (5.90) leads to 
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(> on) =1+ [ (> ot") dt. (5.92) 
n=0 0 


n=0 
Differentiating the left side once with respect to x, and evaluating the integral 
at the right side we find 


co Co 1 
n-1 n 
=1 —An—12", 5.93 
are x + De 7 ani ( ) 
that can be rewritten as 
Co [oe) 1 
L)an4i2” =1 =An—12", 5.94 
a es Jan 412 Dee 10 ( ) 


where we unified the exponent of x in both sides, and used ap = 0 from the 
given initial condition. Equating the coefficients of like powers of x in both 
sides of (5.94) gives the recurrence relation 


1 
= — 3eCOanX—nX*_""" = . . 
a9=0, a,=1, anti noes pe n>1 (5.95) 
where this result gives 
1 
Aan =0, Gent = Ont! (5.96) 


for n > 0. Substituting this result into (5.91) gives the series solution 


1 2n+1 
u(x) = » Gari? (5.97) 
that converges to the exact solution 
u(a) = sinh a. (5.98) 


Example 5.14 


Use the series solution method to solve the Volterra integro-differential equa- 
tion 


u"(2)=1l+2 +f (x —t)u(t)dt, u(0) = u'(0) = 1. (5.99) 
(0) 
Substituting u(x) by the series 
ual — > onal”, (5.100) 
n=0 


into both sides of Eq. (5.99) leads to 


(>. oo =l+at+ i. (« —t) > ot") dt. (5.101) 
n=0 0 n=0 


Differentiating the left side twice, and by evaluating the integral at the right 
side we find 

— 1 
n(n —1)anx" 2 =14+aet+ er aan 5.102 
( ) rey ces ( ) 


Mle 


n 
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or equivalently 
CO 


“ol 
2a2 Gagx So(n 2)(n L)aacon” = ea n(n—1) 
Using the initial conditions and equating the coefficients of like powers of x 
in both sides of (5.103) gives the recurrence relation 


Qn—2u". (5.103) 


n=2 


1 1 
a=1, a=1, 2 = 5 93 = 37 
, (5.104) 
n = n—2> 2 2 
ne ee a 1) 
where this result gives 
1 
an = 7) (5.105) 
n! 


for n > 0. Substituting this result into (5.100) gives the series solution 


ce) =— > - I on (5.106) 


that converges to the exact solution 
u(x) =e”. (5.107) 


Example 5.15 


Use the series solution method to solve the Volterra integro-differential equa- 


tion 
zx 


u"(#) =1-—a+4+2sina -f (x — t)u(t)dt, u(0) = 1, u’(0) = u"(0) = -1. 


0 
(5.108) 
Substituting u(x) by the series 
u(x) = oa Oink”; (5.109) 
n=0 


into both sides of the equation (5.108), and using Taylor expansion for sin x 
we obtain 


wy 
lore) ioe) _1)\n 2 love) 
(>. on =1l-—2+4+2 S- ae _ i (« —t) > ot") dt. 
n=0 n=0 : 0 n=0 


(5.110) 
Differentiating the left side three times, and by evaluating the integral at the 
right side we find 


1 1 1 
6a3 + 24a4x + 60a5xr7 + 120agx? +--- =l14+2 ~agx" (5 + =Qy ge tess, 


6 
(5.111) 
where we used few terms for simplicity reasons. Using the initial conditions 
and equating the coefficients of like powers of x in both sides of (5.111) we 
find 
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1 
ao = 1, ay =-l, a= =F) 
7 (5.112) 
_ 1 = 1 - 1 , 
a3 31 a4 mk a5 i 


Consequently, the series solution is given by 


— =1)" 2n - =)" 2n4+1 
u(x) = a x acre a (5.113) 


that converges to the exact solution 


u(x) = cosxz — sina. (5.114) 
Example 5.16 


Use the series solution method to solve the Volterra integro-differential equa- 
tion 


u™) (2) =1+2— fe —t)u(t)dt, u(0) = u’(0) = 1, w”(0) = u”"(0) = -1. 


Proceeding as before we set 


eS (iv) " = 
(dooms = 12 f (<9 Sat Ja (5.116) 


n=0 n=0 
Differentiating the left side, integrating the right side, and using few terms 
for simplicity we find 


1 1 
24a4+120a52+360agr7+840a72°+--- = 1+a—Sagx*—-aia"+- vice (BATT) 


Using the initial conditions and equating the coefficients of like powers of x 
in both sides of (5.117) gives the recurrence relation 


1 
ao = 1, a, = 1, a2 = op 
, 11 
oil il _ il _ ot one 
a3 = 3p a4 = Al? a5 = FT a6 =~ er? 


Consequently, the series solution is given by 


— =1e 2n 7 =r 2n+1 
u(a) = a Dy orsia fic (5.119) 


that converges to the exact solution 
u(x) = cosx + sina. (5.120) 


Exercises 5.2.4 


Solve the following Volterra integro-differential equations by using the series solution 
method: 


l.u/(@)=1+ i: u(t)dt, u(0) = 0 
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ed ee [fe — t)u(t)de, u(0) =1 


3. u' (a) =2—2 5° [fe t)u(t)dt, u(0) = —1 
twre)ats [edna w=, 0)=0 

0 
5. ul’ (2) =2— 5 = [fe — t)u(t)dt, u(0) =0, u’(0) =2 


6. ul (a =coshz +f eH u(t)de, u(0) =1, u’(0) =1 
) 


7u" (2) =-l-a2+ [fe — t)u(t)dt, u(0) =1,u’(0) =1 


"(a) = z ey x u u(0) = 0, u’(0) = 
8. u"(#) =2-—2 Tull + | ( t)u(t)dt, u(0) = 0, u’(0) =1 


9. u(x) = -a+ 5° = AAG — t)u(t)dt, u(0) =0, u’(0) =1 

10. «"(e) =14 il [fe t)u(t)dt, u(0) = 1, w/(0) =2 

ll. u!"(2) =1+24 5° [e t)u(t)dt, u(0) = 1, u’(0) = 0,u"(0) =1 
Wt a 1 2 r a * zr zu Uu = a’! = ie = 

12. wl"(x) = 1+ 50? 4 I (a — t)?u(t)dt, u(0) = u"(0) =0, w/(0) =1 


13. uw’ (2) =1+2 = [fe t)u(t)dt, u(0) =1, u’(0) =1, w’’(0) =3 


Ls 


Sig fe t)u(t)dt, 
u(O) = u’(0) = wu’/’(0) = 1, u/’’"(0) = 7 


14. ul) (2) =1+2¢ 


15. uw’) (2) = 3e” + €?* -f e2(@—Hu(t)dt, u(0) = 0, 


0 
u’(0) =1, u’’(0) = 2, u’’’(0) = 3 
(iv) 1. 1s 7 
16. uw v)=1l+a-—a2 —x° 4 (a — t)u(t)dt, 
2! 3! 0 


u(0) = u'(0) =2, u(0) =u'"(0) =1 


5.2.5 Converting Volterra Integro- Differential 


Equations to Initial Value Problems 


The Volterra integro-differential equation 


u(x) = fa)+a f° K (a, t)u(t)dt, u (0) = klax,0 < k < (n—1), (5.121) 
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can be solved by converting it to an equivalent initial value problem. The 
study will be concerned on the Volterra integro-differential equations where 
the kernel is a difference kernel of the form K (x,t) = K(x—t), such as x—t. 
The reason for this selection is that we seek ODEs with constant coefficients. 
Having converted the integro-differential equation to an initial value problem, 
we then can use any standard method for solving ODEs. It is worth noting 
that the conversion process can be easily used, but it requires more works if 
compared with the integro-differential equations methods. 

The conversion process is obtained by differentiating both sides of the 
Volterra integro-differential equation as many times until we get rid of the 
integral sign. To perform the differentiation for the integral at the right side, 
the Leibnitz rule, that was introduced in Chapter 1, should be used. The 
initial conditions should be determined by using a variety of integral equations 
that we will obtain in the process of differentiation. To give a clear overview 
of this method we discuss the following illustrative examples. 


Example 5.17 


Solve the Volterra integro-differential equation by converting it to an initial 
value problem 


u(r) =1+ a u(t)dt, u(0) = 1. (5.122) 


Differentiating both sides of (5.122) with respect to x and using the Leibnitz 
rule we find 
u(x) = u(z), (5.123) 
with initial conditions given by 
w(O)= 1, w (0) = 1, (5.124) 
The second initial condition is obtained by substituting x = 0 in both sides 
of (5.122). The characteristic equation for the ODE (5.122) is 
r?—-1=0, (5.125) 
which gives the roots 


r=+1 (5.126) 
so that the general solution is given by 
u(x) = Ae* + Be”. (5.127) 


The constants A and B can be determined by using the initial conditions, 
where we find A = 1, B = 0. The exact solution is 


u(x) =e”. (5.128) 
Example 5.18 


Solve the Volterra integro-differential equation by converting it to an initial 
value problem 


ul(z) = 6-32? + in u(t)dt, u(0) = 0. (5.129) 
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Differentiating both sides of (5.129) with respect to x and using the Leibnitz 
rule we find 

u(x) — u(x) = -62, (5.130) 
with initial conditions given by 

u(0) = 0, u’(0) =6. (5.131) 
The second initial condition is obtained by substituting « = 0 in both sides 


of (5.129). The characteristic equation for the related homogeneous ODE of 
(5.129) is 


r?—-1=0, (5.132) 
which gives the roots 
= 1 (5.133) 
so that the complementary solution is given by 
Uc(z%) = Ae? + Be~*. (5.134) 
To find a particular solution u,(x), we substitute 
Up(x) = C+ Da, (5.135) 
into (5.130) and equate coefficients of like powers of x from both side to find 
that C = 0, D = 6. This gives the general solution 


u(x) = Uc(x) + Up(x) = Ae” + Be~* + 6. (5.136) 
The constants A and B can be determined by using the initial conditions, 
where we find A = 0, B = 0. The exact solution is given by 


u(x) = 62. (5.137) 
Example 5.19 


Solve the following Volterra integro-differential equation by converting it to 
an initial value problem 


u'(2) =1+a+ fe —t)u(t)dt, u(0)=1, w(0)=1. (5.138) 
Differentiating both ae and proceeding as before we find 
uw" (2) =1+ i u(t)dt, (5.139) 
and by differentiating again to remove Me integral sign we find 
u) (2) = u(z). (5.140) 


Two more initial conditions can be obtained by substituting « = 0 in (5.138) 
and (5.139), hence the four initial conditions are 


u(0)=1, w(0)=1, u’(0)=1, uw (0)=1. (5.141) 
The characteristic equation of (5.140) is 
ré_-1=0, (5.142) 


which gives the roots 


,4t,i=V-1, (5.143) 
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so that the general solution is given by 
u(a) = Ae* + Be~” + Ccosa+ Dsin«. (5.144) 


The constants A, B,C, and D can be obtained by using the initial conditions 
where we found A = 1 and B=C = D=0. The exact solution is given by 


u(x) =e”. (5.145) 
Example 5.20 


Solve the following Volterra integro-differential equation by converting it to 
an initial value problem 


u(x) =-l-24 [eo t)u(t)dt, u(0)=1, w(0)=1. (5.146) 


Differentiating both sides and proceeding as before we obtain 


u(x) =-1+ | u(t)dt, (5.147) 
0 
and by differentiating again to remove the integral sign we find 
ul) (2) = u(z). (5.148) 


Two more initial conditions can be obtained by substituting « = 0 in (5.146) 
and (5.147), hence the four initial conditions are 


u(0)=1, w(0)=1, w"(0)=-1, wv” (0) =-1. (5.149) 
The characteristic equation of (5.148) is 
r*—1=0, (5.150) 
which gives the roots 
r=+1,+i,i=V-1, (5.151) 
so that the general solution is given by 
u(z) = Ae* + Be™* + Ccosx+ Dsing. (5.152) 


The constants A, B,C, and D can be obtained by using the initial conditions 
where we found A = B = 0 and C = D = 1. The exact solution is given by 


u(x) = sina + cosa. (5.153) 


Exercises 5.2.5 


Solve the following Volterra integro-differential equations by converting the problem 
to an initial value problem: 


Lu’ (2) =1+ in u(t)dt, u(0) = 0 
0 
2.u'(x7)=-lt+a— [fe —t)u(t)dt, u(0) = 1 


3.w!" (a) =1+ [e —thu(t)dt, u(0) =1, u'(0) =0 
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4.u(a)=2+ ["(@-Hu(tat, u(0) =0, u!(0) =1 


” = 23 \ * bs uU u — u’ — 
5.ul" (2) =-1 pa t)u(t)dt, u(0) =1, u/(0) =1 


6.0!" (x 


—2 +[f (a —t)u(t)dt, u(0) = 0, u’(0) = 1 


a =1l+2 ae : x U u = u = 
7.u' (x) =14 aI . [ (x — t)u(t)dt, u(0) =1, u’(0) = 2 
Wy — 1 2 3 — / — 
8.u (x 5 ae [ (a — t)u(t)dt, u(0) = 1, u’(0) =4 


5.2.6 Converting Volterra Integro- Differential Equation 
to Volterra Integral Equation 


The Volterra integro-differential equation 
u(x) = f(a) +r | Keita, (5.154) 
0 


can also be solved by converting it to an equivalent Volterra integral equation. 
Recall that in integro-differential equations, the initial conditions are usually 
prescribed. The study will be focused on the Volterra integro-differential 
equations where the kernel is a difference kernel. Having converted the 
integro-differential equation to an equivalent integral equation, the latter 
can be solved by using any of the methods presented in Chapter 3, such 
as Adomian method, series solution method, and Laplace transform method. 

It is obvious that the Volterra integro-differential equation (5.154) involves 
derivatives at the left side, and integral at the right side. To perform the 
conversion process, we need to integrate both sides n times to convert it to a 
standard Volterra integral equation. It is therefore useful to summarize some 
of formulas to support the conversion process. 

We point out that the first set of formulas is usually studied in calculus. 
However, the second set is given in Section 1.4, where reducing multiple 
integrals to a single integral is presented. 


I. Integration of derivatives: from calculus we observe the following: 
| dk) = a, 
0 
xz L1 
i i CE tlie alee at OY ty, (5.155) 
0 JO 
x ry x2 1 
ik | i: ul" (i) dtdegday = u(x) ~ 5.22u"(0) ~ aul(0) ~ u(0), 
0 Jo Jo , 


and so on for other derivatives. 
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II. Reducing multiple integrals to a single integral: from Chapter 1, we 
studied the following: 


bi u(t)dtda = [e- dune, 
[ f° (x — t)u(t)dtdx =5 [ e-Htuoar, 
[ [ eae 5 [ed uteet 


(5.156) 


a [« t)?u(t)dtdr, = jf @-dtuet 


and so on. This can be generalized in the form 


xz Z1 x2 Zn-1 1 xz 
| | ; : f CaO en = | (x — t)"u(t)dt. 
0 Jo Jo 0 nm. Jo 
(5.157) 
The conversion to an equivalent Volterra integral equation will be illustrated 


by studying the following examples. 
Example 5.21 


oO 


Solve the following Volterra integro-differential equation by converting it to 
Volterra integral equation 


nore | “ude. 10) <0. (5.158) 


Integrating both sides from 0 to x, and using the aforementioned formulas 
we find 


u(x) — u(0) = 2 +f i u(t)dt. (5.159) 
o Jo 
Using the initial condition gives the Volterra integral equation 
eee 1 (e—au@di. (5.160) 
0 


We can select any of the proposed methods. The Adomian decomposition 


method will be used to solve this problem. Using the series assumption 
co 


u(a“) = S- Un(x), (5.161) 
n=0 
into both sides of the Volterra integral equation gives the recursion relation 


if 1 1 
u(t) =2, w(z)= 2°, ue(z)= 2°, us(x) = —27, (5.162) 


3! 5! 7! 
so that the series solution is given by 
1 1 1 
u(x) = a+ rl pe + 5a" +: (5.163) 


that converges to the exact solution 
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u(a) = sinha. (5.164) 
Example 5.22 


Solve the following Volterra integro-differential equation by converting it to 
Volterra integral equation 


u(c)=1+2—-274 [oe t)u(t)dt, u(0) = 3. (5.165) 


Integrating both sides once from 0 to x and using the formulas given above 
we obtain 
Le let fT 2 
u(z) — u(0) =a2+ -2°— =a? +— | (x—t)*u(t)dt. (5.166) 
2 3 2! Jo 
Notice that when we integrate the integral at the right side, we should use 
the formula (5.157) for the resulting double integral. By using the initial 
condition we obtain the Volterra integral equation 


1 1 1 [* 
u(x) =3+2+=07-—=22 +— | (a —t)?u(t)dt. (5.167) 
2 3 2! Jo 
We proceed as before and use the Adomian decomposition method to find 
1 
uo(z) = 3+a+ a = 37 
1 1 1 1 
= 3 A) Sy Be Se 6 
uy(“) = Tha + rk ++ B® — 3607? (5.168) 
1 1 1 
- 6 Ty 2B os 
Consequently, the series solution is given by 
1 1 1 1 
u(x) = 24 (1 + x4 Thal FT rk | ral o), (5.169) 
that converges to the exact solution 
u(x) = 2+”. (5.170) 


Example 5.23 


Solve the following Volterra integro-differential equation by converting it to 
Volterra integral equation 


u" (x) = —a+ [oe — t)u(t)dt, u(0) = 0, u’(0) = 1. (5.171) 


Integrating both sides twice from 0 to x and using the formulas given above 
we find 
1 1 f* 
u(x) — xu’(0) — u(0) = =a + | (x — t)?u(t)dt. (5.172) 
. . 0) 
Notice that when we integrate the integral at the right side, we should use the 
formula (5.157) for the resulting triple integral. By using the initial conditions 
we obtain the Volterra integral equation 
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u(a) =a —-— =a? + 2 6 — t)Pu(t)dt. (5.173) 
Jo 


We now select the successive approximations method and set the recurrence 
relation 


1 1 f* 
ty (z) = 2 — Thal a a t)>un—1(t)dt,n > 1. (5.174) 
! ! Jo 
Selecting the zeroth approximation uo(a) = x gives the approximations 
Uo(x) = 2, 
1 1 
w(z) =2@— Fae + a2”, (5.175) 
1 1 1 
u2(x) = 2 Thal niall ae | 7 
Consequently, the series solution is given by 
1 1 1 1 
u(x) =a“ ae Atal ae Thal : (5.176) 
that converges to the exact solution 
u(a) = sina. (5.177) 


Example 5.24 


Solve the following Volterra integro-differential equation by converting it to 
Volterra integral equation 


u(x) =1—24+2sinz [oe t)u(t)dt, u(0) = 1, u’(0) = -1, u”(0) = -1. 


(5.178) 
Integrating both sides three times from 0 to x and using the formulas given 
above we find 


1 1 ae 1 f* 
u(a) + Thal ta —1= 243 — 524+ 2? 4+ 2cosx—2+4+ af (a — t)*u(t)dt. 
. . 0) 


3! 4! 
(5.179) 
By using the initial conditions we obtain the Volterra integral equation 
= a ee i 2 4 
u(x) l-«4 me tye gt +2cosx + 7 : (a —t)°u(t)dt. (5.180) 
Using the Adomian decomposition method gives the recurrence relation 
1 1 1 
uo(z) = -1- 24 Tha | Til a + 2cos 2, 
uy(x“) = 2a ae | re | =i 2sinz+--- (5.181) 
pees 3° BT 6 —* 
1 
u(x) =2- it a5e = 30" 2008e + 3 


and so on. Consequently, the series solution is given by 
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1 1 1 1 
ue) = (1 Tal a -) (« Thal ah 


that converges to the exact solution 


u(a) = cosa — sina. 


Exercises 5.2.6 


Solve the following Volterra integro-differential equations by converting the problem 


to Volterra integral equation: 


iit) = 1 = ie u(t)dt, w(0) =0 2.u!(e) =1- [ u(t)dt, u(0) =1 


3.u"(x) =a+ [fe — t)u(t)dt, u(0) = 0,u’(0) =1 


4.ul (x) =1+e+4+ [fe — t)u(t)dt, u(0) = u’(0) =1 


"(¢) = : ™C u u(0) = 0, u’(0) = 
5. ue) = =1 get f( t)u(t)dt, u(0) =0, u/(0) =2 


6.ul' («x —a i + x il t ‘ (x t)u(t)dt, u(0) = 1, u’ (0) =2 
: (0) 


7. ul" (x) =l+z2x4 a6 | [e t)u(t)dt, u(0) = u’’ (0) ='d, u’ (0) =0 


my = —© 4 Ss \ tee ai i Sail! = au! = 
8. ul" (w) =1-e* + = aoe t)u(t)dt, u(0) = w’(0) =1, u’(0) =0 


5.3 Volterra Integro-Differential Equations of the First 


Kind 


The standard form of the Volterra integro-differential equation [11-12] of the 


first kind is given by 


| ” Ky (x, t)u(t)dt + i " Kola,t)u(#)dt = fe), Ko(«,t) £0, 
0 0 


(5.184) 


where initial conditions are prescribed. The Volterra integro-differential equa- 
tion of the first kind (5.184) can be converted into a Volterra integral equation 
of the second kind, for n = 1, by integrating the second integral in (5.184) 
by parts. The Volterra integro-differential equations of the first kind will be 
handled in this section by Laplace transform method and the variational 


iteration method. 
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5.3.1 Laplace Transform Method 


The Laplace transform method was used before for solving Volterra integral 
equations of the first and the second kind in Chapter 3. It was also used in 
this chapter for solving integro-differential equations of the second kind. 
The analysis will be focused on equations where the kernels Ay (a,t) and 
K2(a,t) of (5.184) are difference kernels. This means that each kernel depends 
on the difference (a — t). 
Taking Laplace transform of both sides of (5.184) gives 


L(Ky(x — t) x u(a)) + L(Ko(a — t) xu (a) = Lf (2)), (5.185) 
so that 
K1(s)U(s)+Ka(s) (s"U(s) — s™-1y(0) — s"-2u/(0) — --- — ul" (Q)) = F(s), 
(5.186) 
where 
U(s) = L(u(z)),Ki(s) =L(Ki(a)), Ke(s) = L(Ko(z)), F(s) = L(f(2)). 
(5.187) 


Using the given initial conditions and solving for U(s) we find 
F(s) + Ka(s) (s”—1u(0) + s”—2u/(0) Meas u("-)(0)) 


= Ki(s) + s"Ko(s) : 


(5.188) 


provided that 


By taking the inverse Laplace transform of both sides of (5.188), the exact 
solution is readily obtained. The analysis presented above can be explained 
by using the following illustrative examples. 


Example 5.25 
Solve the following Volterra integro-differential equation of the first kind 
‘i (x — t)u(t)dt + | (a — t)?u'(t)dt =3a—3sinaz, u(0)=0. (5.190) 
0 0 


Taking Laplace transforms of both sides gives 


1 2 3 3 
where by using the given initial condition and solving for U(s) we obtain 
1 
U(s) = —. 5.192 
()=r 5 (5.192) 
Taking the inverse Laplace transform of both sides we find 
u(a) = sina. (5.193) 


Example 5.26 
Solve the following Volterra integro-differential equation of the first kind 
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i (c —t+1)u"(t)dt =2ee* +e 2-1, u(0)=0, w(0)=1. (5.194) 
0 


Notice in this equation that Ay (x,t) = 0, and Ko(x,t) = («—t+1). Taking 
Laplace transforms of both sides gives 


i thc 2 t. 3 4 
s4+- U(s) — su(0) — u’(0)) = ——5 + ——- = -—-, (5.195 
(<p +5) (U6) ~ 500) - WO) = G+ FHF 6.195) 
where by using the given initial conditions and solving for U(s) we obtain 
1 
U(s) = ——. 5.196 
(= 5 (5.196) 
Taking the inverse Laplace transform of both sides we find 
u(x) = xre®. (5.197) 


Example 5.27 


Solve the following Volterra integro-differential equation of the first kind 
cos(x — t)u(t)dt + | sin(x — t)u’”"(t)dt = 1+ sinz —cosz, 
I 0 (5.198) 
u(0)=1, w(0)=1, w”(0)=-1. 
Notice in this equation that Ky(a,t) = cos(a —t), and Ko(a,t) = sin(x — ft). 
Taking Laplace transforms of both sides gives 


Ss ie) 2 / " = L 1 = 8 
Tel) + Tal U(s) —s*u(0)—su’(0) —u"(0)) = — (2ae oe 
(5.199) 
where by using the given initial conditions and solving for U(s) we obtain 
ik 8 
ed a, 2 
U(s) 2tigs (5.200) 
Taking the inverse Laplace transform of both sides we find 
u(a) =x + cosa. (5.201) 


Example 5.28 
Solve the following Volterra integro-differential equation of the first kind 


[oe — t)u(t)dt + if@ —t—1)u"(t)dt = sin 26, uOy = 1,47 (0): 


(5.202) 
Taking Laplace transforms of both sides gives 
1 


1 L7h. sas 
U(s) + Z (4 _ *) (s’?U(s) — su(0) — u’(0)) = Paya? 
where by using the given initial conditions and solving for U(s) we obtain 
Ug (5.204) 


A+ 5? 
Taking the inverse Laplace transform of both sides we find 


u(x) = cos 2a. (5.205) 


(5.203) 
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Exercises 5.3.1 


Solve the following Volterra integro-differential equations of the first kind by using 
Laplace transform method: 


x xz 1 
1. | x — t)u(t)dt +f (a — t)?u! (t)dt = 3a + a" — 3sina, u(0) =0 
0 0 


a — t)u(t)dt + | (a — t)?u’ (t)dt = 6 — 6cosx — 3rsina, u(0) =0 
) 
1 fe ; x 
x — t)u(t)dt — . (a —t+1)u'(t)dt = 22° — am u(0) = 5 
) 


1 
x—t+1)u'(t)dt =e” + rill —1, u(0)=1 


# 1 
x — t)u(t)dt +f (xw—t+1)u (t)dt = a" +sina, u(0) =—1, u’(0) =1 
0 


ot 


a a ad 1 1 
sin(x — t)u(t)dt — - | (2 — t)u’’(t)dt = =x — ~xcosz, u(0) =0, u’(0) =1 
5 a6 a° 2 


@ 


I 
I 
I 
5. ["(@— t+ tu" (dt = 2sing — 2, u(0) =—1,u"(0) =1 
i 
I 
I 


xv xz 1 
cosh(x — t)u(t)dt 4 | sinh(x — t)u’’(t)dt = =xe” — a sinha, 

0 ) 

u(0) =0, u’(0) =1 


9. [ cosh(a — t)u(t)dt + [ sinh(x — t)u’”’ (t)dt = ze”, u(0) = u'(0) = u’’(0) = 1 


10. a (@ — t)u(t)dt + — ae (a — #)?u!"(t)dt = 22?, u(0) = u'(0) =1, w’(0) = — 
11. is (a — t)u(t)dt — ale — t)tul (t)dt = a , u(0) = u’"(0) = 0, u’(0) = 2, 
12. [ (a — t)?u(t)dt — oak (a — t)3ul’’ (t)dt = at u(0) = u’’(0) =0, u’(0) =3 


5.3.2 The Variational Iteration Method 


The standard form of the Volterra integro-differential equation [11-12] of the 
first kind is given by 


[ Ki (a, t)u car+ fi Ko(x,t)u™ (t)dt = f(z), Ko(a,t) #0, (5.206) 


where initial conditions are prescribed. We first differentiate both sides of 
(5.206) to convert it to an equivalent Volterra integro-differential equation of 
the second kind, where Leibnitz rule should be used for differentiating the 
integrals at the left side, hence we obtain 
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ul) (x) = _ f(a) _ Ki (a,x) 
Ko(a,x2)  Ko(x,2x) 


Rea I Ox (t)dt, Ko(x,x) £0. 


u0) - oo = : 7 LEED oo ya 


(5.207) 
As stated before, to use the variational iteration method, we should first 
determine the Lagrange multiplier A. The Lagrange multiplier 1 can be de- 
termined based on the resulting integro-differential equations, where the fol- 
lowing rule for » 


ul” ar f(u(t), u'(t), u(t), i ,u(t)) =0,A= (—1)” 


(t > Zo), 


(5.208) 
was derived. Having determined, an iteration formula, should be used for 
the determination of the successive approximations u,+1(x),n > 0 of the 
solution u(a). The zeroth approximation uo can be any selective function. 
However, using the initial values u(0),u’(0),... are preferably used for the 
selective zeroth approximation uo as will be seen later. Consequently, the 
solution is given by 


(n —1)! 


u(x) = lim u,(2). (5.209) 


n—oco 


The VIM will be illustrated by studying the following examples. 
Example 5.29 


Solve the Volterra integro-differential equation of the first kind 
* 1 
(a —t+ 1)u'(t)dt = e* + a —1,u(0) =1. (5.210) 
0 


Differentiating both sides of (5.210) once with respect to x gives the Volterra 


integro-differential equation of the second kind 
u(r) =e" +24—- | u' (t)dt. (5.211) 
0 
The correction functional for Eq. (5.211) is given by 


guath—a [ (ui a¢ -t+ f uxindr) dt. (5.212) 


where we used \(t) = —1. The zeroth approximation uo(x) can be selected 
by uo(a) = 1. This gives the successive approximations 
uo(a) = 1, 
© 1 2 
uy(x) =e" + me > 
1 
u2(“) =1+a4+ Thal — rhe 
x 1 3 1 4 
u3(x) = e” — 3? + me (5.213) 
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ua(a) =1+a ae tae — Ae 
1a tia 6 
us(@) =1+a at + at + a? 
This gives 
Lg Ld De 
Un(z) =a2+ (14 ye + qt a” free), (5.214) 
The exact solution is therefore given by 
u(x) = a+ cosha. (5.215) 


Example 5.30 


Use the variational iteration method to solve the Volterra integro-differential 
equation of the first kind 


[oe — t)u(t)dt — 5[@ —t+1)u'(t)dt = 227 — x u(0) =5. (5.216) 


Differentiating both sides of (5.216) once with respect to x gives the Volterra 
integro-differential equation of the second kind 


u(x) = —82+1+ few —u'(t))dt. (5.217) 
0 


The correction functional for equation this equation is given by 


Ung1(£) = Un (a) — [ («i +8t-1- fewer —ul(r)) ar) dt. 


(5.218) 
where we used \(t) = —1. The zeroth approximation uo(x) can be selected 
by uo(a) = 5. This gives the successive approximations 

uo(x) = 5, 
u(t) =5+2+27, 
1 1 
ug(z4) =5+2 kal ra 
1 1 iL 
=5+t¢4+— 2 a a, Ce SS 
u3(x) B+ ye + ae + yt" — aoe fees, (5.219) 
= Cre Te eee 
ua(x) = 542 me tah + ae + oe 4 : 
1 1 1 1 
Us(a) =5+a Thal Till a a ; 
This gives 


1 1 
Un(x) = 44 (1 ta+—a+—23 4 rT | Fal oy). (5.220) 
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The exact solution is therefore given by 
u(x) =4+ e”. (5.221) 
Example 5.31 


Use the variational iteration method to solve the Volterra integro-differential 
equation of the first kind 


[e- du(tae+ [=e 1)u" (t)dt = sina + 32°, u(0) = —1,u’(0) =1. 


(5.222) 
Differentiating both sides of this equation once with respect to x gives the 
Volterra integro-differential equation of the second kind 


u(x) = cosa + 50? = [ u(t)dt — a u’ (t)dt. (5,223) 
The correction functional for equation this equation is given by 
Un+i(£) = Un (x) + [ ((t — x)T(#)) dt. (5.224) 
where : 
T(t) = (une — cost — se + iKcxo +ul(r)) ar) ‘ (5.225) 
The zeroth approximation uo(a) can be selected by uo(«) = —1+ 2 by using 


the initial conditions. This gives the successive approximations 
uo(x) =-l a x, 


1 
u(x) = 2+ Til — cos 2, 
i as 
ug(z) = -l+2 me Ugh to 
1, tu 
u3(a) = -l+2 eo qe (5.226) 
1 1 
ua(a) = -1 +a Tall Till : 
1, itu 6 8 
us(z) = -l+2 ae a? tat — a fore, 


This gives 


1 
Un(x) = x (1 Th me ~ at a" -). (5.227) 
The exact solution is therefore given by 
u(x) = % — cosa. (5.228) 
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Example 5.32 


Use the variational iteration method to solve the Volterra integro-differential 
equation of the first kind 


| sinh(x — t)u(t)dt + | cosh(a — t)u’’(t)dt = xe”, 
0 0 


u(0) = u’(0) = uw" (0) = 1. 
Differentiating both sides gives the Volterra integro-differential equation of 
the second kind 


u(x) = ve” + e* — | cosh(a — t)u(t)dt — | sinh(a — t)u’”(t)dt. (5.230) 
0 0 


(5.229) 


The correction functional for equation this equation is given by 


Un+i(£) = Un(x) — sf ((t — x)’Ty(t)) dt, (5.231) 
where 
Ty (t) = (ur — tet —et +f cosh(t — r)un(r)dr + [ u(r) ar) 


(5.232) 
The zeroth approximation can be selected by uo(x) = 1+ a+ $2” by using 
the initial conditions. This gives the successive approximations 


1 
uo(a) =1+2 Tha 
1 1 1 1 
u1(x) =l+z Thal 7 rT rl eer 
: : | (5.233) 
ug(z4) =14+a+ Th + Tall + Tal + ae + ae fore, 
This gives 
1 1 1 1 1 
Un(x) =1+24 Thal Thal a ae ar (5.234) 
The exact solution is therefore given by 
u(x) =e”. (5.235) 


Exercises 5.3.2 


Solve the following Volterra integro-differential equations of the first kind by using 
the variational iteration method: 


: a J = ge u(0) = 
1. [(@-ounar— 5 f (o—t+ Tu (@)dt= 5 + oa (0) =0 


2 [ (a@ — t)u(t)dt + [ (ce -—t+1)u'(t)dt =1+2—-cosz, u(0) =0 
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3. f x—t+1)u'(t)dt =1+sinxz—cosz, u(0) = 0 
ty) 
* : / 1 2 1 3 ; 
4. x — t)u(t)dt + (a —t+1)u’(t)dt = 3 “4 ao +sinz, u(0) =1 
ty) ) 


5. [ x—t+1)u’’(t)dt = 2sinz —2, u(0) =—1, u’(0)=1 
) 


xv x 1 
6. x — t)u(t)dt — i) (x7 —t+1)u (t)dt = al —sinhz, u(0)=1, u/(0)=1 
0 ) 


i 


ts | sinh(« — t)u(t)dt +f cosh(a — t)u!"(t)dt = se + 5sinh x, 
) ) 
u(0) = 1,u’(0) = —-1 

8. | (a —t)u(t)dt+ | (w@—t+2)u’’(t)dt = 2x, u(0) = 0,u/(0) = 1 
) ) 

9. | (a —t— 1)u(t)dt + / (« —t+1)u’’ (t)dt = 22 — Asing, 
i) ) 


u(0) = u’/(0) = 1,u’(0) = -1 
10. fe =£+ Dule)at — fe hae eae 
) 0 
u(0) = —1,u’/(0) = u’’(0) = 1 
11. [ sinh(x — t)u(t)dt — [ cosh(z — t)u’’’(t)dt = —x + sinha, 


u(0) = u’"(0) = u'/(0) =1 


« 1 fe 1 1 
12. 7 (a — t)u(t)dt — = | (@ —t+ 1)u’" (t)dt = —-2 + —23, 
0 2Jo 2° 6 


u(0) = u’"(0) =1,u/(0) =2 
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Chapter 6 
Fredholm Integro-Differential Equations 


6.1 Introduction 


In Chapter 2, the conversion of boundary value problems to Fredholm integral 
equations was presented. However, the research work in this field resulted in 
a new specific topic, where both differential and integral operators appeared 
together in the same equation. This new type of equations, with constant 
limits of integration, was termed as Fredholm integro-differential equations, 
given in the form 


b 
uw” (x) = f(x) +f K (a, t)u(t)dt, u™ (0) = bk, 0<k<n—-1, (6.1) 

a 
where u\”)(x) = a Because the resulted equation in (6.1) combines the 
differential operator and the integral operator, then it is necessary to de- 
fine initial conditions u(0),u/(0),...,u"—)(0) for the determination of the 
particular solution u(x) of equation (6.1). Any Fredholm integro-differential 
equation is characterized by the existence of one or more of the derivatives 
u'(a), u’(x),... outside the integral sign. The Fredholm integro-differential 
equations of the second kind appear in a variety of scientific applications such 

as the theory of signal processing and neural networks [1-3]. 

A variety of numerical and analytical methods are used in the literature 
to solve the Fredholm integro-differential equations. In this chapter, these 
equations will be handled by using the traditional methods, namely, the direct 
computation method and the Taylor series method. Moreover, these equations 
will be handled by the newly developed methods, namely the variational 
iteration method, and the Adomian decomposition method. 
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6.2 Fredholm Integro-Differential Equations of the 
Second Kind 


In this chapter, we will focus our study on the equations that involve separable 
kernels where the kernel K (x,t) can be expressed as a finite sum of the form 


K(2,t)= > onle) he. (6.2) 
k=1 


Without loss of generality, we will make our analysis on a one term kernel 
K(a,t) of the form 
K(a,t) = (2) h(t). (6.3) 


Other cases can be examined in a like manner. The non-separable kernel can 
be reduced to separable kernel by using the Taylor expansion for the kernel 
involved. However, the separable kernels only will be presented in this text. 
The methods that will be used were presented before in details, but here we 
will outline the main steps of each method to illustrate its use. 


6.2.1 The Direct Computation Method 


The direct computation method has been introduced in Chapter 4. The stan- 
dard form of the Fredholm integro-differential equation is given by 


u™ (x) = f(x) + / ” K(~w, tutta, u) (0) = by, O<k<n—-1 (64) 


where u‘")(x) indicates the nth derivative of u(x) with respect to x and by 
are the initial conditions. Substituting (6.3) into (6.4) gives 


u™ (x) = f(x) + g(x) ie h(t)u(t)dt, u™)(0)=bk, O<k<n—1. (65) 


We can easily observe that the definite integral in the integro-differential 
equation (6.5) involves an integrand that depends completely on the variable 
t. This means that the definite integral at the right side of (6.5) is equivalent 
to a constant a. In other words, we set 


b 
a= ‘] h(t)u(t)dt. (6.6) 
Consequently, Equation. (6.5) becomes 
ul (a) = f(x) + ag(a). (6.7) 


Integrating both sides of (6.7) n times from 0 to x, and using the prescribed 
initial conditions, we can find an expression for u(x) that involves the constant 
a in addition to the variable x. This means we can write 


u(x) = v(x; a). (6.8) 
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Substituting (6.8) into the right side of (6.6), evaluating the integral, and 
solving the resulting equation, we determine a numerical value for the con- 
stant a. This leads to the exact solution u(x) obtained upon substituting 
the resulting value of @ into (6.8). It is important to recall that this method 
leads always to the exact solution and not to series components. The method 
was used before in Chapter 4 for handling Fredholm integral equations. The 
method will be illustrated by studying the following examples. 


Example 6.1 
Solve the following Fredholm integro-differential equation 
1 
u(x) =3+6r+ of tu(t)dt, u(0) =0. (6.9) 
0 
This equation may be written as 
u(r) =3+6r+azr, u(0)=0, (6.10) 
obtained by setting 
1 
a= | tu(t) dt. (6.11) 
0 


Integrating both sides of (6.10) from 0 to x, and by using the given initial 
condition we obtain 


1 
u(x) = 3a + 347 + sor (6.12) 
Substituting (6.12) into (6.11) and evaluating the integral yield 
1 
7 1 
hence we find 
a=2. (6.14) 
The exact solution is given by 
u(x) = 3a + 4a”. (6.15) 


Example 6.2 


Solve the following Fredholm integro-differential equation 
1 
u"(z4)=1-—e+e +f u(t)dt, u(0) = u'(0) =1. (6.16) 
0 


This equation may be written as 
u(r) =1—-e+e*4+a, u(0)=1, w'(0)=1, (6.17) 
obtained by setting 


a= [ u(t)dt. (6.18) 
0 


Integrating both sides of (6.17) twice from 0 to 2, and by using the given 
initial conditions we obtain 
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ioe 
u(z) -a2@-1l= eo? +e*—1-g@, (6.19) 


or equivalently 


_l-eta 2 


u(a) 5 xu +e". (6.20) 
Substituting (6.20) into (6.18) and evaluating the integral we obtain 
1 
i 
a= | u(t)dt = —" coe (6.21) 
0 
hence we find 
a=e-l. (6.22) 
The exact solution is given by 
u(x) =e”. (6.23) 


Example 6.3 


Solve the following Fredholm integro-differential equation 


u(x) = 2+sin xf (x—t)u(t)dt, u(0) = 1, u’(0) =0, uw’ (0) = —1. (6.24) 
0 
This equation may be written as 


u"(2) =2+6-—axr+sinz, u(0)=1, u’(0) =0, u”(0)=—-1, — (6.25) 
obtained by setting 
a= | u(t)dt, B= - tu(t)dt. (6.26) 
0 0 


Integrating both sides of (6.25) three times from 0 to «, and by using the 
given initial conditions we obtain 


1 
u(x) = 3 (2 + B)a? — ra + cosa. (6.27) 
Substituting (6.27) into (6.26) and evaluating the integrals we find 
x Qos he a ¢ 
=— -= =— — —7" — 2. 2 
a=Te+8)-S0, b= L2+8)- sn (6.28) 
Solving this system of equations gives 
a=0, ~=-2. (6.29) 
The exact solution is given by 
u(x) = cosa. (6.30) 
Example 6.4 


Solve the following Fredholm integro-differential equation 


m 


ul) (x) = (2a — 7) + sina + cosa — [re — 2t)u(t)dt, (6.31) 


u(0) = u’(0) =1,  w”(0) = w’”(0) = -1. 
This equation may be written as 
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ul) (x) = (2-—a)x+(28—7)+sinxz+cosz, 
u(0) =u/(0)=1,  u"(0) = u'"(0) = -1, 
obtained by setting 


(6.32) 


a= | u(t)dt, a= | tu(t)dt. (6.33) 


Integrating both sides of (6.32) four times from 0 to 2, and by using the given 
initial conditions we obtain 


1 1 
u(a) = sina + cosa + (= — x) + (4 — =) a. (6.34) 
Substituting (6.34) into (6.33) and evaluating the integrals we find 
76 7 
= 10 2 
76080 10+) + 2+ To55). 
i. - (6.35) 
ane 
8 = — 359560 (29 + 30) + (5 + Feqg9) 
Solving this system of equations gives 
a=2,8= = (6.36) 


The exact solution is therefore given by 
u(z) = sinz + cosa, (6.37) 
obtained upon substituting (6.36) into (6.34). 


Exercises 6.2.1 


Solve the following Fredholm integro-differential equations by using the direct com- 
putation method 


1 
1. u/ (x) = 122 +f u(t)dt, u(0) =0 
0 


N 
eS 


1 
x) = 3627 +f u(t)dt, u(0) =1 
0 
3. u(x) = sec? x — In2 + pr u(t)dt, u(0) =0 
0 
i 
A. u'(x) = —10x +f (a —t)u(t)dt, u(0) =1 
—1 


nw/4 
5. u’ (x) = 2sec? xtana —1 +f u(t)dt, u(0) =1 
) 


vz) =—-1+cosr+ tu(t)dt, u(0) =0 
0 


a 
eS 


via 


7. u(x) =—l—sing +f tu(t)dt, u(0) =0, u’(0) =1 


8. u(x) =2—cosax +f tu(t)dt, u(0) = 1,u’(0) =0 
0) 
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9. u(x) = —2a — sine + cos 4 [ vu(t)dt, u(0) = —1, u’(0) =1 


In 2 
10. u(x) =1—3ln2+44coshz +f tu(t)dt, u(0) = 4, u’(0) =0 
0 


11. u(x) = 2a — xsinez + 2cosz 4 p (t — x)u(t)dt, u(0) = 0, u’(0) =0 


12. u!’(x) = 4x — sine +f? (2 — t)?u(t)dt, u(0) = 0, u’(0) =1 


ees 
2 


In 2 
13. u!""(x) =5m2—3—2+4coshz 4 i (a — t)u(t)dt, 
) 


u(0) = u’’(0) = 0, u’(0) =4 
14. u(x) =e-2-—ax+e*(342) 4 | (a — t)u(t)dt, 


u(0) = 0,u’(0) = 1, uw’ (0) = 2 


15. u@Y) (x) = —1 + sine + i. tu(t)dt, u(0) = u’’(0) = 0, u’/(0) = 1, u’”"(0) = — 
0 


16. uw?) (2) = 4a + sine + i * (a — t)?u(t)dt, u(0) = u’’(0) = 0, 


see 
2 


u’(0) =1, w’’’(0) = — 


6.2.2 The Variational Iteration Method 


The variational iteration method [4] was used in Chapters 3, 4 and 5. The 
method provides rapidly convergent successive approximations of the exact 
solution if such a closed form solution exists. 

The standard ith order Fredholm integro-differential equation is of the 
form 


u (x o+f K(a,t)u (6.38) 
where u (a) = aes and u(0),u/(0),...,u-)(0) are the initial conditions. 
The correction functional for the integro-differential equation (6.38) is 
Un+1(£) = Un (x) +f AE) (we (2)( @-[ K(€,1r)tin(r nar) dé. (6.39) 

0 


As presented before, the variational iteration method is used by applying 
two essential steps. It is required first to determine the Lagrange multiplier 
A(€) that can be identified optimally via integration by parts and by using a 
restricted variation. Having \(€) determined, an iteration formula, without 
restricted variation, should be used for the determination of the successive 
approximations Un+i(x),n > 0 of the solution u(x). The zeroth approxima- 
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tion uo can be any selective function. However, using the given initial values 


u(0), u’(0),... are preferably used for the selective zeroth approximation uo 
as will be seen later. Consequently, the solution is given by 
u(x) = lim u,(z). (6.40) 


The VIM will be illustrated by studying the following examples. 
Example 6.5 


Use the variational iteration method to solve the Fredholm integro-differential 
equation 


u(x) = —1+cosr+ p tu(t)dt, u(0) = 0. (6.41) 
0 


The correction functional for this equation is given by 


unga(t) = tn(a) — [ (wie +1-coe- 


where we used A = —1 for first-order integro-differential equations. Notice 
that the correction functional is the so-called Volterra-Fredholm integral 
equation, because it involves both types of integral equations. 

We can use the initial condition to select uo(x#) = u(0) = 0. Using this 
selection into the correction functional gives the following successive approx- 
imations 


ps 
2 


TUn(T) i) dg, (6.42) 


uo(x) = 0, 
ui(x) = uo(a) — [ (ue + 1—cosé — a rw(rir) dé 
=sinz— 2, 


U2(x) = u(x) — 7 (He +1-—cosé— . ra (rr) dg 


73 


= (sina — x7) + (<- =) ; 
u3(a) = u(x) — [ (ue +1-—cosé — I rea(rir) dé 

= (sing — x) 4 (« oe) (Fe =.) 
ua(x) = us(x) — [ (ue +1 -—cosé— i reir) dé 


Ci ) 1 ne 76 4: 7 ‘ 
=(sinx—2)+l x%-—ax)4+{|— —-r a et 
DA 24° 576 576. 


and so on. The VIM admits the use of 
u(x) = lim u,(z). (6.44) 


n—- co 


(6.43) 
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It is obvious that noise terms appear in the successive approximations, where 
by canceling these noise terms, we obtain the exact solution 


u(a) = sina. (6.45) 
Example 6.6 


Use the variational iteration method to solve the Fredholm integro-differential 
equation 


u(x) =2—cosx +/ tu(t)dt, u(0)=1, u'(0)=0. (6.46) 
0 
The correction functional for this equation is given by 
Un4i(2) = un(a)+ f (€—2) (x —2+cos€ -f TUn(T) ar) dé, (6.47) 
0 0 
where \ = € — x for second-order integro-differential equations. 
We can use the initial conditions u(0) = 1,u’(0) = 0 to select the zeroth 
approximation by 
uo(x) = u(0) + cu’(0) = 1. (6.48) 
Using this selection into the correction functional gives the following succes- 
sive approximations 


uo(z) = 1, 


uy(a) = uo(x) +f (€—2) (wo —2+cos€ — ruo()r) dé, 
0 0 
=cosx+ x? (1+ «) ; 
ug(x) = ui (2) +f (€—2) (wr —24+cos€ — rua(r)dr dé, 
0 0 
= cosz+ 2x? (1+ «) a? (1 «) + x (= + =) oe) 
u3(x) = ue(x) + [« — 2) (ue —2+cos€ — [ rua(r)dr) dE, 
1 r 1 a(n. x 
= cose +2? (145) e(i+t)+e (+5) 


—x? (=+5) asa 
8 32 , 
and so on. The VIM admits the use of 
u(a“) = Jim Un(2). (6.50) 
Canceling the noise terms gives the exact solution 
u(x) = cosa. (6.51) 
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Example 6.7 
Use the variational iteration method to solve the second-order Fredholm 
integro-differential equation 


ul (x) = 2a —axsing + 2cosz — | "(a — t)u(t)dt, u(0) = u’(0) = 0. (6.52) 
-3 
The correction functional for this equation is given by 


Un+i(“) = Un(x) + fe — ax) ,(E)dE, n=O, (6.53) 


where 


Tn(€) = ul (€) — 2€ + Esin € — 2cos€ 4 [ (€ —r)un(r) dr. (6.54) 


x 
2 


We can use the initial conditions u(0) = 0,u’(0) = 0 to select the zeroth 
approximation by 
uo(x) = u(0) + xu’(0) = 0. (6.55) 


Using this selection into the correction functional gives the following succes- 
sive approximations 


uo(x) = 0, 
u(2) = wole) + f(E- a)Fol€)de = asin + 50° 


tin(#) = tu (a) + | “(€— a)P 1 (Ode 


1 1 2 6.56 
= (sins 0°) ( ae | a), i) 


sing + 0%) + Egg \d. a 
= [ xsin —2x —-2 — —_— ee 
sae 3 480° 480° 


and so on,where 


Di (€) = uj (€) — 26 + sing — 2cos€ 4 [=u dr,i>0. (6.57) 


Canceling the noise terms gives the exact solution 
u(x) = xsin a. (6.58) 


Example 6.8 


Use the variational iteration method to solve the third-order Fredholm 
integro-differential equation 
1 
ite = e-1+ / tu(t)dt, u(0) =1, u'(0) =1, w’(0)=1. (6.59) 
0 


222 6 Fredholm Integro-Differential Equations 


The correction functional for this equation is given by 


unsila) =e) — 5 f Ea (ull 41— f run(e) ar) a 


(6.60) 
where \ = —$(€ — 2)? for third-order integro-differential equations. 
The zeroth approximation uo() can be selected by 
1 A 
uo(x) = u(0) + xu’(0) + ae (0) =1l+a+ Ta (6.61) 


Using this selection into the correction functional gives the following succes- 
sive approximations 


1 
uo(z) =1+2+ Pe 


2 
x 1 
uaz) = ola) ~ 5 f(- a)? (wre) —eF+1— f ruolrydr) a 
— pt 1 3 
e 14a” ; 


volo) = mala) — 5 Ea (wt -S41- f raorar) a (662) 


a oe ee oe eee 
Se aa 144” ~ 4320" |” 


_ (ets), (1s 29) 4 (2 ge 
at Gama 144” ~ 4320" 7320" ; 


and so on. Canceling the noise terms gives the exact solution 
u(x) =e”. (6.63) 


Exercises 6.2.2 


Solve the following Fredholm integro-differential equations by using the variational 
iteration method 


1 
1. u(x) = 12x +f u(t)dt, u(0) =0 
0 
1 
2. u’ xv) = —4+4 6a +f u(t)dt, u(0) = 2 
0 


3. u! (x) = sec? x —In2+ iM u(t)dt, u(0) =0 
) 


4. u! (x) = —8a + _ (a —t)u(t)dt, u(0) = 2 
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T/A 
5. u' (x) = 2sec? x tana —1 +f u(t)dt, u(0) =1 
) 


La 


6. u(x) = —1+cosz 4 [re t)u(t)dt, u(0) = 0 


zr 


7.u"(2)=—-1l—-sing+ I tu(t)dt, u(0) =0,u'(0) =1 


8. u(x) = -2-—cosx4 [a t)u(t)dt, u(0) = 1,u’(0) =0 


9. u(x) = —2 — sinx +cosz 4 | ru(t)dt, u(0) = —1,u’/(0) =1 
0 


In 2 
10. u(x) = —44+3In2+4coshz 4 7 (1 — t)u(t)dt, u(0) = 4, u/(0) =0 
0 


ll. u!’(x) = 2x —axsinz + 2cosz 4 - (t — x)u(t)dt, u(0) =0, u’(0) =0 
-2 


12. uw’ (x) = 4m — cosx + [ (x — t)?u(t)dt, u(0) = 1, u’(0) =0 


In 2 
13. u(x) =5In2-3-—2+44coshe 4 | (a — t)u(t)dt, 
0 


u(0) = w’(0) =0, u’(0) =4 


14. wu!" (a) =-1lte™4+ fe tu(t)dt, u(0) u’ (0) u’’(0) 1 
10) 


a 
2 


15. u@) (x) = -1+sine +/ tu(t)dt, u(0) = u’’(0) =0, u’(0) =1, w’’’(0) = —-1 
0 


16. u@) (x) = 2+ cosa +f tu(t)dt, u(0) = 1, u’(0) = u’’’(0) =0, u’’(0) = —-1 
i) 


6.2.3 The Adomian Decomposition Method 


The Adomian decomposition method was presented before and used thor- 
oughly in previous chapters. This method was used in its standard form 
to obtain the solution in an infinite series of components that can be re- 
currently determined. In addition, it was used jointly with the noise terms 
phenomenon. Moreover, a modified form was developed to facilitate the com- 
putational work. The obtained series may give the exact solution if such a 
solution exists. Otherwise, the series gives an approximation for the solution 
that gives high accuracy level. 

The main focus in this section will be directed to converting a Fredholm 
integro-differential equation to an equivalent Fredholm integral equation. The 
converted Fredholm integral equation can then be solved by any of the meth- 
ods presented before in Chapter 4, such as the direct computation method, 
successive approximations method, and others. However, in this section we 
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will use the Adomian decomposition method for solving the Fredholm integro- 
differential equation by converting it first to an integral equation. The Ado- 
mian decomposition method was presented in details in previous chapters, 
only a summary will be outlined here. 

Without loss of generality, we may assume a second order Fredholm 
integro-differential equation given by 


b 
u" (x) = f(x) +f K(a,t)u(t)dt, u(0)=ao, u’(0) =ay. (6.64) 


Integrating both sides of (6.64) from 0 to x twice gives 
u(x) =ao t+aiz+L~'(f(x))+L74 (/ K(a,t) u(t) ; (6.65) 


where the initial conditions u(0) = ao and u’/(0) = a; are used, and L~! isa 
two-fold integral operator. The Adomian decomposition method admits the 
use of the decomposition series 


u(x) = S° un(2), (6.66) 
n=0 


into both sides of (6.65) to obtain 


>; un(£) = ag +a,0+L7*(f(x)) +274 Uf K(a,t) S- ont) , (6.67) 
n=0 0 n=0 


or equivalently 
uo(x) + ur (x) + u2(x) + ug(z) +--+ = ap +ayx+ L7'(f(a)) 


b b 
eps ( | (ata) +57 ( | (at) he 
+L7} ( [ #eonatoa eee 


Consequently, to determine the components wo(x), ui(x), v2(x), us (a),... of 
the solution u(x), we set the recurrence relation 


ug(x) = ag +ayx+L7'(f(x)), 


b 
uesi (2) = Lt (/ (a ta(0a , k&20, 


where the zeroth component u(x) is defined by all terms not included inside 
the integral sign of (6.68). Having determined the components u;(x),i > 0, 
the solution u(a) of (6.64) is then obtained in a series form. Using (6.66), the 
obtained series converges to the exact solution if such a solution exists. 

We point out that some modified forms of the Adomian method was devel- 
oped in the literature. The most commonly used form is that one developed 
in [5-6] and was employed in Chapter 3. In what follows, we summarize the 
main steps for this modified form. 


(6.69) 
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The Modified Decomposition Method 


The Adomian decomposition method provides the solutions in an infinite 
series of components. The method substitutes the decomposition series of 
u(x), given by 


Co 


u(x) = ye Un(2), (6.70) 


n=0 


into both sides of the Fredholm integral equation 


b 
u(x) = f(x) + | K (a, t)u(t)dt. (6.71) 
The standard Adomian decomposition method introduces the recurrence re- 
lation 
uo(x) = f(x), 


b 
Unti(Z) = af K(x, t)uz(t)dt, k>0. (6.72) 


In view of (6.72), the components u,,(x), n > 0 are readily obtained. 

The modified decomposition method presents a slight variation to the re- 
currence relation (6.72) to determine the components of u(x) in an easier and 
faster manner. For many cases, the function f(x) can be set as the sum of 
two partial functions, namely f;(a) and f(x). In other words, we can set 


f(x) = file) + fala). (6.73) 
In view of (6.73), we introduce a qualitative change in the formation of the 
recurrence relation (6.72). The modified decomposition method identifies the 
zeroth component uo(x) by one part of f(a), namely fi(a) or fo(x). The 
other part of f(a) can be added to the component u(x) that exists in the 
standard recurrence relation. The modified decomposition method admits the 
use of the modified recurrence relation 


uo(a) = fil), 


b 
u1(x) = fo(x) + | ad (6.74) 


b 
teat af Ree pained, kS*: 


It is obvious that the difference between the standard recurrence relation 
(6.72) and the modified recurrence relation (6.74) rests only in the formation 
of the first two components uo(x) and u(x) only. The other components 
uj,j => 2 remain the same in the two recurrence relations. 

It is interesting to recall that the noise terms phenomenon can be used 
here. This phenomenon was employed before, but it is useful to summarize 
the main steps of this phenomenon. 
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The Noise Terms Phenomenon 


It was shown before that if the noise terms appear between components of 
u(a), then the exact solution can be obtained only by considering only the first 
two components uo(xz) and ui(a). The noise terms are defined as the identical 
terms, with opposite signs, that may appear between the components of the 
solution u(a). The conclusion made by [5-8] suggests that if we observe the 
appearance of identical terms in both components with opposite signs, then 
by canceling these terms, the remaining non-canceled terms of ug may in some 
cases provide the exact solution, that should be justified through substitution. 
It was formally proved that other terms in other components will vanish in 
the limit if the noise terms occurred in uo(x) and u(x). However, if the 
exact solution was not attainable by using this phenomenon, then we should 
continue determining other components of u(x) in a standard way. 

The Adomian decomposition method, the noise terms phenomenon, and 
the modified decomposition method for solving Fredholm integro-differential 
equations will be illustrated by studying the following examples. The selected 
equations are of orders 1, 2, 3, and 4. Other equations of higher orders can 
be treated in a like manner. 


Example 6.9 


Use the Adomian decomposition method to solve the Fredholm integro- 
differential equation 


ul (x) = 362? + fat u(0) = 1. (6.75) 


Recall that the integral at the right side is equivalent to a constant because 
it depends only on the variable t with constant limits of integration for t. 
Integrating both sides of Eq. (6.75) from 0 to x gives 


1 
u(x) — u(0) = 1223 + & (/ u(t) ; (6.76) 
0 
which gives upon using the initial condition 
1 
u(z) =1412e% +e ¢ u(t) : (6.77) 
0 


Substituting the series assumption 


u(x) = be Un(2), (6.78) 


n=0 


into both sides of (6.77) gives 


oC =14+1223 +2 (ff domioa), (6.79) 
n=0 0 n=0 


The components u,(x),7 > 0 of u(x) can be determined by using the recur- 
rence relation 
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1 
uo(z) =14122°,  upsi(x) = of ug(t)dt, k>O0. (6.80) 
0 
This in turn gives 


1 
uo(x) = 1+ 122°, ui(x) = a uo(t)dt = 4x, 
0 


=f - =2r7, us(x)=2 a: =2 jot) 
ug(x) = 7 1(t)dt = 2 5 3( ) | 2(t)dt ; 


The solution in a series form is given by 


1 1 
ua) =14 1a e4e(14 s+ tHe), (6.82) 
which gives the exact solution 
u(z) =14+ 824 122%, (6.83) 


obtained upon evaluating the sum of the infinite geometric series. 
Example 6.10 


Use the Adomian decomposition method to solve the Fredholm integro- 
differential equation 


u" (x) =2—cosx +f tu(é)di, u(0)=1, w'(0)=0. (6.84) 
0 
Integrating both sides of Eq. (6.84) twice from 0 to x gives 
1 Tv 
u(x) — u(0) — eu’(0) = —1+cosx+ 2? 4 Lal (/ tu(td) ; (6.85) 
0 


which gives upon using the initial conditions 


1 Tv 
u(x) =cosxz +27 + at (/ tu(ddt) : (6.86) 
0 
Substituting the series assumption 
u(x) = S° un(2), (6.87) 
n=0 


into both sides of (6.86) gives 


> Un(x) = cosx + a + td (/ SS (0a . (6.88) 


n=0 


Proceeding as before, we set the recurrence relation 
1 Tv 
uo(z) =cosz+2*, Ugsi(z) = so | tu,(t)dt, k>0. (6.89) 
0 
This in turn gives 


wT 4 
uo(z) =cosr+27, u(x) = so | uo(t)dt = —a? + =a. (6.90) 
0 
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The noise terms +? appear between uo(x) and ui(x). Canceling the noise 
term from uo(x) gives the exact solution 


u(x) = cosa, (6.91) 
that justifies the integro-differential equation. 


Example 6.11 


Use the Adomian decomposition method to solve the Fredholm integro- 
differential equation 


u(x) =— 2+ | atu(t)dt, u(0)=u'(0) =wu"(0) =1. (6.92) 


Integrating both sides of Eq. (6.92) three times from 0 to x, and using the 
initial conditions we obtain 


1 1 ' 
u(x) = e* — —a° + —2° | tu(t)dt ) . (6.93) 
3! 3! 0 
Proceeding as before, we set the recurrence relation 
x i 3 1 3 : 
uo(x) = e* — Piha Unqi(@) = 37 tu,(t)dt, k>0. (6.94) 
! ! 0 
This in turn gives 
1 
uo(a) = e® — rT 


i : 29 6.95 
Ug(x) = x | tuy(t)dt = 00" ° 022) 


0 
u3(x) = =o i tu2(t)dt = oe 
The solution in a series form is given by 
ue) =e Fah + ea (14 St) (6.96) 


The infinite geometric series has a, = l,r = z. The sum of the infinite 
geometric series is given by 


1 30 
i % ~ 39 een) 
Using this result gives the exact solution 
u(a) = e” (6.98) 


Example 6.12 


Use the Adomian decomposition method to solve the Fredholm integro- 
differential equation 
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(a) 1-248 f° t)u(t)dt 
ul) (x x+sinz 4 x u ; 
(x) Ne Dutt a 
u(0) = u"(0) =0, w’(0) = —w'"(0) = 1. 
Integrating both sides of Eq. (6.99) four times from 0 to x and using the 
initial conditions we find 


x 


1 1 1 2 1 2 
u(a) = sina + ae - ral + af u(t)dt — a tu(t)dt. (6.100) 


Substituting the series assumption and proceeding as before we obtain the 
recurrence relation 


uo(x) = sina + =n ~ aa, 
i z ; 5 (6.101) 
Uk+1 = ze | ug(t)dt — a | tuz(t)dt, k>O0. 
AV Jo 3! Jo 
This in turn gives 
L3_lua D6. ic al 
uo(x) = sina + Tee Thal uy(a“) = ~ 32 + rh fee, (6.102) 


Canceling the noise terms 42°,—724 from uo(x) gives the exact solution 
u(a) = sina. (6.103) 


Exercises 6.2.3 


Solve the following Fredholm integro-differential equations by using the Adomian 
decomposition method 


1. u! (x) = sec? « —In2+ p u(t)dt, u(0) = 0 
0 


v)=—-1+ 247+ [ u(t)dt, u(0) = 0 
0 


N 
eS 


x) =6+17a+ [ cu(t)dt, u(0) =0 


0 


w 
e 


x 


4. ul (2) = —/3 + 2sec? xtanz + p u(t)dt, u(0) = 1 
ny) 


x 


5. ul (a) = — =x +sin 2x + - u(t)dt, u(0) =0 
“= 


6. u'(w) =1—2+cosz 4 [re t)u(t)dt, u(0) = 0 


fuse 
2 


7 u(x) = = — 2cos 2x +f u(t)dt, u(0) =1, u’(0) =0 
) 
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8. u(x) = 2% — cos x +f ctu(t)dt, u(0) =1, u’(0) =0 
0 


9. u(x) = —22 — sing + cosz4 [ cu(t)dt, u(0) = —1, u’(0) =1 


10. u!’(x) = —2 — cosa [e t)u(t)dt, u(0) = 1, u’(0) =0 


In 2 


ll. u(x) = 3In2—1-32+44coshe +f (x — t)u(t)dt, u(0) = 4,u’(0) =0 
0 


be 


2.u"(r) = . + (1 — 21n2)a — a + [fo — t)u(t)dt, u(0) = 0,u’(0) = 1 


BR 
w 


: ul (2) =2e-1_e-# + ic tu(t)dt, u(0) u’’(0) 1, u’ (0) 1 


= 
is 


.w" (2) =e-2-—2+(3+2z)e" 4 [fe t)u(t)dt, u(0) = u’(0) = 1,u’’(0) = 2 


r 


15. uGY) (x) =-2r+sinr+cosz-4 i atu(t)dt, 
me 


u(0) = u’(0) =1, w(0) = w'"(0) = -1 
ee 
(1+a)* 
u(0) =0, uw/(0) =1, w’(0) = 1, w"(0) =2 


: 1 
16. u@) (x) = ; + (1—2In2)a — +f (a — t)u(t)dt, 
0 


6.2.4 The Series Solution Method 


The series solution method was used before, where the generic form of Taylor 
series for an analytic solution u(x) at «= 0 


u(x) = 2 Anx™ (6.104) 
n=0 
is used. Following the discussion presented before in Chapters 3 and 4, the 
series solution method will be used for solving Fredholm integro-differential 
equations. We will assume that the solution u(x) of the Fredholm integro- 
differential equation 


u*) (x) = f(z) +a [x (e.Autnae uD (0) =a;, 0< j < (k—1), (6.105) 


is analytic, and therefore possesses a Taylor series of the form given in (6.104), 
where the coefficients a, will be determined recurrently. Substituting (6.104) 
into both sides of (6.105) gives 
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(> oo) =T(f(x))+ ee) (> ot") dt, (6.106) 
o n=0 


n=0 


or for simplicity we use 


b 
(ay aye bage? pas)” =7(s(a))+2 f K(a,t) (ao + ait + agt? +--+) dt, 


(6.107) 
where T(f(a)) is the Taylor series for f(x). The integral equation (6.105) will 
be converted to a traditional integral in (6.106) or (6.107) where instead of 
integrating the unknown function u(x), terms of the form t”, n > 0 will be 
integrated. Notice that because we are seeking series solution, then if f(x) 
includes elementary functions such as trigonometric functions, exponential 
functions, etc., then Taylor expansions for functions involved in f(a) should 
be used. Moreover, the given initial equations should be used in the series 
assumption (6.104). 

We first integrate the right side of the integral in (6.106) or (6.107), and 
collect the coefficients of like powers of x. We next equate the coefficients of 
like powers of x in both sides of the resulting equation to obtain a recurrence 
relation in a;,7 > 0. Solving the recurrence relation will lead to a complete 
determination of the coefficients a;, 7 > 0. Having determined the coefficients 
aj,j = 0, the series solution follows immediately upon substituting the de- 
rived coefficients into (6.104). The exact solution may be obtained if such an 
exact solution exists. If an exact solution is not obtainable, then the obtained 
series can be used for numerical purposes. In this case, the more terms we 
evaluate, the higher accuracy level we achieve. 

It is worth noting that using the series solution method for solving Fred- 
holm integro-differential equations gives exact solutions if the solution u(2) is 
a polynomial. However, if the solution is any other elementary function such 
as sin x, e”, etc, the series method gives the exact solution after rounding few 
of the coefficients a;, 7 > 0. This will be illustrated by studying the following 
examples. 


Example 6.13 
Solve the Fredholm integro-differential equation by using the series solution 


method ‘ 


u(x) =4+4 4x +f (1 — at)u(t)dt, u(0) = 1. (6.108) 


-1 


Substituting u(#) by the series 


wley= (>. oo) ; (6.109) 
n=0 


into both sides of Eq. (6.108) leads to 


oo 1 oe) 
nanw” )=44+4a+ / (« — zt) x ot") dt. (6.110) 
n=1 —1 
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Notice that ag = 1 from the given initial conditions. Evaluating the integral 
at the right side gives 


a, + 2agx + 3a3x? +--- 


=64 Bi on | oy | on + (4 2 oi os one x. on 
3 5 7 9 3 5 7 9 
Equating the coefficients of like powers of x in both sides of (6.111) gives 
a, = 6, dn = 0,n > 2. (6.112) 
The exact solution is given by 
u(x) = 1+ 62, (6.113) 


where we used ap = 1 from the initial condition. 
Example 6.14 


Solve the Fredholm integro-differential equation by using the series solution 


method 
1 


u' (x) = 7 — 2a + 152” +f (x — t)u(t)dt, u(0) = 1. (6.114) 
=4 
Substituting the series 


u(x) = & oo) ; (6.115) 
n=0 


into both sides of Eq. (6.114) leads to 


lore) 1 oe) 
ye nant” | =7—2e+1527 + / (« —t) Me ot") dt. (6.116) 
n=1 


1 n=0 
Notice that ag = 1 from the given initial conditions. Evaluating the integral 
at the right side gives 


ay + 2agx + 3a3x7 +--- =7 301 543 745 927 
(6.117) 
+ : + : + s + : + 15a? 
-a -—a a -a yon 
go2 tT peat 706 1+ Gas | x 
Equating the coefficients of like powers of x in both sides of (6.117) gives 
a,=3, a2=0, ag=5, an=O0, nod. (6.118) 
The exact solution is given by 
u(x) = 14+ 324 52%, (6.119) 


where we used ap = 1 from the initial condition. 
Example 6.15 


Solve the Fredholm integro-differential equation by using the series solution 
method 


ul" (2) = : —llg+ { (xt? — at)u(t)dt, u(0)=1,u'(0)=1. (6.120) 


-1 
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Substituting the series 


wu" (2) = (> oo) ; (6.121) 
n=0 


into both sides of Eq. (6.120) leads to 


oo 1 oo 
Ss a(n — la," = D lla +f (xt? — 274) S- Ant” | dt. (6.122) 
n=2 3 = n=0 


Notice that a9 = a, = 1 from the given initial conditions. Evaluating the 
integral at the right side gives 


5 31 2 2 2 2 
dag + Gaye + 12age? +--+ = 24 ( — je 


7 + 7a2 + 5da4+ ca6 + — ag 


2,22 2 : 
—-({=+-a =a -a : 
Bee Pe age 


Equating the coefficients of like powers of x in both sides of (6.123) has 
m= 2, as = 3, ad,=0, nZed4. (6.124) 

The exact solution is given by 
uz) =1+a+ oe ae, (6.125) 


6 3 
where we used ap = a; = 1 from the initial condition. 


Example 6.16 


Solve the Fredholm integro-differential equation by using the series solution 
method 


u(x) =1—a2-cosx+ a xtu(t)dt, u(0) = 0, u’(0) = 1, u’(0) = 0. (6.126) 
0 


Substituting the series 


oo UE 
ul" (2) = & oo (6.127) 
n=0 


into both sides of Eq. (6.126) leads to 


si n(n —1)(n—2)a,2"-* =1-—2 —cosr + | ( S- ot") dt. (6.128) 
n=3 0 n=0 
Evaluating the integral at the right side and proceeding as before we obtain 
(=1)" 
ntl = Bo Gan¢e =0,n Bl. 6.129 
a2n+1 (Qn +1)! GQ2n+2 nr ( ) 


Recall that the initial conditions give ag = 0,a1 = 1,a2 = 0. Combining the 
initial conditions with the last results for the coefficients we find 


u(a) = sina. (6.130) 
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It is to be noted that we used terms up to O(«'”) in the series to obtain this 
result. 


Exercises 6.2.4 


Use the series solution method to solve the following Fredholm integro-differential 
equations: 


1. u! (x) = 4a + [ (a —t)u(t)dt, u(0) = 2 
2. u' (x) =4+ [ (1 — #7 t?)u(t)dt, u(0) = —2 


3. ul (x) =5 +42 + ia (a — t)u(t)dt, u(0) =0 


4. u’ (x) = 10x =? [ (x? — t?)u(t)dt, u(0) =0 
5. ul (x) = = + fe — t)u(t)dt, u(0) = u’(0) =0 


fon) 
a 

_~ 
8 
II 


18+ a (a — t)u(t)dt, u(0) = 3, u’(0) =0 


7.ul' (x) = —-18+ ia (1—<at)u(t)dt, u(0) = 3, u’(0) =0 


8. u(x) = 32a + i. (1 —at)u(t)dt, u(0) = 1, u’(0) =0 


9. ul" (x) = —22 + sin x — cos x 4 | vu(t)dt, u(0) = u/(0) = 1, u/’(0) = — 
) 
10. u(x) =2+sine +f tu(t)dt, u(0) = 1, u’(0) =0, u’’(0) = — 


11. w"(g)=—1+sing + f* ut t)dt, u(0) = 1, u’(0) =0, u’’(0) = 


12. ul!" (2) =l—e+e* + [Pu u(t)dt, u(0) u’ (0) u’’(0) 1 
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Chapter 7 
Abel’s Integral Equation and Singular 
Integral Equations 


7.1 Introduction 


Abel’s integral equation occurs in many branches of scientific fields [1], such 
as microscopy, seismology, radio astronomy, electron emission, atomic scat- 
tering, radar ranging, plasma diagnostics, X-ray radiography, and optical 
fiber evaluation. Abel’s integral equation is the earliest example of an inte- 
gral equation [2]. In Chapter 2, Abel’s integral equation was defined as a 
singular integral equation. Volterra integral equations of the first kind 

h(a) 


f(x) =A K (a, t)u(t)dt, (7.1) 
(x) 
or of the second kind , 
h(a) 
u(x) = f(z) +A K (a, t)u(t)dt, (7.2) 
g(x) 


are called singular [3-4] if: 


1. one of the limits of integration g(x), h(x) or both are infinite, or 
2. if the kernel K'(x,t) becomes infinite at one or more points at the range 
of integration. 


Examples of the first type are given by Fourier transform and Laplace 
transform of the function u(x) 


F(A) = ie e u(x) da, (7.3) 


Facre(e | © oul) de. (7.4) 


respectively. It is obvious that the range of integration is infinite for the 
Fourier transform and Laplace transform respectively. 

Examples of the second type are the Abel’s integral equation, generalized 
Abel’s integral equation, and weakly singular integral equation are given by 
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oe | : nat (7.5) 
ia 1 
eA | arta <a <1, (7.6) 
and re 
u(x) = f(x) +f fe pallet, 0<a<l, (7.7) 


respectively. It is clear that the kernel in each equation becomes infinite at 
the upper limit t = x. The last three singular integral equations are among 
the earliest integral equations established by the Norwegian mathematician 
Niles Abel in 1823. 

In this chapter we will focus our study on the second style of singular 
integral equations, namely the equations where the kernel K(a,t) becomes 
unbounded at one or more points of singularities in its domain of definition. 
The equations that will be investigated are Abel’s problem, generalized Abel 
integral equations and the weakly-singular second-kind Volterra type integral 
equations. In a manner parallel to the approach used in previous chapters, 
we will focus our study on the techniques that will guarantee the existence of 
a unique solution to any singular integral equation. We point out here that 
singular integral equations are in general very difficult to handle. 


7.2 Abel’s Integral Equation 


Abel in 1823 investigated the motion of a particle that slides down along a 
smooth unknown curve, in a vertical plane, under the influence of the gravity. 
The particle takes the time f(2) to move from the highest point of vertical 
height x to the lowest point 0 on the curve. The Abel’s problem is derived to 
find the equation of that curve. 

Abel derived the equation of motion of the sliding particle along a smooth 
curve by the singular integral equation 


” 1 
f(x) = | Tula (7.8) 


where f(x) is a predetermined data function, and u() is the solution that 
will be determined. It is to be noted that Abel’s integral equation (7.8) is also 
called Volterra integral equation of the first kind. Besides the kernel K(x, t) 
in Abel’s integral equation (7.8) is 


i 


K(a,t) = —> 


; (7.9) 


where 
K(a,t) > 0, as ta. (7.10) 


7.2 Abel’s Integral Equation 239 


It is interesting to point out that although Abel’s integral equation is a 
Volterra integral equation of the first kind, but two of the methods used be- 
fore in Section 3.3, namely the series solution method and the conversion 
to a second kind Volterra equation, are not applicable here. The series solu- 
tion cannot be used in this case especially if u(x) is not analytic. Moreover, 
converting Abel’s integral equation to a second kind Volterra equation is 
not obtainable because we cannot use Leibnitz rule due to the singularity 
behavior of the kernel in (7.8). 


7.2.1 The Laplace Transform Method 


Although the Laplace transform method was presented before, but a brief 
summary will be helpful. In the convolution theorem for the Laplace trans- 
form method, it was stated that if the kernel K(x, t) of the integral equation 


= [ K (a, t)u(t)dt, (7.11) 
0 


depends on the difference x—t, then it is called a difference kernel. The Abel’s 
integral equation can thus be expressed as 


= a K(x — t)u(t)dt. (7.12) 
0 


Consider two functions f\(a#) and f(x) that possess the conditions needed 
for the existence of Laplace transform for each. Let the Laplace transforms 
for the functions f;(#) and f(x) be given by 


L{fi(a)} = Fils), 


7.13 
£{ fal)} = Fs). ais 
The Laplace convolution product of these two functions is defined by 
(fi * fo)(a y= fm fil by ae t) ) fo( t)dt (7.14) 
or 
(fo * fi)( =f" fo(a — t) fi(t)dt (7.15) 
Recall that 
(fi * fa)(x) = (fo * fi)(2). (7.16) 


We can easily show that the Laplace transform of the convolution product 
(fi * fo)(x) is given by 
L£{(fi * fo)(@)} = Fi(s)Fa(s). (7.17) 
Based on this summary, we will examine Abel’s integral equation where the 
kernel is a difference kernel. Recall that we will apply the Laplace transform 
method and the inverse of the Laplace transform using Table 2 in section 1.5. 
Taking Laplace transforms of both sides of (7.8) leads to 
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L{f(a)} = L{u(a)}L{or*}, (7.18) 
or equivalently 
F(s) = (yo = U(X, (7.19) 
that gives 
U(s) = =F) (7.20) 


where I is the gamma function, and (3) = \/m. In Appendix D, the defini- 
tion of the gamma function and some of the relations related to it are given. 
The last equation (7.20) can be rewritten as 


U(s) = <(vas~* F(s)), (7.21) 


which can be rewritten by 


L{u(x)} = =L{y(2)}, (7.22) 
where a 
ee) = f (@— 9 Fstoae (7.23) 
Using the fact 
L{y'(x)} = sL{y(x)} — y(0), (7.24) 
into (7.22) we obtain 
£{u(2)} = =£fy'(2)}. (7.25) 
Applying L~‘ to both sides of (7.25) gives the formula 
u(a) = as , fat, (7.26) 


that will be used for the determination of the solution u(a). Notice that the 
formula (7.26) will be used for solving Abel’s integral equation, and it is not 
necessary to use Laplace transform method for each problem. Abel’s problem 
given by (7.8) can be solved directly by using the formula (7.26) where the 
unknown function u(x) has been replaced by the given function f(a). For 
f(x) = x",n is a positive integer, Table 7.1 can be used for evaluating the 
integral in Abel’s problem. 


Table 7.1 For integrals of the form u(x) = iis Seat, n > 0. 
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However, for f(x) = 2?,n is an odd positive integer, Table 7.2 can be 


used for evaluating the integral in Abel’s problem. 


Table 7.2 For integrals of the form u(x) = Sa es 


More details can be found in Appendix B. Using formula (7.26) to deter- 
mine the solution of Abel’s problem (7.8) will be illustrated by the following 


examples. 
Example 7.1 


Solve the following Abel’s integral equation 


ee | 
2 = ——u(t)dt. 
nyi= f° u(t) 
Substituting f(a) = 27,/z in (7.26) gives 
1d [* Invi 
u(“) = —— 
wdxz Jo J/x—t 


dt = < (x2) =. 


Example 7.2 


Solve the following Abel’s pia aa 


bm [eae 
Substituting f(x) = $2 ‘ n (7.26) gives 
Ld [* 40 d 


1 
ae n dx Va—t ~ Oda 


Example 7.3 


Solve the following Abel’s integral equation 
16 5 v1 

88 + ae =} u(t)dt. 
5 0 


3 
Using (7.26) gives 


u(x) = 


(7.27) 


(7.28) 


(7.29) 


(7.30) 


(7.31) 


(7.32) 


242 7 Abel’s Integral Equation and Singular Integral Equations 


Example 7.4 


Find two-terms approximation of the solution of the following Abel’s integral 
equation 


sin x -| : u(t)dt, x € [0,1]. (7.33) 
0 


Using (7.26) gives 
x : By 1 
a) = ld sint _id b= xt? 


poe a | ——— it 
tdx Jo Vu—t ndz Jo Jz—t ’ 
1d /f4s5 16 7\ 1/1 8 5 

= aa (gt amet?) = 5 (Gv et) 

Exercises 7.2.1 


(7.34) 


In Exercises 1-12, solve the following Abel’s integral equations where x € [0, 2] 


z 1 T © 1 
lar= t)dt 2. —2 = t)dt 
v= eae 3° : ari 
age | aia Me nee [  — afeia 
£= UU a @ -xr2 = U 
(0) Vai-—t 3 (0) Vai-—t 
TT # 3 o il 
5. —(2? —2) = t)dt 6. = a t)dt 
r(a*—2) = f° u(t sre? = f° ut 
Ag & 1 1 4 3 =, 1 
7. -22 = t)dt 8. = -22 = t)dt 
ae 0 = ger a 0 aa 
ey ec 4 
9. 2/fe — =a = u(t)dt 10. x? =e u(t)dt 
0 Vei-t o0 V«e-t 
11. 402 A + u(t)dt 12. 32? a + u(t)dt 
472 -—-x2= U _IT = U 
fe} Vae—t fe} Vx—t 


In Exercises 13-16, find two-terms approximation for the solution of the following 
Abel’s integral equations 


xc 1 xz 
13. wsinhx =i u(t)dt 14. msinha In(1 + «) -| u(t)dt 
i) ct fe} =f 
15 haln(1 +2) [ : (t)dt 16. rsinat [ (t)dt 
. wcosh ¢ In “)= U .mwsing tang = U ve 
o V«-t 0 a—t 


7.3 The Generalized Abel’s Integral Equation 


Abel generalized his original problem by introducing the singular integral 
equation 


f= [ arta pews i, (7.35) 
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known as the Generalized Abel’s integral equation where a are known con- 
stants such that 0 < a <1, f(a) is a predetermined data function, and u(z) 
is the solution that will be determined. The Abel’s problem discussed above 
is a special case of the generalized equation where a = s. The expression 
(a — t)~® is called the kernel of the Abel integral equation, or simply Abel’s 
kernel. 


7.3.1 The Laplace Transform Method 


To determine a formula that will be used for solving the generalized Abel’s 
integral equation (7.35), we will apply the Laplace transform method in a 
parallel manner to the approach followed before. Taking Laplace transforms 
of both sides of (7.35) leads to 


L{f(x)} = Liu(a)}L{a*}, (7.36) 
or equivalently 
Td - 
F(s) = fae (7.37) 
8 
that gives 
gl-@ 
where I is the gamma function. The last equation (7.38) can be rewritten as 
8 
L{u(x)} = Tah — ay ~ 4)» (7.39) 
where ; i 
a ————_ f (t)dt. A 
ue) = | al (7.40) 
Using the facts 
L{y'(x)} = sL{y(x)} — y(0), (7.41) 
and 
T(a)P(1-—a) = ae (7.42) 
into (7.39) we obtain 
sin at 
L£{u(x)} = ——L(y'(2)). (7.43) 
Applying L~‘ to both sides of (7.43) gives the formula 
sinazt d f[* f(t) 
= ——_ — ——_— dt. 7.44 
ue) nm dz | (a — t)!-¢ ( ) 


Integrating the integral at the right side of (7.44) and differentiating the 
result we obtain the more suitable formula 


u(z) = nan (2 if [ at) , O<aK<l. (7.45) 


qi-a Ca t)l-o 
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Four remarks can be made here: 


1. The kernel is called weakly singular as the singularity may be trans- 
formed away by a change of variable [5]. 

2. The exponent of the kernel of the generalized Abel’s integral equation 
is —a, but the exponent of the kernel of the two formulae (7.44) and (7.45) 
isa—l. 

3. The unknown function in (7.35) has been replaced by f(t) and f’(¢) in 
(7.44) and (7.45) respectively. 

4. In (7.44), differentiation is used after integrating the integral at the right 
side, whereas in (7.45), integration is only required. 


Example 7.5 


Solve the following generalized Abel’s integral equation 


De ey a 
xt = | ———-u(t)dt. 7.46 
331 [ Gop — 


Notice that a = 4, f(x) = #827. Using (7.44) gives 
12 


T 
1 d s? B8tt -_ er cae : 
oe 3) dt = —— — | — = 2. 7.47 
ae) J/2n dx 0 (a _— t)a Jor dx “ . ( ) 
Example 7.6 


Solve the following generalized Abel’s integral equation 


TL = if ery (7.48) 
o 


x—t)3 
Notice that a = 2, f(«) = 7. Using (7.44) gives 


d t 3da/9 5s 3V3 
u(z) = vs a ge Vid (2 a) 8 (7.49) 
Qn dx (x —t)3 2 dx \10 4 
Example 7.7 
Solve the following generalized Abel’s integral equation 
36 4 r 1 
ee = —— u(t dt. 7.90 
55 o (x-t)e a 
Notice that a = 4, f(z) = Bae. Using (7.44) gives 
1d ft te a 
eo ee ve 
Example 7.8 
Solve the following generalized Abel’s integral equation 
512 15 “ 1 
rt = — u(t) dt. 7.92 
1155" : @ or? ree) 


Notice that a = 4, f(x) = 22a. Using (7.44) gives 


7.3 The Generalized Abel’s Integral Equation 245 


La Test . 3 
u(x) ae al x (7.53) 


7.3.2 The Main Generalized Abel Equation 


It is useful to introduce a further generalization to Abel’s equation by consid- 
ering a generalized singular kernel instead of K (a, t) = ct The generalized 
kernel will be of the form 


al 
K(a,t) = —— a0 <aK<il. 7.54 
9 = Tayo) a 
The main generalized Abel’s integral equation is given by 
. 1 
flo) = | ——— u(t)dt,0<a<1, 7.55 
@=), bar ae) 


where g(t) is strictly monotonically increasing and differentiable function in 
some interval 0 < t < b, and g'(t) 4 0 for every t in the interval. The solution 
u(a) of (7.55) is given by 


i d f[* t 
u(x) = mal HOM) a ocak. (7.56) 
m dx Jo [g(x) — g(t) 
To prove this formula, we follow [6-7] and consider the integral 
x / 
i; g'(y) Diy 
(g(x) — 9(y)] 
and substitute for f(w) from (7.55) to obtain 
/ 
[ ian owt (y) —dtdy. 
) [g(z) — 9(y)] 


where by changing the Ae of amie we find 


CO  ——— 
jf, moat f (o() ~9OF ol=) 9 


We can prove that 


g'(y) T 
ee ee l=) ; 7.57 
i fo) aI" l(a) oY nem? 8 
where G(a,1— a) is the beta function. This means that 
* g'(y) fly) 7 i 
oe ml = u(t)dt. 7.58 
I (ote) - 9) cron fw we) 
Differentiating both sides of (7.58) gives 
sinan d [* _ g'(y)fly) 
oe a mao 
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It is interesting to point out that the Abel’s integral equation and the gen- 
eralized Abel’s integral equation are special case of (7.55) by substituting 
g(x) = x respectively. 

The following illustrative examples explain how we can use the formula 
(7.56) in solving the further generalized Abel’s equation. 


Example 7.9 


Solve the following generalized Abel’s integral equation 
4 : - t 
=(sin x)? =i 2g (7.60) 
3 o (sing —sint)4 
where 0 < 2 < &. Notice that a = 1, f(x) = 4(sinz)?. Besides, g(x) = sinz 
is strictly monotonically increasing in 0 < x < 4, and g'(x) = cosx ¥ 0 for 
every x in 0 < a < 4. Using (7.56) gives 


ioe 1 <[ 4 cos t(sin t) r 
V2ndzx Jo (sinx — sint) 


3 
4 


(7.61) 
—- d (3v2n si cos 
= — In v = 5X. 
3V2r dx 4 
Example 7.10 
Solve the following generalized Abel’s integral equation 
a | * u(t) 
—T2L” = ——— dt, 7.62 
3 ee (7.62) 


where 0 < x < 2. Notice that a = $, f(x) = 37°. Besides, g(x) = 2? is 
strictly monotonically increasing in 0 < a < 2, and g/(a) = 2a 4 0 for every 
xin0<a <2. Using (7.56) gives 
ld [* ent! Ldaf a 
=e 3 dt = —— | — 2") = or? 7.63 
aye) Tdx Jy Vx? — t? ndz \ 4" “ ( ) 
Example 7.11 


Solve the following generalized Abel’s integral equation 


2_ [* _ult) 
a? = [ att (7.64) 
where 0 < x < 2. Notice that a = 3, f(x) = x”. Besides, g(x) = x? is strictly 
monotonically increasing in 0 < a < 2, and g'(x) = 2a # 0 for every «x in 
0 <a < 2. Using (7.56) gives 
ld f® 28 1d (A 4, 
Example 7.12 


Solve the following generalized Abel’s integral equation 
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2 b 
6 oF =) Ue (7.66) 
25 0 (@—t)s 


25 


where 0 < a < 2. Notice that a = 3, f(z) = $a. Besides, because g(z) is 
strictly monotonically increasing in 0 < x < 2, and g'(x) = 524 4 0 for every 
xin0 <a <2. Using (7.56) gives 


1d f* Ste 1d (2 
ae ee a ay bare | eee 7.67 
u(x) Qrdx Jy (x5 —t9)% Qn dx ( TE ) x ( ) 


Exercises 7.3 


In Exercises 1-8, solve the following generalized Abel’s integral equations 


9 @ al 432 % 1 
1. 23 =) —— u(t) dt 2. ——2'e =) — u(t) dt 
4 o (a—t)3 935 0 (a—t)é 
24 5 a 1 3: 9 5s o 1 
3. —x6 = — u(t) dt 4, 23 + —23 = ——— u(t) dt 
5 o (a—t)é 2 10 o (a#—t)3 
24 2 1 27 2 * ll 
5. ee =i ~u(t)dt 6. Inxs te =i + u(t)dt 
440 0 (a—t)3 14 oan 
16 12 = I 25 = 1 
ee ae = ——u(t)dt 8. as ai — u(t) dt 
21 231 fe} (a _— t)4 36 0 (a — t) 5 


In Exercises 9-16, use the formula (7.56) to solve the main generalized Abel’s integral 
equations 


: 7 1 ¢ ad a 
9. Qa? = —_____u(t)dt 10. 22? = ~u(t)dt 
0 (#3 — ¢3)2 2 0 (#3 —#8)3 
3 e a 3 2 2 a 
11. <a -| ———— u(t) dt 12. =(sinz)s = ————————— u(t) dt 
4 0 (x? —t?)3 2 0 (sina —sint)3 
6 5 2 1 2 % 1 
13. =(e” — 1)6 = ——-ul(t)dt 14. -Ve® — 1(2e” + 1) = ~u(t)dt 
5 0 (et —et)s 3 G (eh gps 


o 1 4 i = 1 
15. 2Vsinx =) ~u(t)dt 16. 22 = | u(t)dt 
0 0 


(sin x — sin t)2 231 (a2 — t2)i 


7.4 The Weakly Singular Volterra Equations 


The weakly-singular Volterra-type integral equations of the second kind are 
given by 


u(x) = f(x) + [ — u(t)dt, x € [0,T], (7.68) 


and 
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= Mb eee: eee a xv 
u(x) = f( )+ f AOETO)b (t)dt,0<a<1,c€(0,T], (7.69) 


where (3 is a constant. Equation. (7.69) is known as the generalized weakly 
singular Volterra equation. These equations arise in many mathematical 
physics and chemistry applications such as stereology, heat conduction, crys- 
tal growth and the radiation of heat from a semi-infinite solid. It is also 
assumed that the function f(a) is sufficiently smooth so that it guarantees a 
unique solution to (7.68) and to (7.69). The weakly-singular and the gener- 
alized weakly-singular equations (7.68) and (7.69) fall under the category of 
singular equations with singular kernels 


1 
aed a (7.70) 
ne) er aar 


respectively. Notice that the kernel is called weakly singular as the singularity 
may be transformed away by a change of variable [5]. 

The weakly-singular Volterra equations (7.68) and (7.69) were investigated 
by many analytic and numerical methods. In this text we will use only three 
methods that were used before for handling Volterra integral equations in 
Chapter 3. 


7.4.1 The Adomian Decomposition Method 


The Adomian decomposition method has been discussed extensively in this 
text. We will focus our study on the generalized weakly singular Volterra 
equation (7.69), because Eq. (7.68) is a special case of the generalized equa- 
tion with a = $,g9(2) = «. In the following we outline a brief framework 
of the method. To determine the solution u(a) of (7.69) we substitute the 
decomposition series 


into both sides of (7.69) to obtain 


Yule) =f@) +f aor ar (>. mo) dt,0<a<l. (7.72) 


n=0 0 n=0 
The components uo(x), ui(a), u2(x),--- are usually determined by using the 
recurrence relation 


“= 7e) 
=f gata 
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m= | Bret (7.73) 


Having determined the components uo(x), u1(Z), U2(x),..., the solution u(x) 
of (7.69) will be determined in the form of a rapid convergent power series 
[8] by substituting the derived components in (7.71). The determination of 
the previous components can be obtained by using Appendix B, calculator, 
or any computer symbolic systems such as Maple or Mathematica. The series 
solution converges to the exact solution if such a solution exists. For concrete 
problems, we use as many terms as we need for numerical purposes. The 
method has been proved to be effective in handling this kind of integral 
equations. 


The Modified Decomposition Method 


The modified decomposition method has been used effectively in this text. 
Recall that this method splits the source term f(x) into two parts f;(z) 
and f2(a), where the first part is f(a) assigned to the zeroth component 
uo(x) and the other part f(x) to the first component u;(2). Based on this 
decomposition of f(x), we use the modified recurrence relation as follows: 


uo(x) = filz), 
oe 
ui(a) = fala) +f >" oeunlt)at 


u2(2) =| eta) — gD ts (7.74) 


It was proved before that the modified method accelerates the convergence 
of the solution. 


The Noise Terms Phenomenon 


The noise terms that may appear between various components of u(x) are 
defined as the identical terms with opposite signs. By canceling these noise 
terms between the components uo(#) and u;(x) may give the exact solution 
that should be justified through substitution. The noise terms, if appeared 
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between components of u(x), accelerate the convergence of the solution and 
thus minimize the size of the calculations. The noise terms will be used in 
the following examples. 


Example 7.13 
Solve the weakly singular ee aa Volterra aie equation 
u(x) = x +70 - ; 7.79 
(2) l= (7.75) 


Using the recurrence relation we set 


16 
uo(e) = 2? + Be 
5 7.76 
* 1? 4 2842 162 Ws oe 
ui(“) = — —— dt = —— 7? — = 
o va-t 15 3 


The noise terms + 1843 appear between wo(x) and u(x). By canceling the 
noise term 722? from u(x) and verifying that the non-canceled term in uo() 
justifies the equation (7.75), the exact solution is therefore given by 

u(x) = x. (7.77) 

Moreover, we can easily obtain the exact solution by using the modified 

decomposition method. This can De done by Spine the nonhomogeneous 

part f(a) into two parts f1(x) = 2? and f2(x) = 722. Accordingly, we set 
the modified recurrence relation 
ug(x ) = ef 


u1(x) = af i = 0. (7.78) 


Example 7.14 


Solve the weakly singular second kind Volterra integral equation 


32 7 4 3 * 1 
=1-2 —xri+=-"4 ——_ u(t) dt. 7.79 
u(a) t= sre gt i Goon (7.79) 
Using the recurrence relation we set 
32 7 43 
uo(“) = 1-— 2a — ae gt 


= 1 _o¢— 3245 4 44 
u(x) = — Miia ies “dt (7.80) 
0 (v—t)4 
Ce ae eee 


a 3 a)6COC« 


325% and +427 appear between uo(x) and u;(x). By 


The noise terms = Ea 
canceling the noise terms from wuo(a#) and verifying that the non-canceled 
term in uo(x) justifies the equation (7.79), the exact solution is therefore 


given by 


u(a) = 1 — 2a. (7.81) 
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Moreover, we can easily obtain the exact solution by using the modified 
decomposition method. This can be done by splitting the nonhomogeneous 
Zz 3 
part f(x) into two parts f,(x) = 1 —2z and f(x) = —2227 + $27. The use 
of the modified method is left as an exercise to the reader. 
Example 7.15 


Solve the weakly singular second kind Volterra integral equation 
. 2 
u(x) = e* — 3(e* —1)8 +f — 
o (e*—e')8 
In this example, the modified decomposition method will be used. We first 
set 


u(t)dt. (7.82) 


file) =e", fo(x) = —3(e* — 1). (7.83) 
In view of this, we use the modified recurrence relation 
‘ZG 2 = 
uo(z) =e", uy(x) = —3(e* — 1)8 +f ~~ __ at =0. (7.84) 
o (e*—e*)s 


The exact solution is therefore given by 
u(a) =e”. (7.85) 


Example 7.16 


Solve the weakly singular second-type Volterra integral equation 


: 1 1 f* 1 
u(x) = sine + (cosx—1)6 + = ———— 
6 Jo (cosa —cost)é 
In this example, we will also use the modified decomposition method. We 
first set 


u(t)dt. (7.86) 


fic) =sinz, fo(x) = (cosa —1)8. (7.87) 
In view of this, we use the modified recurrence relation 


uo(x) = sing, 


u1(x) = (cosx — 1)8 + a en =e. (7.88) 
0 


6 cos x — cost)® 
The exact solution is therefore given by 
u(a) = sina. (7.89) 


Example 7.17 


Solve the weakly singular second kind Volterra integral equation 
3.4 9 w - 1 
— So Sg Seas ee 
u(t) =a2+a ee vie +f Bs u(t)dt. (7.90) 
In this example, we will also use the modified decomposition method. We 
first set 
fi(z)=a2+2°, fo(x) =—-23 —-—2z?. (7.91) 
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In view of this, we use the modified recurrence relation 


3 9 = t4+b 
up(z)=a2t+2°, w(x) = a a +f er =0. (7.92) 
0 


4 20 v2 — t2)3 
The exact solution is therefore given by 
u(t) =24+2°. (7.93) 


Example 7.18 


As a final example we consider the weakly singular second kind Volterra 


integral equation 
1 


Va-t 


u(x) = 2/x - i, u(t)dt. (7.94) 


Following the discussion in the previous examples we use the recurrence re- 
lation 


229 dt = —nz, 
u(x) (ae Tx 
i Tt 4 3/2 
U2(z) = ; er Sg es (7.95) 
4 f* a? 1 
usa) =—3 | Seedt = — 5070”, 
" = 


Because self-canceling noise terms did not appear in the components uo(x) 
and u1(), we obtained more components. Consequently, the solution u(a) in 
a series form is given by 


4 1 
u(x) = 2/2 -—nxet+ gre? - a fee, (7.96) 


and in a closed form by 
u(x) = 1 — e™erfe(./72), (7.97) 
where erfc is the complementary error function normally used in probability 


topics. The definitions of the error function and the complementary error 
function can be found in Appendix D. 


Exercises 7.4.1 
Solve the following weakly singular Volterra equations, where x € [0, T]. 


1. u(z) =a ee : + u(t)dt 


a—t)3 
9 5 
2. =2-—23 
u(x“) =x rT ial +f 


~u(t)dt 
(a — t)3 
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3. u(x) = sine 4 Sepa 1)3 i ~u(t)dt 
2 0 (cosa —cost)3 
2., 2 # 1 

4. u(x) = cosa — -(sinx)3 +f ———— u(t) dt 
3 0 (sing —sint)3 


4 . 1 
6. u(“z) = &— —4x3 +f ——~ u(t) dt 
0 (a2 —t?)3 


7. u(x) =a x2 + | : ~u(t)dt 
21 0 (#2 —¢?)4 


2 & 1 
8. u(x) = <2? +f ——~ u(t) dt 
3 0 (a+—t4)4 


9. u(x) = 2° i : ~u(t)dt 
0 (#3 —¢3)4 


7 il 
10. u(x) = J xs +f ———- u(t) dt 
10 0 (a3 — 43)3 


11. u(x) = e® — (e* =1)7 + ie u(t)dt 


0 (e® — et)? 


12. u(a#) =e" (e” +1) — —(e* = 1)3 (3e® + 7) 4 [ Z u(t)dt 


(e* -et)3 
: 3 2 e 1 
13. u(x) = sin 2a + —(3cos a + 2)(cos a — 1)3 +f ——————_ 
5 0 (cosx—cost)3 
: 3 2 1 
14. u(x) = sinha (cosh a —1)3 4 ~u(t)dt 
2 0 (cosh a — cosh t)3 
T & 1 
15. u(z) =1-——- +f ———~ u(t) dt 
2 0 (x2 — t2)2 


16. u(x) = (= =) (1 ) x? 4 I print 


7.4.2 The Successive Approximations Method 


u(t)dt 


253, 


The successive approximations method, or Picard iteration method provides a 
scheme that can be used for solving initial value problem or integral equation. 
The method was used before in Chapter 3. This method solves any problem by 
finding successive approximations to the solution by starting with an initial 
guess, called the zeroth approximation. As will be seen, the zeroth approxi- 
mation is any selective real-valued function that will be used in a recurrence 


relation to determine the other approximations. 
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In this section, we will study the weakly singular Volterra integral equation 
of the second kind 


u(x) = f(x) + [ saul (7.98) 


The successive approximations method introduces the recurrence relation 


unga(a) = fle) + f° oes 


where the zeroth approximation uo(x) can be any selective real valued func- 
tion. We always start with an initial guess for uo(x), mostly we select 0,1, x 
for uo(x), and by using (7.99), several successive approximations uz,k > 1 
will be determined as 


Un(t)dt,n > 0, (7.99) 


us(a) = fle) + f° eeouo(dde, 
ug(x) = f(x) + , a sus (t)dt, (7.100) 
u3(") = f(x) + [ Fast 


and so on. As stated before in Chapter 3, the solution u(x) is given by 

u(x) = lim un4i(2). (7.101) 
The successive approximations method will be explained by studying the 
following illustrative questions. 


Example 7.19 


Solve the weakly singular integral equation by using the successive approxi- 
mations method 
1 


m x 

u(x) = fet+ xe i er 

For the zeroth approximation uo(x), we can select 

uo(x) = 0. (7.103) 

The method of successive approximations admits the use of the iteration 
formula 


u(t)dt. (7.102) 


1 ed 
Ungi(2) = VE + sof 4 
Substituting (7.103) into (7.104) we obtain 


u(x) = fet Fi 


ur(o) = (vE+ 52) - (Fe " 5c) . 


Un(t)dt,n > 0. (7.104) 


(7.105) 
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The solution u(x) is given by 
u(z) = lim tn4yi(z) = Va. (7.106) 


Example 7.20 


Solve the weakly singular integral equation by using the successive approxi- 
mations method 
1 


u(a) = a-ak + f Teas 
For the zeroth approximation uo(x), we can select 
uo(x) = 0. (7.108) 
The method of successive approximations admits the use of the iteration 
formula 


u(t)dt. (7.107) 


1 
Vax—t 


4 zx 
Unti(@) = 2 — zt +f Un(t)dt,n > 0. (7.109) 
0 


Proceeding as before we set 


4 
ws) = 2-522, 
4 4 
U2(x) = (: a ez ra), 
-_ 4 3 4 3 TT 5) i T 2 8a 5 7.110 
u3(“) = (: 5!) (50 0?) ($e wae) ( ) 


(x) = 4 3 i 4 3 TT 9 7 TT 2 87 5 re 
Un4+1\v) = | & a T ral Q” T os in 5 


The solution u(x) is given by 

u(x) = lim upn4i(x) = 2. (7.111) 
Example 7.21 
Solve the weakly singular integral equation 


4 3 ae | 
ite 9 =ot4 f —t ult 


For the zeroth approximation uo(x), we can select uo(a) = 0. 
Proceeding as before, we use of the iteration formula 


4 3 mo 
n =1 t 2 =x? 4 
Un+1(2) x —2/xr gt | ar 
This in turn gives 


)dt. (7.112) 


Un(t)dt,n > 0. (7.113) 
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«) (ove 
x) (ave 


Unqi(x) = (14+ 2) - (wx + <a?) + (x2 + <0?) Se 


The solution u(a) is given by 


u(z) = lim upyi(x) = 14a. 


Example 7.22 


We finally consider the weakly singular Volterra integral equation 


u(x) = 2/x — a Sultyae 


We select uo(a) = 0, hence we use the recurrence relation 


uy(xr) = 2/2, 
_ © to) = 
U2(x) =2ya- a 


4 1 
Un+i(Z) = 2/e — 7a + qo? - 5m et ee 


This in turn gives 


u(x) = 1—e**erfe(./72). 


Exercises 7.4.2 


(7.114) 


(7.115) 


(7.116) 


(7.117) 


(7.118) 


Use the successive approximations method to solve the following weakly singular 


Volterra equations: 
1 


1. u(x) = Ve — 2aa + a/ u(t)dt 
0 ct 
5 5 = 1 
2. =a? — —rx? t)dt 
u(x) = v2 16” +f —u( ) 
= 1 
3. u(x) = 3— oye + | u(t)dt 
fe) g= 1 
1 
4 =e a aon t)dt 
u(x) Va amet : at ) 
5. ula) = & E x l : (t)dt 
=a 1 1 U 
8 0 Vr t 
32 7 ad 1 
6 =o 24 t)dt 
u(x) = 2x age , — sul ) 
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16 5 e 1 
i ay [ a 
4 3 # 1 
8 =1 2/e+ -a«2 4 t)dt 
u(x) x—2/z4 re | [ Tris ) 
16 5 ey 
9. =2° 24 t)dt 
a Ta A omer ta 
4 


er ee (1 *)e + VE(1 — 50) 4 , sasultyae 


11. u(x) = m(1—2va)+ ree 
4 


12. u(x) = a(1+ 2) — 5@ (2 + 0) + [ asultyae 


7.4.38 The Laplace Transform Method 


The Laplace transform method is used before, and the properties were pre- 
sented in details in Chapters 1, 3, 5, and in the previous section. Recall that 
the Laplace transform of the convolution product (f1 * f2)(x) is given by 


L£{(fi * fo)(@)} = Fi(s) Fa(s). (7.119) 
We will focus our study on the generalized weakly singular Volterra equation 
of the form 


e al 
u(x) = f(z) +f ———u(t)dt, 0<a<l. (7.120) 
o (x—t)* 
Taking Laplace transforms of both sides of (7.120) leads to 
L(u(x)) = L(f(@)) + Lia“) L(u(x)), (7.121) 
or equivalently 
Td - 
U(s) = F(s) + FI 9), (7.122) 
that gives 
s'- F(a) 


U(s) = (7193) 


si-@ _T(1-a)’ 
where [ is the gamma function, U(s) = £L{u(x)}, and F(s) = L{f(ax)}. In 
Appendix D, the definition of the gamma function and some of the relations 

related to it are given. 

Applying £~! to both sides of (7.123) gives the formula 
1l-a 
-1 s\°F(s) 

a — 124 
ue) = £1 (5) (7.124) 
that will be used for the determination of the solution u(x). Notice that the 
formula (7.124) will be used for solving the weakly singular integral equation, 
and it is not necessary to use Laplace transform method for each problem. 
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The following weakly singular Volterra equations will be examined by using 
the Laplace transform method. 

Example 7.23 


Use the Laplace transform method to solve the weakly singular Volterra in- 
tegral equation 


t)dt. (7.125) 


nee cad 


z—t 


Notice that f(x) = 1—2./z and a = 5. This means that 


1 ,T(3) 1 
F(s) ==- ni) ape (7.126) 
s 93 s s2 
where we used I'(3) = 3I'($) = ve Substituting (7.126) into the formula 


given in (7.124) gives 


So =f! (5) ab (7.127) 


Example 7.24 


Use the Laplace transform method to solve the weakly singular Volterra in- 
tegral equation 


4 3 : 
u(%) =x“ -— =? “J u(t)dt. (7.128) 
3 0 a—t 


Notice that f(x) = « — 4x? and a= 4. This means that 


F(s)=—=--< =-.-¥, (7.129) 


where we used I'(3) = 31'($) = #\/z. Substituting (7.129) into (7.124) gives 


ule) => =i (4) =a. (7.130) 


Example 7.25 


Use the Laplace transform method to solve the weakly singular Volterra in- 
tegral equation 
9 i 1 
u(x) =2 ——23 +f —— u(t) dt. (7.131) 
10 o ( 3 


x—t)3 


Notice that f(x) =a — 223 and a = 4. This means that 


TO z 
1 918) 1 T() 
F(s)= 3-5 ; or ar (7.132) 


where we used I'($) = 21'(3). Substituting (7.132) into (7.124) gives 
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Ce oD 
u(a) = 2-1 | 24} =£°1 (Ss) =2. (7.133) 
s3—1(2) . 


Exercises 7.4.3 


In Exercises 1-8, use the Laplace transform method to solve the following weakly 
singular Volterra equations: 


1. u(x) = fx — 2x + af equa 
2. u(@) = xe? — zt + [ seule 
a 1 
4. u(x) = 2? — =e + ; — sult )dt 
5. u(x) =1—-Va- sre fo equa 
4 3 e 1 

6. u(z) =1l+a2—-2/x gf | a 
7. u(x) = a2 om? + (a Suna 

7 4 € 1 
8. u(x) = (1 at + /fa(1 3°) [ moa 


In Exercises 9-16, use the Laplace transform method to solve the generalized weakly 
singular Volterra equations: 


2 1 
9. u(x) = & iis / > u(t)dt 
4 o (a#—t)3 
27 = 1 
10. u(x) = 2? — ae ‘i ~u(t)dt 
40 o (a—t)s 
16 =z " 1 
11. u(x) = 2 eae | ~u(t)dt 
21 0 (@—t)4 
243, = 1 
12. u(x) = «3 — es +f ——— u(t) dt 
440 0 (x—t)s 
5 - 1 
13. u(x) =1l+a re ee ~u(t)dt 
10 2 o (2#—t)4 


36 # 1 
14. u(x) = « xe 4 | u(t)dt 


25 a 1 
15. ule) =a — a2: +f —_—_u(t)dt 


14 0 («#—-t) 
12 = al 
16. u(x) = x? an i -u(t)dt 
45 o (a—t)4 
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Chapter 8 
Volterra-Fredholm Integral Equations 


8.1 Introduction 


The Volterra-Fredholm integral equations [1-2] arise from parabolic bound- 
ary value problems, from the mathematical modelling of the spatio-temporal 
development of an epidemic, and from various physical and biological mod- 
els. The Volterra-Fredholm integral equations appear in the literature in two 
forms, namely 


x b 
ite oy : Ky (a, t)u(t)dt + do i K2(x,t)u(t)dt, (8.1) 


and the mixed form 


x b 
u(a) = f(x) + af / K(r, t)u(t)dtdr, (8.2) 


where f(x) and K(z,t) are analytic functions. It is interesting to note that 
(8.1) contains disjoint Volterra and Fredholm integrals, whereas (8.2) contains 
mixed Volterra and Fredholm integrals. Moreover, the unknown functions 
u(a) appears inside and outside the integral signs. This is a characteristic 
feature of a second kind integral equation. If the unknown functions appear 
only inside the integral signs, the resulting equations are of first kind. Ex- 
amples of the two types of the Volterra-Fredholm integral equations of the 
second kind are given by 


xu 1 
ne) Ge Se bom i, suas tu(t)dt, (8.3) 
0 0 
and 


u(z) = a+ ao - [/ (r — t)u(t)drdt. (8.4) 


However, the Volterra-Fredholm integro-differential equations that appear 
in scientific applications will be presented in the next chapter. 
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8.2 The Volterra-Fredholm Integral Equations 


In this section, we will study some of the reliable methods that will be used 
for analytic treatment of the Volterra-Fredholm integral equations [1-2] of 
the form 


x b 
u(a) = se) + f Ky(x,t)u(tat+ f Ko(a, t)u(t)dt. (8.5) 


This type of equations will be handled by using the Taylor series method and 
the Adomian decomposition method combined with the noise terms phe- 
nomenon or the modified decomposition method. Other approaches exist in 
the literature but will not be presented in this text. 


8.2.1 The Series Solution Method 


The series solution method was examined before in this text . A real function 
u(a) is called analytic if it has derivatives of all orders such that the generic 
form of Taylor series at x = 0 can be written as 


u(a) = S- Ant”. (8.6) 
n=0 


In this section we will apply the series solution method [3-4], that stems 
mainly from the Taylor series for analytic functions, for solving Volterra- 
Fredholm integral equations. We will assume that the solution u(x) of the 
Volterra-Fredholm integral equation 


xz b 
ula) = sa)-+ f Ky(a,t)u(tyat+ f Ko(a, t)u(t)dt, (8.7) 


is analytic, and therefore possesses a Taylor series of the form given in (8.6), 
where the coefficients a, will be determined recurrently. In this method, we 
usually substitute the Taylor series (8.6) into both sides of (8.7) to obtain 


, 2 be (8.8) 
+f K2(a, t) (> a) dt, 
a k=0 
or for simplicity we use 
ag + ayx+agr7 +--+ = r(s(a)) + f Ky (x,t) (ao + ait + aot? +--+) dt 
0 


b 
+ K(x, t) (ap + ayt + agt? + --+) dt, (8.9) 
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where T(f(x)) is the Taylor series for f(x). The Volterra-Fredholm integral 
equation (8.7) will be converted to a regular integral in (8.8) or (8.9) where 
instead of integrating the unknown function u(x), terms of the form t”,n > 0 
will be integrated. Notice that because we are seeking series solution, then 
if f(a) includes elementary functions such as trigonometric functions, expo- 
nential functions, etc., then Taylor expansions for functions involved in f(z) 
should be used. 

We first integrate the right side of the integrals in (8.8) or (8.9), and col- 
lect the coefficients of like powers of x. We next equate the coefficients of 
like powers of x into both sides of the resulting equation to determine a re- 
currence relation in a;,j7 > 0. Solving the recurrence relation will lead to a 
complete determination of the coefficients a;,7 > 0. Having determined the 
coefficients a;,7 > 0, the series solution follows immediately upon substitut- 
ing the derived coefficients into (8.6). The exact solution may be obtained if 
such an exact solution exists. If an exact solution is not obtainable, then the 
obtained series can be used for numerical purposes. In this case, the more 
terms we evaluate, the higher accuracy level we achieve. 


Example 8.1 


Solve the Volterra-Fredholm integral equation by using the series solution 
method 


u(z) = —-5-—2+122?—23 —2* + [e nucat+ [ (w+iu(tat (8.10) 


Substituting u(x) by the series 
oa) = > ae”, (8.11) 
n=0 


into both sides of Eq. (8.10) leads to 


yan = 5—a +122? — 2° — x4 | (9a) dt 
‘ (8.12) 


n=0 


Evaluating the integrals at the right side, using few terms from both sides, 
and collecting the coefficients of like powers of x, we find 


2 
ap + a,x + ager +agu2+--- 


ee ee ee 
== aa 


1 1 1 
+ I+ a9+ 501 + 302+ 743+ 7 a4 x 
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1 
+(-14 50) Eee, (8.13) 


Equating the coefficients of like powers of x in both sides of (8.13), and solving 
the resulting system of equations, we obtain 


ago = 0, a, = 6, 


a2 = 12, a3 =a4 = a5 =::- = 0. oe 
The exact solution is therefore given by 
u(x) = 6x + 122”. (8.15) 


Example 8.2 
Use the series solution method to solve the Volterra-Fredholm integral equa- 


tion 


u(r) = x— x e+e "ag “he U ; ; 
(a) =2 6 +f t (jdt f (x+t)u(t)dt. (8.16) 


-1 


Substituting u(x) by the series 
u(x) = ye Anx”, (8.17) 
n=0 


into both sides of Eq. (8.16) leads to 


So ana” =2-27-2?—-62°4+2°4 | (Sone dt 
n=0 0 n=0 
1 [o-e) 
+f (« +t) >> ot") dt. (8.18) 
=4 


n=0 


Evaluating the integrals at the right side, using few terms from both sides, 
and collecting the coefficients of like powers of x, we find 


be ake 
= =a, + =a 
a a 


2 2 
( 1 2ao t 372 t =a) av 
1 1 
( 1 50) gt + (-6 + 501) x 


1 1 
+7 aon" + (1 + =) x f-+-, (8.19) 


Equating the coefficients of like powers of x in both sides of (8.19), and solving 
the resulting system of equations, we obtain 


ao=2, a=3, 
ag=0, ag=—), (8.20) 
a4=a5 =-:::=0. 

The exact solution is therefore given by 
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u(t) = 2+ 3a — 52°. (8.21) 
Example 8.3 


Solve the Volterra-Fredholm integral equation by using the series solution 
method 


u(z) =e” -—l-a+ i u(t)dt + i cu(t)dt. (8.22) 


Using the Taylor polynomial for e* up to x’, substituting u(x) by the Taylor 
polynomial 


7 
u(x) = a Ant”, (8.23) 
n=0 
and proceeding as before leads to 


7 7 
done a (200+ 3° 5] x 


1l+a, 2 1+ 2lag 3 1+ 3la3 4 
co a gS 


1+ 4!la, 5 1+ 5las 6 1+ lag 7 
ee ae Pe ee 


Equating the coefficients of like powers of a in both sides of (8.19), and 
proceeding as before, we obtain 


1 
ao = 0, a, = 1, a2 =1, 03 = oP 
i 1 4 (8.25) 
M4 = 3p eT ame) 
The exact solution is given by 
u(x) = xe”. (8.26) 


Example 8.4 


Solve the Volterra-Fredholm integral equation by using the series solution 
method 


u(x) =1— [eo — t)u(t)dt + a u(t)dt. (8.27) 


Substituting u(x) by the Taylor polynomial 


8 
u(z) = » Anh”, (8.28) 
n=0 


and proceeding as before, we obtain 


ao =1, a, =a3=a5 = a7 = 0, 


(8.29) 
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1 1 
ag 6! ag aI 
Consequently, the exact solution is given by 
u(x) = cosa. (8.30) 


Exercises 8.2.1 


Use the series solution method to solve the following Volterra-Fredholm integral equa- 
tions 


1. u(x) = —4— 8a + 11a? — 2? — 244 fe ducoae+ [w+ dutta 
0 0 


2. u(x) = -1— 32? — 223 a ducoae+ [ (w+ dutta 
) 0 


3. u(x) =4—a@ — 4a? + [Ce t+ 1)u(t)dt fe t— 1)u(t)dt 


4. u(x) = —8 — 6 + 112? — a4 Le t)u(t)dt fe t+ 1)u(t)dt 
0 0 


5. u(x) = —6 — 22 + 1927 — «° [e t)u(t)dt fe t)u(t)dt 


x 1 
6. u(x) = —x? — «4 — 28 +f (Sat + 4x? t?)u(t)dt + | (4at? + 3a7t)u(t)dt 
0 0 


1 


vu(tae+ [ tu(t)dt 


0 


7. u(x) =e ne? 40-14 f 
) 
tu(t)dt +f xvu(t)dt 


8. u(x) = -21 + 0080+ [ 
) 


(0) 


ae 
2 


9. u(x) = 2a — [fe — t)u(t)dt -[ xcu(t)dt 


10. u(x) = 2+a4—2cosa [e Hu(oae— [ xu(t)dt 


x e-1 


11. u(a) = —a#In(1 + x) +f u(t)dt +f xcu(t)dt 


12. u(x) = —2 — 2a + 2e” 4 fe du(tae+ xvu(t)dt 
0 0 


8.2.2 The Adomian Decomposition Method 


The Adomian decomposition method [5-8] (ADM) was introduced thor- 
oughly in this text for handling independently Volterra and Fredholm integral 
equations. The method consists of decomposing the unknown function u(x) 
of any equation into a sum of an infinite number of components defined by 
the decomposition series 
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u(x) = ba Un(2), (8.31) 
n=0 


where the components u,(x),n > 0 are to be determined in a recursive 
manner. To establish the recurrence relation, we substitute the decomposition 
series into the Volterra-Fredholm integral equation (8.5) to obtain 


love) x co b eo] 
So un(2) = f(x) + i K,(a, t) (>. vt) dt+ | K(x, t) & ma) dt. 
0 a n=0 


n=0 n=0 

(8.32) 
The zeroth component wo(x) is identified by all terms that are not included 
under the integral sign. Consequently, we set the recurrence relation 


uo (a) = He); 
x b (8.33) 
nsa() = | K(x, t)tin(t)dt + / Ko(a,t)un(t)dt, n> 0 
0 a 
Having determined the components uo(), ui (x), u2(a),..., the solution in a 


series form is readily obtained upon using (8.31). The series solution converges 
to the exact solution if such a solution exists. We point here that the noise 
terms phenomenon and the modified decomposition method will be employed 
in this section. This will be illustrated by using the following examples. 


Example 8.5 


Use the Adomian decomposition method to solve the following Volterra- 
Fredholm integral equation 


u(z) =e" +1l+24 a (x du(nar— f e*~'u(t)dt. (8.34) 


Using the decomposition series (8.31), and using the recurrence relation (8.33) 
we obtain 


uo(x) =e*+14 x, 
ula) = fe Huotnde+ [et tuo(tat (8.35) 


= 1+ ia? + 
=—-£— 5% ae 


and so on. We notice the appearance of the noise terms +1 and +a between 
the components uo(#) and ui(x). By canceling these noise terms from u(x), 
the non-canceled term of uo(a) gives the exact solution 


u(x) = e”, (8.36) 
that satisfies the given equation. 


It is to be noted that the modified decomposition method can be applied 
here. Using the modified recurrence relation 


uo(x) = e*, 


w(c) =1+2+ [e — t)uo(t)dt — | c® tug (t)dt = 0 (8.37) 
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The exact solution u(a) = e” follows immediately. 
Example 8.6 


Use the modified Adomian decomposition method to solve the following 
Volterra-Fredholm integral equation 


a a ae fe punars [e+ outdae (8.38) 
0 0 


Using the modified decomposition method gives the recurrence relation 


u(x) =x 


uo(x) = x? — at 
u1(a) = -; - aa + fe - nunar+ f (x + t)u(t)dt (8.39) 
ii iL 1 1 


_ 4 
~ 72" ~ 360° 60" 72 

and so on. We notice the appearance of the noise terms tic* between the 

components uo(a) and ui(a). By canceling the noise term from the uo(x), 

the non-canceled term gives the exact solution 


u(x) = 2”, (8.40) 


that satisfies the given equation. 


Example 8.7 


Use the modified Adomian decomposition method to solve the following 
Volterra-Fredholm integral equation 


u(a) = cosa — sing — 2+ ‘a u(t)dt + fe — t)u(t)dt. (8.41) 
0 0 


Using the modified decomposition method gives the recurrence relation 


uo(x) = cosa, 


m m 8.42 
ui(x) = —sinag — 2 +f u(t)dt + i: (x — t)u(t)dt = 0. ae 

0 0 

Consequently, the exact solution is given by 
u(x) = cosa. (8.43) 


Example 8.8 


Use the modified Adomian decomposition method to solve the following 


Volterra-Fredholm integral equation 
He 1 
u(x) = 82+ 4e7 — 2° — 2*-24 | tu(t)dt +f tu(t)dt. (8.44) 
0 -1 
Using the modified decomposition method gives the recurrence relation 


u(x) = 3x + 4x? — 2°, 


u(x) = —a* — ‘ u ; u ; 
(x) 2+ f t (ode f tu(t)dt (8.45) 


-1 


8.3 The Mixed Volterra-Fredholm Integral Equations 269 


2 1 
=> “. = ll + x, 
Canceling the noise term —a? from uo(a) gives the exact solution 
u(x) = 32 + 4x”. (8.46) 


Exercises 8.2.2 


Use the modified decomposition method to solve the following Volterra-Fredholm 
integral equations 


1 x 1 
1. ula) = 2 — 37 +f tu(t)dt +f t?u(t)dt 
0 =a 


“utiiaee i u(t)dt 


2. u(x = sec? tanz—1+ [ 
0 


ie} 


3. u(x) = sing — cosa — | u(t)dt + - u(t)dt 
0 ) 


i. 1 1 # 1 
4. u(x) = 2? Thal oe [ (a — t)u(t)dt +f (a + t)u(t)dt 
5. u(x) = a? = 7 : [e + t)u(t)dt + fo — t)u(t)dt 


6. u(x) = sina + cosx— a+ 7 u(t)dt + ie (a — t)u(t)dt 
7. u(x) = cosa — sina —2+ i u(t)dt + I (a — t)u(t)dt 


8. u(x) = cosa+ (1—2)sinag — 24 [fe rju(dae-+ fe Qu(pae 


9. u(x) = tan x — In(cos x) + i” u(t)dt + l xvu(t)dt 


za 
4 


z 


10. u(x) = cot « — In(sina) — se in(2) + f u(t)dt + fl xvu(t)dt 


1 1 i Ee 
11. u(x) = «+sinz + cosz x? | u(tat+ [ —u(t)dt 
2 2 6 a 


1 v1 
12. u(x) = «+ cosx — sinx xu +14 | u(tat+ [ qule)at 
0 
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In a parallel manner to our analysis in the previous section, we will study the 
mixed Volterra-Fredholm integral equations [2], given by 
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g b 
wate i, | Ke paGiae (8.47) 


where f(x) and K(z,t) are analytic functions. It is interesting to note that 
(8.47) contains mixed Volterra and Fredholm integral equations. The Fred- 
holm integral is the interior integral, whereas the Volterra integral is the ex- 
terior one. Moreover, the unknown function u(a) appears inside and outside 
the integral signs. This is a characteristic feature of a second kind integral 
equation. This type of equations will be handled by using the series solu- 
tion method and the Adomian decomposition method, including the use of 
the noise terms phenomenon or the modified decomposition method. Other 
approaches exist in the literature but will not be presented in this text. 


8.3.1 The Series Solution Method 


The series solution method was examined before in this chapter. A real func- 
tion u(x) is called analytic if it has derivatives of all orders such that the 
generic form of Taylor series at x = 0 can be written as 


u(x) = pe oh ae (8.48) 
n=0 


We will assume that the solution u(x) of the mixed Volterra-Fredholm integral 
equation 


o b 
itn=yox i / K(r, t)u(t)dtdr, (8.49) 


is analytic, and therefore possesses a Taylor series of the form given in (8.48), 
where the coefficients a, will be determined in an algebraic manner. 

In this method, we usually substitute the Taylor series (8.48) into both 
sides of (8.49) to obtain 


< k a oe 
apn” = T(f(x))+ K(r,t) ( apt dtdr, (8.50) 


or for simplicity we use 


A b 
ay taye+age? +: =T(F(2))+ f i K (r,t) (ao + ait + agt? +---) dtdr, 
0) a 


(8.51) 
where T(f(x)) is the Taylor series for f(a). The mixed Volterra-Fredholm 
integral equation (8.49) will be converted to a traditional integral in (8.50) 
or (8.51) where instead of integrating the unknown function u(a), terms of the 
form t”, n > 0 will be integrated. Notice that because we are seeking series 
solution, then if f(x) includes elementary functions such as trigonometric 
functions, exponential functions, etc., then Taylor expansions for functions 
involved in f(a) should be used. 
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We first integrate the inner integral, and then we integrate the outer in- 
tegral in (8.50) or (8.51), and collect the coefficients of like powers of x. We 
next equate the coefficients of like powers of x into both sides of the resulting 
equation to determine a system of algebraic equations in a;,7 > 0. Solving 
this system of equations will lead to a complete determination of the coef- 
ficients a;,j > 0. Having determined the coefficients a;,j > 0, the series 
solution follows immediately upon substituting the derived coefficients into 
(8.48). The exact solution may be obtained if such an exact solution exists, 
otherwise a truncated series is used for numerical approximations. 


Example 8.9 


Solve the mixed Volterra-Fredholm integral equation by using the Taylor 
series solution method 


1 x 1 
u(x) = lla + ao +f | (r — t)u(t)dtdr. (8.52) 
0 Jo 
Substituting u(«) by the series 
u(x) = y Ant”, (8.53) 
n=0 


into both sides of Eq. (8.52) leads to 


So ana” = a + Sa? + | 7 (r—t) So ant” | dtdr. (8.54) 
n=0 2 0 0 n=0 


Evaluating the integrals at the right side, using few terms from both sides, 
collecting the coefficients of like powers of x, and equating the coefficients of 
like powers of x in both sides, we obtain 


ao = 0, a, = 6, 


(8.55) 
ag = 12, a3 a4 a5 nites 0. 
The exact solution is therefore given by 
u(x) = 6x + 122”. (8.56) 


Example 8.10 


Solve the mixed Volterra-Fredholm integral equation by using the series so- 
lution method 


AH 1 
u(x) = 2+ 4a — 5a? —523 +f / (r — t)u(t)dtdr. (8.57) 
o Jo 
Substituting u(x) by the series 
u(x) — > Ayx”, (8.58) 
n=0 


into both sides of Eq. (8.57) leads to 


co x 1 oo 
Ya =2+4z 2 ae | | (r—t) 5 ant” dtdr. (8.59) 
8 0 0 n=0 


n=0 
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Evaluating the integrals at the right side, using few terms from both sides, 
collecting the coefficients of like powers of x, and equating the coefficients of 
like powers of x in both sides, we obtain 


ag = 2, ay = 3, 
ag = 0, a3 = —5d, (8.60) 
d4=a5=:::-=0. 
The exact solution is therefore given by 
u(x) =2+ 3a — 52°. (8.61) 
Example 8.11 


Solve the mixed Volterra-Fredholm integral equation by using the series so- 
lution method 


1 x 1 
u(x) = xe* — 2? +f | ru(t)dtdr. (8.62) 
2 o Jo 


Using the Taylor polynomial for xe” up to x°, substituting u(x) by the Taylor 
polynomial 


9 
Ai Sage, (8.63) 
n=0 
and proceeding as before, we obtain 
agp = 0,a, = 1, a2 = 1, 
a3 = =z 


(8.64) 


The exact solution is therefore given by 
u(x) = xe®. (8.65) 
Example 8.12 


Solve the mixed Volterra-Fredholm integral equation by using the series so- 
lution method 


u(x) = cosa +sing — x? 4 se i [ -dutpatar, (8.66) 
0 Jo 


Proceeding as before we find 


1 
ao = 1, aj =1, 02 = op 
1 1 1 
a3 =~ 3p a4 = AV’ a5 = BI’ (8.67) 
a: a: a! 
a6 = BT? 4 7a? ag aI 


and so on. The series solution is given by 


i 1 1 ol 
ue) = (1 gett Gott J+ (eg ger), (8.68) 
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that converge to the exact solution 
u(x) = cosa + sina. (8.69) 


Exercises 8.3.1 


Use the series solution method to solve the following mixed Volterra-Fredholm integral 
equations 


1 x 1 
1. u(x) = 241224 Sa +f [ (r — t)u(t)dtdr 


2. u(x) =64 192 — 62? +f [i r — t)u(t)dtdr 


3. u(x) = 2+ 10x — 2a? +f [ (r — t)u(t)dtdr 
o J-1 
u(x2) = x “ r—t)u ir 
4. u(x) =24+6 +f a t)u(t)dtd 
31 5 a ie ae 7 - 
5. u(@) = 7a + =" + [ (r* — t*)u(t)dtd 


x il 
6. u(w) = 4+ 1492 — 2x? +f / (r3 — t3)u(t)dtdr 
-1 


(ie) S04 ete 92 4 is [ (rt? +rtyu(tpatar 
8. u(x) = sing +2 50 +f [Pc = outta 

9, u(z) =In(l+2)—0+ [ a 

iG ited) +2) — 52” +f [ t)dtdr 

11. u(x) =cose+ = [ou u(t)dtdr 


12. u(~) = tang —a2+ sf ye u(t)dtdr 
In2 


8.3.2 The Adomian Decomposition Method 


The Adomian decomposition method (ADM) was introduced thoroughly in 
this text for handling independently Volterra integral equations, Fredholm 
integral equations, and the Volterra-Fredholm integral equations. The method 
consists of decomposing the unknown function u(x) of any equation into a 
sum of an infinite number of components defined by the decomposition series 
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uc) => ua (o). (8.70) 
n=0 


To establish the recurrence relation, we substitute decomposition series into 
the mixed Volterra-Fredholm integral equation (8.49) to obtain 


co x b co 
So un(a) = f(a) +f / K(r,t) & vn) dt dr. (8.71) 
n=0 0 a n=0 
Consequently, we set the recurrence relation 
u(x) = 


f(z), 
xz pb 8.72 
Un+i(x) = i / K(r,t)un(t)dtdr, n> 0. (8.72) 


The solution in a series form is readily obtained upon using (8.70). The series 
may converge to the exact solution if such a solution exists. We point out here 
that the noise terms phenomenon and the modified decomposition method 
will be employed heavily. 


Example 8.13 


Solve the mixed Volterra-Fredholm integral equation by using the Adomian 
decomposition method 


1 x 1 
u(a) = ve” — su +f | ru(t)dtdr. (8.73) 
0 Jo 
Using the Adomian decomposition method we set the recurrence relation 


1 
uo(x) = xe* — 27, 


Un+1 (2) =} | ruz(t)dtdr, k > 0. 
o Jo 
This in turn gives 
1 
uo(x) = xe* — 52 
x 1 5 
u(x) a | rug(t)dtdr = —2”, 
o Jo 12 
) = _ 22 
U(x) - | [ ru(t)dtdr = 7% 
x 1 5 
= t)dtdr = —=2” 
u3(x) | | rug(t)dtdr 7332 
and so on. Using (8.70) gives the series solution 
ie ee ee 11 
u(x) = xe 5% +552 (i+e+5+ ). (8.76) 


that converges to the exact solution 
u(x) = xe”, (8.77) 


8.3 The Mixed Volterra-Fredholm Integral Equations 275 


obtained upon finding the sum of the infinite geometric series. 
However, we can obtain the exact solution by using the modified decom- 
position method. This can be achieved by setting 


uo(x) = re*, 
1 x al 

u(x) = —=2? +f | ruo(t)dtdr = 0. 
2 0 Jo 


Accordingly the other components u;(x),j7 > 2 = 0. This gives the exact 
solution by 


(8.78) 


u(t) = 2e*. (8.79) 


Example 8.14 


Solve the mixed Volterra-Fredholm integral equation by using the Adomian 
decomposition method 


1 * 2 
u(x) = sina — xe +f | ru(t)dtdr. (8.80) 
o Jo 
Using the Adomian decomposition method we set the recurrence relation 
: 1 , 
uo(z) = sina — 52° 
Un+i(L) = | | ruz(t)dtdr, k>0. 
0 Jo 
This in turn gives 
1 
uo(x) = sina — 5 
pe oo (8.82) 
u(x) = | | ruo(t)dtdr = sina + a7 ~ 962 
By canceling the noise term —}2? from ug, the exact solution is given by 
u(a) = sina. (8.83) 
This result satisfies the given equation. 


However, we can obtain the exact solution by using the modified decom- 
position method. This can be achieved by setting 


uo(x) = sina, 


1 Zr Pt 8.84 
u(x) = ha +/ | ruo(t)dtdr = 0. eo 


Accordingly the other components u,;(x),j > 2 = 0. This gives the same 
solution obtained above. 


Example 8.15 


Solve the mixed Volterra-Fredholm integral equation by using the Adomian 
decomposition method 


u(x) = cosa — 2a + a fe — t)u(t)dtdr. (8.85) 
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Using the modified decomposition method we set 


uo(x) = cos 2, 


(8.86) 
) = -2a + Mois tis t)dtdr = 0. 
Accordingly the other pee " (x), = 0. This gives the exact 
solution by 
u(x) = cos x. (8.87) 


Example 8.16 


Solve the mixed Volterra-Fredholm integral equation by using the Adomian 
decomposition method 


u(x) =In(1 +2) - 5a “+f [om t)dtdr. (8.88) 


Using the modified eae eae we set 
uo(x) = a +2) 


(8.89) 
u1(2) =—52 i i rug(t)dtdr = 0. 
Accordingly the other components u;(x),j7 > 2 = 0. This gives the exact 
solution by 
u(x) = In(1 +2). (8.90) 


Exercises 8.3.2 


In Exercises 1-6, use the Adomian decomposition method to solve the mixed Volterra- 
Fredholm integral equations 


x 1 
1. u(a) = i +f ) (r? — t?)u(t)dtdr 
5 0 J-1 
203 an a eee 
2. u(@) = a@+ —a"? + (rt“ — r*t)u(t)dtdr 
9 o J-1 
4 x 1 
3. u(x) = =a? +f / (rt? — r?t)u(t)dtdr 
5 o J-1 
2 xz 1 
4. u(x) = —2? +f j (rt? + r7t)u(t)dtdr 
15 0 J-1 
1 x 1 
5. u(x) = 2? — ra +f ‘ (1+ rt)u(t)dtdr 
0 J-1 


a a rt)u a 
6. u(x) = «& 5 +f [a+ t)u(t)dtd 


In Exercises 7-12, use the modified decomposition method to solve the following 
Volterra-Fredholm integral equations 


7. u(x) = wsina 5° t(m—2)e4 I i (r — t)u(t)dtdr 
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mn w Tw 
8. u(x) = xcosa — —a? +f | ru(t)dtdr 
4 o Jo 
x e-1 
9. u(x) = In(1+a)-—a+ | | u(t)dtdr 
o Jo 


10. u(a) = tane — 2? In2+ / [ ru(t)dtdr 
0 Jo 


i 2 rt 
11. u(x) = sec? x (4 In 2)a 5" | p (r + t)u(t)dtdr 
o Jo 


© 2 
12. u(x) = 2ave” — (e? + 1)a? +f / ru(t)dtdr 
o Jo 


8.4 The Mixed Volterra-Fredholm Integral Equations in 
Two Variables 


In this section we present a reliable strategy for solving the linear mixed 
Volterra-Fredholm integral equation of the form 


u(x,t) = f(z,t) +f [ F(a,t,r, s)u(r, s)drds, (x,t) €Qx [0,T], (8.91) 


where u(x,t) is an unknown function, and f (x,t) and F(x, t,r,s) are analytic 
functions on D = 2 x [0,7], where 2 is a closed subset of R",n = 1, 2,3. 

The mixed Volterra-Fredholm integral equation (8.91) in two variables 
arises from parabolic boundary value problems, the mathematical modeling 
of the spatio-temporal development of an epidemic, and in various physical 
and biological models. In the literature, some methods, such as the projec- 
tion method, time collocation method, the trapezoidal Nystrom method, and 
Adomian method were used to handle this problem. It was found that these 
techniques encountered difficulties in terms of computational work used, and 
therefore, approximate solutions were obtained for numerical purposes. In 
particular, it was found that a complicated term f(a,t) can cause difficult 
integrations and proliferation of terms in Adomian recursive scheme. 

To overcome the tedious work of the existing strategies, the modified de- 
composition method will form a useful basis for studying the mixed Volterra- 
Fredholm integral equation (8.91). The size of the computational work can 
be dramatically reduced by using the modified decomposition method. More- 
over, the convergence can be accelerated by combining the modified method 
with the noise terms phenomenon. The noise terms were defined as the iden- 
tical terms with opposite signs that may appear in the first two components 
of the series solution of u(#). The modified decomposition method and the 
noise terms phenomenon were presented in details in Chapters 3, 4, and 5. 
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8.4.1 The Modified Decomposition Method 


In what follows we give a brief review of the modified decomposition method. 
For many cases, the function f(a,t) can be set as the sum of two partial 
functions, namely fi(#,t) and f2(x,t). In other words, we can set 

f(a, t) = fila, t) + fala, t). (8.92) 
To minimize the size of calculations, we identify the zeroth component uo(z, t) 
by one part of f(x, t), namely f,(x, t) or fo(x, t). The other part of f(a, t) can 
be added to the component u;(#,t) among other terms. In other words, the 
modified decomposition method introduces the modified recurrence relation 


uo(x, t) = fi(z,t), 


u(x,t) = frte.t)+ f [Fee FS males) ands, (8.93) 


t 
Un+1(2,t) = | F(a,t,r,s)ug(r, s)drds, k>1. 
0 JQ 


If noise terms appear between uo(x,t) and ui(z,t), then by canceling these 
terms from uo(x, t), the remaining non-canceled terms of uo(#,t) may give the 
exact solution. This can be satisfied by direct substitution. In what follows, 
we study some illustrative examples. 


Example 8.17 


Use the modified decomposition method to solve the mixed Volterra-Fredholm 
integral equation 


u(x,t) = f(a, t) +f Eee s)drds, (a,t) €Qx [0,T], (8.94) 


where 
1 
f(a,t) =e cost) +tcos(x) + 5¢ cos(z — 1)sin1]} , (8.95) 
F(z,t,r, s) = —cos(a — res, 
with Q = [0,1]. 
Substituting the decomposition series 
u(a,t) = S- Un(a, t), (8.96) 
n=0 
into (8.94) gives 
- 1 
S- Un(a,t) = e~* cost) + tcos(x%) + 5¢ cos(z — 1) sin 1 
nt (8.97) 


— [ [se —r)je* (doontr)] drds. 


As stated before we decompose f(,t) into two parts as follows: 
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fo(a, t) = e~*|cos(x) + tcos(x)}, 
1 (8.98) 
filz,t) = zie" cos(a — 1) sin 1. 


The modified decomposition technique admits the use of the recursive relation 
uo(x, t) = e~*{cos(x) + tcos(x)], 


1 
ur(a,t) = ste" cos(# — 1) sin 1 


t 
-{ J costa — net uo(r s)drds ie) 
0 JQ 
t 
Unqi(a,t) = -[ | cos(z — r)e®‘uz(r,s)drds, k>1. 
0 Ja 
This gives 
uo(x,t) = e~*[cos(x) + tcos(x)], 
(8.100) 


1 1 
ui(x,t) = —te~* cos(x) + ste (5 sin(a + 4) + sin?2 sin c) free 


The self-canceling noise terms te~’ cos(a) and —te~‘ cos(#) appear between 
the components uo(z, t) and w1(x, t) respectively. By canceling this term from 
uo(x,t), and showing that the remaining non-canceled term of u(x, t) satis- 
fies the equation (8.94), the exact solution is given by 


u(x,t) = e* cos(z). (8.101) 
Example 8.18 


Use the modified decomposition method to solve the mixed Volterra-Fredholm 
integral equation 


u(x,t) = f(a, t) +/ 2 F(a,t,r, s)u(r, s) dr ds, (x,t) € Q x [0,T], (8.102) 


where = 
x,t) =cosxsint + —cos2(tcost —sint), 
P(e, t) 4 ( ) (8.103) 
F(«,t,r, 8) = cos(a — r) sin(t — s), 
with Q = [0,7]. 
Substituting the decomposition series 
ue =—>— Unley); (8.104) 
n=0 
into (8.102) gives 
~ : 7 : 
x Un(x,t) = cosxsint + 4008 x(tcost — sin t) 
Rae (8.105) 


+f [ cos(x — r) sin(t — s) (> Un(T, ») drds. 
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As stated before we decompose f(a,t) into two parts as follows: 


Tv 
fo(x,t) = cosasint + qi cos x cost, 
ae (8.106) 
fil(a,t) = —Z cos@sint. 


The modified decomposition technique admits the use of the recursive relation 


7 
uo(x,t) = cosxsint + a cos x cos t, 
t 
ui(a,t) = -+ cos x sin t + | i cos(x — r) sin (t — s)uo(r, s)drds (8.107) 
0 JQ 


t 
Unqi(a, t) = | | cos(x — r) sin (t — s)uz(r,s)drds, k>1. 
0 JQ 


This gives 

uo(a,t) = cosxsint + “t cos x cos t, 
gs (8.108) 
u1(a,t) = —qtcosz cost + oe 


The self-canceling noise terms Ftcosxcost and —Ztcosxcost appear be- 


tween the components uo(#,t) and ui(a,t) respectively. By canceling this 
term from uo(a,t), and showing that the remaining non-canceled term of 
uo(x,t) satisfies the equation (8.102), the exact solution 


u(a,t) = cosasint, (8.109) 
follows immediately. 
Example 8.19 
Use the modified decomposition method to solve the mixed Volterra-Fredholm 


integral equation 


u(x,t) = f(2,t) +f [Fleur s)u(r, s) dr ds, (x,t) € Q x [0,7], (8.110) 


where 
f(a, t) = sin(a + t) —4cost — msint — 2tsint +4, (8.111) 
F(a,t,r,s)=r+s, 
with Q = [0,7]. 
Substituting the decomposition series 
ula) = S— tin(a, i), (8.112) 
n=0 
into (8.110) gives 
> Un(a,t) = sin(a + t) — 4cost — msint — 2tsint +4 
n=0 (8.113) 


= [ [teva (Sommtr) drt 
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As stated before we decompose f(a,t) into two parts as follows: 
fo(a, t) = sin(x + t) — 4cost — rsint, 
fila, t) = —2tsint + 4. 

The modified decomposition technique admits the use of the recursive relation 


(8.114) 


uo(x,t) = sin(a +t) —4cost — rsint, 


us(x,t) = —2tsint +44 : [ + 8) (uo(r, s)) drds (8.115) 
This gives — 
uo(«, t) = sin(w + t) — 4cost — msint, (8.116) 


ui(a,t) = 4cost+msint+---. 


By canceling the two noise terms from uo(x, t), and showing that the remain- 
ing non-canceled term of uo(a,t) satisfies the equation (8.110), the exact 
solution 

u(a,t) = sin(a + ¢), (8.117) 


is readily obtained. 
Example 8.20 


Use the modified decomposition method to solve the mixed Volterra-Fredholm 
integral equation 


u(x,t) = f(a, t) +f [Fe r,s)u(r, s)drds, (x,t) €Q x [0,T], (8.118) 


where Bea (ko i 
xL xL 
g,t) = 27 — t+? —-——# + =H, 
F(,#) i) 6 6 (8.119) 
F(a,t,r,s) =ax+t+r—2s, 
with Q = (0,1). 


Proceeding as before we set 


3+4x 1+2¢ 1 
— 2 2 3 4 
5 U,(2,t) =a = oi) t+t cas t 7 Be 


n=0 


+f [(erttr—2s) (Somat ») drds. (8.120) 


Decomposing f(x,t) into two parts as follows: 
3+4 
fola,t) = 2 - —, =t+#, fi(z,t)=— 


and using recursive relation 


Pee 


8.121 
tt, (8.121) 


1+22 1 
6 
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uo(a,t) = a* — 


t 
ui(x,t) = vt | [letter — 2s)uo(r, s)drds (8.122) 
0 JO 


t 
Un+1(2, t) -| [letter —2s)uctr s)drds, k>1. 
0 YQ 


This gives 


(8.123) 


By canceling the noise term from uo(z,t), and showing that the remaining 
non-canceled term of ug(«, t) satisfies the equation (8.118), the exact solution 


u(x,t) =a? +27, (8.124) 
is readily obtained. 


Exercises 8.4.1 


Use the modified decomposition method to solve the mixed Volterra-Fredholm inte- 
gral equations in two variables 


u(x,t) = f(a,t)+ [ i F(a,t,r,s)u(r, s)drds, (x,t) € Q x [0,7], (8.125) 


where f(2,t), F(a,t,r,s), and Q are given by: 


1 1 


1. f =at Tul a F=(a—-r)(t—s), Q=(0,1] 


2.f=ax2+t—3? — 43, F=12s, Q=([0,]] 


2 2 
3. faa? +cost(——1) + 2tsint — oa F=cosrsins, 0= 0, - 


2 


4, fae? —sint (Se) + 2tcost, F =cosrcoss, Q= 0, | 


1 1 
5. fH=ltee + ?4+8 (#4 8), F=(e-r)(t~ 9), O=[-1] 
5 10 
2 2,43, 42 
6. f=a*t—at car, +t, F=r—s, Q=[-1,1] 
7. f =e *cosxt+ “te~* cosa, F=-—cos(#—r)e*—*, Q= [0,7] 
8. f =cos(a — t) + 4sint + cost(m — 2t) —7, F=r—s, Q=(0,7] 
5 1 5 
9. f =e’ — -e* + -te*? + -, F=r—s, 29=(0,1 
f=ze a bate cae r—s [0, 1] 


10. f =cos(x +t) + 2msint — 2ntcost, F=rs, Q = [-7,7] 
ll. f =cosxcost + 2cost+ 2tsint —2, F=rs, = [0,7] 


References 283 


12. f=e 'sina + “tet sina, F=-—cos(#—r)e*~*, Q= [0,7] 
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Chapter 9 


Volterra-Fredholm Integro-Differential 
Equations 


9.1 Introduction 


The Volterra-Fredholm integro-differential equations [1-4] appear in two 
types, namely: 


u*) (x) = f(a) +A1 7. Ky (a, thu(t)dt + A2 ‘i Ko(a, t)u(t)dt, (9.1) 


and the mixed form 


a b 
we) = Fear i / K(r,t)u(t)dtdr, (9.2) 
0 a 
where u\*)(x) = ay The first type contains disjoint integrals and the 


second type contains mixed integrals such that the Fredholm integral is the 
interior one, and Volterra is the exterior integral. 


9.2 The Volterra-Fredholm Integro-Differential Equation 


In this section we will first study the Volterra-Fredholm integro-differential 
equation (9.1). The Adomian decomposition method can be used after inte- 
grating both sides of any equation k times and using the initial conditions. 
This type of equations will be handled by using the Taylor series solution 
method and the variational iteration method only. 


9.2.1 The Series Solution Method 


The series solution method [2,5] was examined before in this chapter and 
in Chapters 3, 4, and 5. The generic form of Taylor series at x = 0 can be 
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written as 


u(a“) = x Cin (9.3) 
n=0 


We will assume that the solution u(x) of the Volterra-Fredholm integro- 
differential equation 


x b 
ul*) (x) = f(a) + Ky(a,tu(tae-+ f Ko(a, t)u(t)dt, (9.4) 


is analytic, and therefore possesses a Taylor series of the form given in (9.3), 
where the coefficients a,, will be determined algebraically. 

In this method, we usually substitute the Taylor series (9.3) into both sides 
of (9.4) to obtain 


e (k) : es 
(>. on =T(f(x))+ | K,(z, t) (>. ov) dt 
0 n=0 


-_ b oo (9.5) 
+f Ko(a, t) (>. ot") dt, 
a k=0 
or for simplicity we use 
(ao +a," + aon? +-- . )(*) = T(f(z)) 
+} Ki(a,t) (ao + art + agt? +---) dt 
i ( ) (9.6) 


b 
+f K(x, t) (ao + ayt+ agt? + see -) dt, 


where T(f(a)) is the Taylor series for f(a). The integro-differential equation 
(9.4) will be converted to a traditional integral, where terms of the form 
t”, n > 0 will be integrated. 

We first integrate the right side of the integrals in (9.5) or (9.6), and col- 
lect the coefficients of like powers of x. We next equate the coefficients of 
like powers of x into both sides of the resulting equation to determine the 
coefficients a;,7 > 0. Solving the resulting equations will lead to a complete 
determination of the coefficients a;, 7 > 0. Having determined the coefficients 
aj,j = 0, the series solution follows immediately upon substituting the de- 
rived coefficients into (9.3). The exact solution may be obtained if such an 
exact solution exists. 

It is to be noted that the series method works effectively if the solution 
u(a) is a polynomial. However, if u(x) is any elementary function, more terms 
of the series are needed to obtain an approximation of high degree of accuracy. 
This analysis will be tested by discussing the following examples. 


Example 9.1 


Solve the Volterra-Fredholm integro-differential equation by using the series 
solution method 
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u'(s) = 114+17¢—22° —32*4 [rca [e-punat, wo =0. (9.7) 
0 0 


Substituting u(x) by the series 
u(x) = S- anz’, (9.8) 
n=0 


into both sides of the equation (9.7), and using the initial condition ap = 0, 
we find 


lore) f x ioe) 
(> nan") = 114172 — 22° — 3244+ | ( S- ot) dt (9.9) 
n=1 0 n=0 


af (« -)S° on") dt. 


n=0 
Evaluating the integrals at the right side, using few terms from both sides, 
and collecting the coefficients of like powers of x, and equating the coefficients 
of like powers of x in both sides of the resulting equation, we obtain 


a9=0, a1 =6, ag=12, as=0, 7 23. (9.10) 
The exact solution is therefore given by 
u(x) = 6x + 122”. (9.11) 
Example 9.2 


Solve the Volterra-Fredholm integro-differential equation by using the series 


solution method 
1 


u' (2) = 2 — 52 — 3a? — 202° — 2° 4 [ woas | (1+ at)u(t)dt, u(0) = 1. 
° 7 (9.12) 


Substituting u(«) by the series 
u(a) = x Ant”, (9.13) 
n=0 


into both sides of Eq. (9.12), and using the initial condition ap = 1, we find 


lore) 7 x love) 
(3: na") = 2-52 — 32? — 2023 — 2° -| (Sone dt 
n=l 0 n=0 
4: oo 
+/ (1+at) S° a,t"dt. 
= 


n=0 
Evaluating the integrals at the right side, using few terms from both sides, 
and collecting the coefficients of like powers of x, and equating the coefficients 
of like powers of x in both sides of the resulting equation, we obtain 


ag = 1, ay= 6, ag = a3 >= 0, a4 = 5, aj= ()y J >5. (9.15) 
The exact solution is therefore given by 


(9.14) 
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u(x) =14+ 62+ 524, (9.16) 


Example 9.3 


Solve the Volterra-Fredholm integro-differential equation by using the series 
solution method 


u'(a) = 2e7 —2+ i. u(t)dt + i u(t)dt, u(0) = 0. (9.17) 


Substituting u(x) by the Taylor polynomial 


10 
u(a) = » Anx”, (9.18) 
n=0 
and proceeding as before, we obtain 
1 1 1 
a9=0, at =1, a=l, a= 7 Ua =F (9.19) 
The exact solution is given by 
u(a) = xe”. (9.20) 


Example 9.4 


Solve the Volterra-Fredholm integro-differential equation by using the series 
solution method 


w(x) = 2sina — x — sf — t)u(t)dt + i’ u(t)dt, 


u(0) = u(0)=1, u’(0) =-1. 
Using the series assumption for u(a) and proceeding as before, we obtain 


(9.21) 


ao=1, a, =1, a=-3, 
1 1 (9.22) 
Ug > a Ua Oo = ers 
and so on. the exact solution is given by 
u(“) = sinxz + cosa. (9.23) 


Exercises 9.2.1 


Solve the Volterra-Fredholm integro-differential equations by using the series solution 
method 


1. u’ (x) =6 + 4x — 2? 4 fe ducoae+ | (1 — axt)u(t)dt, u(0) =0 
0 -1 


2.u’ (x) =4+ 62 4 2 2a3 4 [re au(nar+ [a —at)u(t)dt, u(0) = 1 


3. ul (x) = —4+ 62 — 2? — 24+ 4 in ru(tyae + fo (1 — at)u(t)dt, u(0) =1 
) -1 
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4. u'(x) =—-44+ 62 4 rag + —a- 4 [ot —2tquqnaes [a xdu(nae 


il x 1 
5. uw’ (2) = -8— -a? +474 34 | tu(t)dt +f (x — t)u(t)dt, 
2 4 0 -1 
u(0) = 1, u’/(0) = —3 
” 250 3 * = 2 2 
6. u(x) = —500 + 3 + u(t)dt + | (at“ — x*t)u(t)dt, 
0 0 


u(0) = 69, u’(0) = —168 


x] 


.ul' (2) =2cosx-—1+ [ u(t)dt + [ u(t)dt, u(0) = —1, u’(0)=1 


co 


. ul’ (2) =| u(t)dt F tu(t)dt, u(0) = 1, u/(0) =1 


xz 1 
9. ul!" (x) = —6 — Qn — 3x? — 4a? 4 i u(tae + f tu(t)dt, 
0 0 
u(0) = 2, u’(0) = 6, u’’(0) = —24 


x 1 
10. wu!’ (x) = a — 227 + 324 +f tu(t)dt +f xcu(t)dt, 
) i) 
u(0) = 0, u’(0) = 6, u’’(0) = —24 


ll. u’’’(x) =3—4cosx +f u(t)dt +f u(t)dt, u(0) =0, u’(0) =1, wu’ (0) =0 
) 0 


x 


12. w(x) = -1- sine + f u(t)dt + [ u(t)dt, u(0) = 0, u’(0) =0, u’’(0) = 2 
) ) 


9.2.2 The Variational Iteration Method 


The variational iteration method was used before to handle Volterra and 
Fredholm integral equations. It was discussed before, that the method pro- 
vides rapidly convergent successive approximations of the exact solution if 
such a closed form solution exists. The variational iteration method will also 
be used in this section to study the Volterra-Fredholm integro-differential 
equations. 

The standard ith order Volterra-Fredholm integro-differential equation is 
of the form 


x b 
u (x) = Fo) + | Ky(n,thu(tae + Ko(a, t)u(t)dt, (9.24) 


where ul (2) = ae. and u(0),u’(0),...,u°-)(0) are the initial conditions. 
The right side contains two disjoint integrals. Concerning the kernel Ko(2,t), 
we will discuss Ko(a,t) being separable and given by 


Ko(a,t) = g(x)h(t), (9.25) 
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or may be difference kernel and given by 


Ko(ax,t) = Ko(a —t) = g(a) — hit). (9.26) 
Consequently, the second integral at the right side of (9.24) becomes 
b 
/ Ko(a, t)hu(t)dt = ag(x), (9.27) 
and ‘ 
/ Ko(a, t)u(t)dt = Gg(x) — a, (9.28) 


by using (9.25) and (9.26) respectively, where 
b b 
a= / h(t)u(t)dt, B= / u(t)dt. (9.29) 


The correction functional for the Volterra-Fredholm integro-differential equa- 
tion (9.24) is 


Un+1(2) = Un(x) 


+ [© (WO -1- [ KE rimloyar— age) a, O° 


or 
Un+1(x) = Un (x) 


+f A(E) (we =f(e)= [Bie rita(ryan iar a) dé, 


by using (9.27) and (9.28) respectively. 

The variational iteration method is used by applying two essential steps. 
It is required first to determine the Lagrange multiplier A(€) that can be 
identified optimally via integration by parts and by using a restricted varia- 
tion. Having \(€) determined, an iteration formula, without restricted varia- 
tion, should be used for the determination of the successive approximations 
Un+1(x),n > 0 of the solution u(). The zeroth approximation ug can be any 
selective function. However, the given initial values u(0), u’/(0),... are prefer- 
ably used for selecting the zeroth approximation up as will be seen later. 
Consequently, the solution is given by 


u(a) = Jim Un(a). (9.32) 


(9.31) 


It is worth noting to summarize the Lagrange multipliers \(€) for a variety 
of ODEs as formally derived in Chapter 3: 


ul + f(u(g), w(g)) =0,A= —1, 
wl" + f(u(§),u'(€),u"(S)) =0,A=€—-2, 


ul” + f(u(é), u'(€), w" (€), w"(€)) =0,A=—S(E— 2), 
ul) + f(u(€), u'(é),w"(€), w"”(€), uO (€)) =0,A= FE -2)°, 
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Wl) + Fulg),u!(E),u"(6),--.,u()) = 0,2 = (-I" 


The VIM will be illustrated by studying the following examples. 
Example 9.5 


Solve the following Volterra-Fredholm integro-differential equation by using 
the variational iteration method 


u(x) =1+ fe - du(nar+ f xtu(t), u(0)=1. (9.34) 


The correction functional for this equation is given by 


fii) enh | : (ui ie | ‘nae: - at) dt, (9.35) 


where we used \ = —1 for first-order integro-differential equation, and 
1 
a= [ tu(t)dt. (9.36) 
0 
We can use the initial condition to select uo(z) = u(0) = 1. Using this 


selection into the correction functional gives the following successive approx- 
imations 
uo(z) = 1, 


lI 
+ 
8 
+ 
[Re 
2) 
a5 
+ 
ae 


u3(x) = ua(x) — i (uw -1- Kc —r)ua(r)dr — at) dt (9.37) 


= ee a ce eee 
=1l+a+ an + ae + ae rs hd + ae 


1 1 1 
7 8 9 
tae + ope oar F 


ua(x) = ug(x) — - @c -1- fe —r)us(r)dr — at) dt 


= \ \ 1 24 1 34 1 44 1 am 1 6 
=1ltat+ pon + ae + Ge + an + ae 
1 1 1 1 
BME eB a Page MO ih eee dD je dO 
Tat t Tis t gi” t 10! + Te + a” ; 


and so on. To determine a, we substitute w4(x) into (9.36) to find that 
a=l1. (9.38) 
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Substituting a = 1 into u4(x), and using 
u(x) = lim u,(2), (9.39) 
n—- co 
we find that the exact solution is 
u(x) =e", (9.40) 
obtained upon using the Taylor series for e”. 
Example 9.6 


Solve the following Volterra-Fredholm integro-differential equation by using 
the variational iteration method 


xu 1 

u'(z) =9-—5a—2?—2°4 | (x du(pae+ f (x—t)u(t), u(0) = 2, (9.41) 
0 0 

that can be written as 


uw (2) =9 —52 —2? — 23 + fe — t)u(t)dt + ax — B,u(0)=2, (9.42) 
0 


where ; : 
a dt, = u(t)dt. 9.43 
a | u(t)dt, 6 i; tu(t)dt (9.43) 


The correction functional for the Volterra-Fredholm integro-differential equa- 
tion is given by 


Un-+1(2) = Un(x) 


-[ (oie 94+5t+P 48 fo run (rar — at +8) dt, 
0 0 


where we used \ = —1 for first-order integro-differential equations. We can 
use the initial condition to select uo(x) = u(0) = 2. Using this selection we 
obtain 

uo(x) = 2, 


ui(x“) = uo(x) 


(9.44) 


U2(x) = ui (2x) 


x t 

-| (up -9+5eese— | (t= r)un(r)dr — at + 8) dt 
0 0 
SSGEL Oe Rand ee ao 5 1 


2 PE rT a COBO 


u(x) 
-f Gc ~94+5t+24¢3— fe — r)ug(r)dr — at + 3) dt, 


5-a,, 3-6, 
7. aE 


u3(x) 


=24+(9-6B)x—- 
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(9.45) 


and so on. To determine a and (3, we substitute u3(a) into (9.43), and solve 
the resulting equations to find that 


a=5, B=3. (9.46) 
This in turn gives the exact solution 
u(x) =2+62, (9.47) 


obtained upon substituting a = 5, and 6 = 3 into u,(z). 
Example 9.7 


Solve the following Volterra-Fredholm integro-differential equation by using 


the variational iteration method 
1 


ul (2) = -8+62—32"+23+ [ u(that f (1—2art)u(t), u(0) = 2, u’(0) = 6, 
° = (9.48) 


that can be written as 


ul" (2) = -8+62—327+2° 4 [wide ober. u(0) = 2, u’(0) = 6, (9.49) 
0 


where : ; 
a= | u(t)dt, G= | 2tu(t)dt. (9.50) 
0 0 


The correction functional for the Volterra-Fredholm integro-differential equa- 
tion is given by 


Un+1(@) = Un(x) 


x t 
+f (t — 2) (wn + 8 — 6t + 3t? — #3 | un(r)dr— a+ 6) dt, 
0 0 
(9.51) 
where we used \ = (t — x) for second-order integro-differential equations. 
We can select uo(a) = u(0) + u/(0)a = 2 + 6a to determine the successive 
approximations 


uo(x) = 2+ 62, 

ui(“) =2+ 62 (50 1) € <3) x bana, 

woe) =2+0e+ (ba-4)at+ (4-15) 22+ (Goa-2) 2 
+ (qm) 2+ ; + am . ee 


ia) act ot (50 ‘je a a8) 0°+(Ge-a)e 
6 


pe eet 1 - 
90 720 40320° 20160)” 
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a es 
45360 362880") ” ; 
and so on. To determine a and 3, we substitute u3(x) into (9.50), and solve 
the resulting equations to find that 


a=2,8=8. (9.53) 
This in turn gives the exact solution 
u(x) = 2+ 6x — 327. (9.54) 


Example 9.8 


Solve the following Volterra-Fredholm integro-differential equation by using 


the variational iteration method 
Tv 


wt(e) =—50?+ f° u(nar+ f zu(t),u(0) = u/(0) = —u"(0) = 1, (9.55) 


TT 


that can be written as 
1 x 
ul" (2) = ae +f u(t)dt + ax, u(0) = u'(0) = —u"(0) =1, ~— (9.56) 
0 


where 


a= | wea, (9.57) 


TT 


The correction functional for the Volterra-Fredholm integro-differential equa- 
tion is given by 


anasto) =rin(a) = 5 f(t 29? (ute. ge — f unloyar— at) de 


2 
(9.58) 
where we used 


1 2 
A= -5(t-2)", (9.59) 


for third-order integro-differential equations. We can use the initial conditions 
to select 


1 
uo(x) = u(0) + u'(0)ax + sul (O)a*, 
if 
=1l+2-52°. (9.60) 


Using this selection into the correction functional gives the following suc- 
cessive approximations 


1 
uo(z) =1l+a— a 
= Le, a_l1¢ 
ui(a) =1+2 5% mikey a)a ae 
— I 2 1 4 1 6 1 \ 8 1 10 
ug(z) = 1+a—=a7+4+ Ths +a)xr at a + a) im 
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1 1 1 
u3(z) =14+a st a! + a)a4 am 
1 1 1 1 
A( 8_ lO 4 774 2 4 44 61 
te Oe ae ae ee age tL) 


where other approximations are obtained up to ug(a), but not listed. To 
determine a, we substitute ug(x) into (9.57), and solve the resulting equations 
to find that 


a=0. (9.62) 
This in turn gives the series solution 
er i eo ee 10 
u(x) = a4 (1 3% ta? — at + ae + T9® + j (9.63) 
that converges to the exact solution 
u(x) = a+ cose. (9.64) 


Exercises 9.2.2 


Solve the following Volterra-Fredholm integro-differential equations by using the vari- 
ational iteration method 


1. u(x) =6+4e a+ [ (a — t)u wats f° (1— axt)u(t)dt, u(0) =0 


2. u' (x) = 6 — 2x ar x ia (a du(yaes [ cu(t)dt, u(0) =1 


3. ul (x) = -44 62 — x? — 24 i nu(tyae+ f (1 — at)u(t)dt, u(0) = 1 
0 =1 


re x 1 
4. u(x) = 5a a a (1 — at)u(t)dt +f atu(t)dt, u(0) =1 
) =1 


x all 
5. ul (2) = —8 — 22? +09 + 24 4 | tu(t)dt +f (x — t)u(t)det, 
2 4 (0) -1 


u(0) = 1, u’(0) =— 


6. u(x) = : — 3a? — 7 + I wu(t)dt + [eo — t)u(t)dt, u(0) = 3, u’(0) =0 


7.u"'(«) = —x so re t)u(t)dt + Z xu(t)dt, u(0) =0, u/(0) = 2 


8.u(2)=-l-a2t+ [fe — t)u(t)dt + - xu(t)dt, u(0) =1, u’(0) =1 


1 1 xz 1 
9. ul" (x) = = 57 +f u(t)dt +f tu(t)dt, u(0) =1, u’(0) = 2,u/’(0) =1 
0) 0) 


1 x Tv 
10. u(x) =5 - ra +f u(t)dt +f vu(t)dt, u(0) = 0, u’(0) =1, u’’(0) =0 
(0) =F 


11. u’”’ (x) =3-doose+ | 


i u(t)dt + [ u(t)dt, u(0) = 0, u’(0) = 1, u’’(0) =0 
0 0 
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12. u(x) =-1- sine + | u(t)dt +f? u(t)dt, u(0) = 0, u’(0) =0, u’’(0) = 2 
) ) 


9.3 The Mixed Volterra-Fredholm Integro-Differential 
Equations 


In a parallel manner to our analysis in the previous section, we will study the 
mixed Volterra-Fredholm integro-differential equation of the form 


© b 
u(x) = f(x) +A | / K(r, t)u(t)dtdr, (9.65) 
0 a 
where f(a), K(a,t) are analytic functions, and u («) = aa, It is interesting 


to note that (9.65) contains mixed Volterra and Fredholm integral equations, 
where the Fredholm integral is the interior integral, whereas the Volterra inte- 
gral is the exterior one. Moreover, the unknown function u(x) appears inside 
the integral, whereas the derivative u(x) appears outside the integral. This 
type of equations will be handled by using the direct computation method 
and the series solution method. Other methods exist in the literature but will 
not be presented in this text. 


9.3.1 The Direct Computation Method 


The standard ith order mixed Volterra-Fredholm integro-differential equation 
is of the form 


g b 
u(x) = f(x) + | / K(r, t)u(t)dtdr, (9.66) 


where f(a), K(x,t) are analytic functions, and u(x) = as The initial 
conditions should be prescribed. The unknown function u(x) appears inside 
the integral, whereas the ith derivative wu“ (a) appears outside the integral. 

The direct computation method [6] was used before to handle Fredholm in- 
tegral equation in Chapter 4. In this section, the direct computation method 
will be used to solve the mixed Volterra-Fredholm integro-differential equa- 
tions. The method gives the solution in an exact form and not in a series 
form. It is important to point out that this method will be applied for the 


degenerate or separable kernels of the form 
K(a,t) = S~ ge(x)he(t). (9.67) 
k=1 


Examples of separable kernels are x — t, xt, x? — t?, at? + xt, etc. 
We will focus our study on K (x,t) being separable of the form 


K(r,t) = g(r)h(t), (9.68) 
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or being difference kernel of the form 

K(r,t) = K(r —t) = g(r) — A(t). (9.69) 
Substituting (9.68) or (9.69) into (9.66), the integro-differential equation be- 
comes 


or 


u(x) = f(a) + | " Bg(r) dr, (9.70) 


ul) (a) = f(a) + | (ag(r) — 8) ar, (9.71) 
respectively, where 


b b 
a= / u(t)dt, B= | h(t)u(t)dt. (9.72) 


Integrating (9.70) or (9.71) i times for 0 to x gives the unknown solution u(z), 
where the constants @ and ( are to be determined. This can be achieved 
by substituting the resulting value of u(x) into (9.72). Using the obtained 
numerical values of a and (3, the solution u(x) of the mixed Volterra-Fredholm 
integro-differential equation (9.70) or (9.71) is readily obtained. 

The direct computation method will be illustrated by studying the follow- 
ing mixed Volterra-Fredholm integro-differential examples. 


Example 9.9 


Solve the mixed Volterra-Fredholm integro-differential equation by using the 
direct computation method 


1 x 1 
u(x) = e*(1+2) — 5 +f | ru(t)dtdr, u(0) = 0. (9.73) 
0 Jo 
This equation can be written as 
1 x 
u'(@) =e"(1+2) — 5 +f erdr, ul{0)=0. (9.74) 
0 


where we used ‘ 
a= i u(t)dt. (9.75) 
0 


Integrating both sides once from 0 to x, and using the initial condition we 


find 
id 5 


u(x) = xe” + ——# : (9.76) 


To determine a, we substitute u(x) from (9.76) into (9.75) to find that 
a=l1. (9.77) 
This in turn gives the exact solution by 
u(x) = xe”. (9.78) 
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Example 9.10 


Solve the following Volterra-Fredholm integro-differential equation by using 
the direct computation method 


a) = gee ‘ l= u r, u(O) = 
u(x) =6+4 29 5 +f [i t)u(t)dtdr, (0) = 0. (9.79) 


This equation can be written as 


7 x 
(2) =6+292— 50° + | (ar — 8dr, (9.80) 
0 
where 
1 1 
a= | u(t)dt, B= |] tu(t)dt. (9.81) 
0 0 
Integrating both sides once from 0 to x, and using the initial condition we 
find 8 = 
pee 3 
= 3 82 
u(x) = 6a pone a — —4 (9.82) 
To determine a and (3, we substitute u(x) from (9.82) into (9.81) to find that 
a=1,6=5. (9.83) 
Substituting a = 7 and 6 = 5 into u(z) gives the exact solution by 
u(x) = 6x + 122”. (9.84) 


Example 9.11 


Solve the following Volterra-Fredholm integro-differential equation by using 
the direct computation method 


u(x) = —2? -sine ~oose+ [ [rw t)dt dr, u(0) = 1, u’(0) = 1. (9.85) 


This equation can be written as 


u" (x) = —z? — sina — cosz 4 | ar dr, (9.86) 

0 

where 7 
a =| u(t)dt. (9.87) 
0 

Integrating both sides from 0 to x twice, and using the initial conditions we 

obtain : 

a Pa cee 

u(x) yi (9.88) 


To determine a, we substitute u(x) into (9.87) to find that 
nas, (9.89) 
Substituting a = 2 into u(x) gives the exact solution by 
u(x) = sina + cosa. (9.90) 
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Example 9.12 


Solve the following Volterra-Fredholm integro-differential equation by using 
the direct computation method 


10 iG 
u(Z) = me +20%+ [ / (rt? — r?t)u(t)dt dr, u(0) = 1, u’(0) = 9. (9.91) 
@ J=1 
Proceeding as before, we set 
10 _ 
i (a= er Qn? + | (ar — Br?) dr, (9.92) 


where 


0 
C= / u(t)dt, B= / tu(t)dt. (9.93) 


-1 


Integrating both sides from 0 to x twice, and using the initial conditions we 


obtain 
ae t x! { =e 


=14+9 = ar 9.94 
uy) a ee 60 a 
To determine a and 3, we substitute u(x) into (9.93) to find that 
a=0,8=6. (9.95) 
Substituting a = 0 and § = 6 into u(x)gives the exact solution by 
5 
u(x) =1+4+ 92 — zo (9.96) 


Exercises 9.3.1 


Solve the following Volterra-Fredholm integro-differential equations by using the di- 
rect computation method 


x 1 
Ll. u’ (x) = 8a + aa? +f | (1 — rt)u(t)dtdr, u(0) = 2 
o Jo 


N 
eS 


8 x 1 
x) =1+ 22 — —2? +f / rt?u(t)dtdr, u(0) =1 
15 0 J-1 
; 43 Z x 1 
3. u’ (x) = 1— 2a — —a*+ (1 — rt)u(t)dtdr, u(0) =1 
15 @ J =1 
4 x 1 
4. u(x) = 1-32? — —2 +f | r?tu(t)dtdr, u(0) =1 
45 o Jo 
z 


5. u(x) =1— 2x —sing +f u(t)dtdr, u(0) = 1 
0 


-2 
x 1 

6. u’(w) =1— 5° +e” +f | tu(t)dtdr, u(0) =1 
o Jo 


1 x 1 
7. ul (x) = —x? — e® +f | rtu(t)dtdr, u(0) =0 
4 o Jo 


8. u’ (x) = sina + cosa +f / u(t)dtdr, u(0) = —1 
i) —T 
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xz 1 
9. u(x) = 2a? — so +f / (rt? — r*t)u(t)dtdr, u(0) =1, u’(0) =9 
o J-1 


10. u(x) = —2sinx — xcosz 4 | i u(t)dtdr, u(0) =0, u’(0) =1 
0 =o 


xz 1 11 
11. u!’(x) = e” — 3x +f | tu(t)dtdr, u(0) = 2, u’(0) = oa 
o Jo 


12. u!’(x) = —4sin 2x + [ [fe +r)u(t)dtdr, u(0) = 0, u’(0) = 2 


9.3.2 The Series Solution Method 


The series solution method was examined before in this chapter. A real func- 
tion u(x) is called analytic if it has derivatives of all orders such that the 
generic form of Taylor series at x = 0 can be written as 


u(x) = b2 Ont: (9.97) 
n=0 


In this section we will present the series solution method, that stems mainly 
from the Taylor series for analytic functions, for solving the mixed Volterra- 
Fredholm integro-differential equations. We will assume that the solution u(x) 
of the mixed Volterra-Fredholm integro-differential equation 


x b 
u(x) = f(x) + | - K(r, t)u(t)dtdr, (9.98) 


is analytic, and therefore possesses a Taylor series of the form given in (9.97), 
where the coefficients a, will be determined recurrently. 

In this method, we usually substitute the Taylor series (9.97) into both 
sides of (9.98) to obtain 


Bs (i) a = 
a,a* | =T(f(x))+ K(r, a a) dt dr, (9.99) 
(>: : ga)+ ff sa 


or for simplicity we use 


: x b 
(a9 baz + age? +++) = 7(F(0)) + f J K(r,t) (ao + ait +--+) dtdr, 
0 a 


(9.100) 
where T(f(x)) is the Taylor series for f(x). 

We integrate the inner then the outer integral in (9.99) or (9.100), and 
collect the coefficients of like powers of z. We next equate the coefficients 
of like powers of x into both sides of the resulting equation to determine a 
system of equations in a;,7 > 0. Solving this system will lead to a complete 
determination of the coefficients a;, 7 > 0. Having determined the coefficients 
aj,j = 0, the series solution follows immediately upon substituting the de- 
rived coefficients into (9.97). The exact solution may be obtained if such an 
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exact solution exists. If an exact solution is not obtainable, then the obtained 
series can be used for numerical purposes. In this case, the more terms we 
evaluate, the higher accuracy level we achieve. 


Example 9.13 


Solve the mixed Volterra-Fredholm integro-differential equation by using the 
Taylor series solution method 


ul(a )= 64.200 — 20? +f [ru t)dtdr, u(0) = 0. (9.101) 


Substituting u(x) by the series 


= Ss Ann”; (9.102) 


into both sides of (9.101) leads to 


(Ssouer) <6 200 Bar +f [ ( (9 So ant *) ata (9.103) 


n=0 n=0 
Using the initial condition gives ag = 0. Evaluating the integrals at the right 
side, using few terms from both sides, collecting the coefficients of like powers 
of x, and equating the coefficients of like powers of x in both sides, we obtain 


a9 =0, a, =6, ag=12, a;=0, 723. (9.104) 
The exact solution is therefore given by 
u(x) = 62 + 122”. (9.105) 


Example 9.14 


Solve the Volterra-Fredholm integro-differential equation by using the series 
solution method 


u(x) =e" —a2+ ek tu(t)dtdr, wu(0) =1. (9.106) 
0 Jo 


Substituting u(a) by the series 


= . Anz”, (9.107) 


into both sides of (9.106) leads to 


foe) £ 1 co 
Sana” | =e" -— at | | t S > ant” ) dt dr. (9.108) 
n=0 0 0 n=0 


Using the given initial condition gives aj = 1. Evaluating the integrals at the 
right side, using few terms from both sides, collecting the coefficients of like 
powers of x, and equating the coefficients of like powers of x in both sides, 
we obtain 


1 
an = — n> O. (9.109) 
nl 
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The exact solution is therefore given by 
u(x) =e”. (9.110) 
Example 9.15 


Solve the Volterra-Fredholm integro-differential equation by using the series 
solution method 


u(x) = —22 — cosa + a fo — rt)u(t)dt dr, u(0) = 1, u’'(0) = 0. (9.111) 


Proceeding as before, we obtain 


el 
n= n ZO, 112 
ay (n)i n>0 (9.112) 
and zero otherwise. This gives the exact solution by 
u(x) = cosa. (9.113) 


Example 9.16 


Solve the mixed Volterra-Fredholm integro-differential equation by using the 
series solution method 


u'(a2) = —at32 af ix (rt? —rt)u(t)dt dr, u(0) = 2, u/(0) = 3. (9.114) 


Using the initial conditions, and proceeding as before we find 


10 
ao = 2, a, = 3, a a; = 90, joa. (9.115) 
The exact solution is given by 
10 
u(r) = 24 32 — zo (9.116) 


Exercises 9.3.2 


Use the series solution method to solve the following mixed Volterra-Fredholm integro- 
differential equations 


1. u(x) = 8a + a? + I [a —rt)u(t)dtdr, u(0) = 2 


2. u'(e)=1- e+ f [a-rowe t)dtdr, u(0) =1 
3. u(x) =1— 2a - = +f ‘S (1 — rt)u(t)dtdr, u(0) =1 
0 J-1 


x i 
4. u(x) =1—22 - ae +f i (rt? — r?t)u(t)dtdr, u(0) = 1 


5. u’ 2) =1-20—sine +f [i t)dtdr, u(0) = 1 
ty) 
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3 2 1 
6. u’ (x) =e” — =x +f | tu(t)dtdr, u(0) = 2 
2 o Jo 
1 x 1 
7. u'(“) = —x? —e® +f i: rtu(t)dtdr, u(0) =0 
4 o Jo 
iL x 0 
8. u/ (x) = ua Hee +f o rtu(t)dtdr, u(0) = 1 


9. u’’ (x) = 27 — 3 ae i (rt? — r?t)u(t)dtdr, u(0) =1, u’(0) =9 


10. u(x) = -" + =0° +f I. (rt? — r7t)u(t)dtdr, u(0) =1, u’(0) =1 


11. u(x) = 24 6x — oa ao a rtu(t)dtdr, u(0) = 1, u’(0) = 1 


12. u(x) = —15x +f [ rtu(t)dtdr, u(0) =1, u’(0) =0 


9.4 The Mixed Volterra-Fredholm Integro-Differential 
Equations in Two Variables 


In this section we will study the linear mixed Volterra-Fredholm integro- 
differential equations in two variables given by 


u' (x,t) = f(x,t)+ [ a s)u(r, s)drds, (x,t) € Q x [0,T], (9.117) 


where u(0,¢) = uo. The functions f(x), and F(2,t,r,s) are analytic functions 
on D =x (0,T], and 2 is a closed subset of R”,n = 1, 2,3. It is interesting to 
note that (9.117) contains mixed Volterra and Fredholm integral equations, 
where the Fredholm integral is the interior integral, whereas the Volterra 
integral is the exterior one. Moreover, the unknown function u(x,t) appears 
inside the integral, whereas the derivative u’(x) appears outside the integral. 

The mixed Volterra-Fredholm integro-differential equation (9.117) arises 
from parabolic boundary value problems, and in various physical and biolog- 
ical models. In the literature, some methods, such as the projection method, 
time collocation method, the trapezoidal Nystrom method, Adomian method, 
and other analytical or numerical techniques were used to handle this equa- 
tion. It was found that these techniques encountered difficulties in terms of 
computational work used, and therefore, approximate solutions were obtained 
for numerical purposes. In particular, it was found that a complicated term 
f(«,t) can cause difficult integrations and proliferation of terms in Adomian 
recursive scheme. 

To overcome the tedious work of the existing strategies, the modified de- 
composition method, combined sometimes with the noise terms phenomenon, 
will form a useful basis for studying the mixed Volterra-Fredholm integro- 
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differential equation (9.117). The size of the computational work can be dra- 
matically reduced by using the modified decomposition method. The noise 
terms were defined as the identical terms with opposite signs that may ap- 
pear in the first two components of the series solution of u(a, t). The modified 
decomposition method and the noise terms phenomenon were presented in 
details in Chapters 3, 4 and in this chapter. 


9.4.1 The Modified Decomposition Method 


We first integrate both sides of (9.117) from 0 to x to obtain 


u(x,t) — u(0,t) = f(a,t) +f [[- (w,t,7, s)u(r,s)drdsdw, (9.118) 
Q 
where 


f(x,t) = f f(w, t)dw, (9.119) 


and (a,t) € Q x [0,7], u(0,t) = uo. For mixed integro-differential equations 
of higher orders, we can integrate the equation as many times as the order of 
the given equation. However, in this section we will focus our study only on 
the first order equations. 

The modified decomposition method expresses the function f(a,t) as the 
sum of two partial functions, namely fi(#,t) and fo(a,t). In other words, we 
can set 


f(a,t) = fila, t) + fo(a,t). (9.120) 


To minimize the size of calculations, we identify the zeroth component uo (x, t) 
by one part of f(x,t), namely fi(#,t) or fo(a,t). The other part of f(z, t) 
can be added to the component u(#,t) among other terms. In other words, 
the modified decomposition method [7-8] introduces the modified recurrence 
relation 


uo(z, t) > filz,?), 


ui(x,t) = fo(a,t) +f | [ Pew.tors)uotn s)drdsdw, (9.121) 


x t 
Un+1(2, t) =| [Foote s)uz(r,s)drdsdw, k>1. 
o Jo Jo 


If noise terms appear between uo(x,t) and ui(xz,t), then by canceling these 
terms from uo(x, t), the remaining non-canceled terms of uo(#,t) may give the 
exact solution. This can be satisfied by direct substitution. In what follows, 
we study some illustrative examples. 


Example 9.17 


Solve the mixed Volterra-Fredholm integro-differential equation by using the 
modified decomposition method 
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1 
u'(a,t) =t4 Til rt [ [i x —r)(t — s)u(r, s)drds, u(0,t) = 0, 
(9.122) 
with Q = [0,1]. Substituting the a series 
= un(z, t), (9.123) 
n=0 
into (9.122) gives 
/ 
= i 1 
_ 748 = gd 
(do onto) =t+ 7 — iat 
an (9.124) 


+f fe-ne-9 (doen ») drds. 


Integrating both sides from 0 to # and using the initial condition we find 


1 1 
_ Begg Be G8. 
do tn(@,t) = at + Feat agt t 
m0 a 2 (9.125) 
+f | fw —t)(r—s) S- un(r, 8) drdsdw. 
0 Jo Ja nn 
We then decompose f(x,t) into two parts as follows: 
l 1 a3 
appt aay gyal 12 
fo(z, t) xt + 137" ’ fi(z, t) aA (9 6) 


The modified decomposition technique admits the use of the recursive relation 


1 
‘i= —-rt3 
uo(a,t) = at + 32 : 


1 x L 
ur(a2,t) = =a +f | [vw —t)(r — s)uo(r,s)drdsdw, (9.127) 


up41(2, t) = J [0-07 sunt s)drasa k>1. 


This gives 


1 
u(x,t) = at + Trae 
f i , (9.128) 
t) = ——at? — ——at? + ——272?. 
ui(a,t) = — Feat — Tyagt® + Taag? 


The self-canceling noise terms jt? and —;gat? appear between the compo- 
nents uo(x,t) and u1(a,t) respectively. By canceling this term from uo(2,t), 
and showing that the remaining non-canceled term of wo(x,t) satisfies the 
equation (9.122), the exact solution 


u(a,t) = at, (9.129) 
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is readily obtained. 
Example 9.18 


Solve the mixed Volterra-Fredholm integro-differential equation by using the 
modified decomposition method 


i 1 : 
u(x,t) = 2x — a" + ae +f 7 rtu(r, s)drds,u(0,t) = —t?, — (9.130) 
0 JQ 
with Q = [0,1]. Substituting the decomposition series 
u(az,t) = Un(a,t), (9.131) 


into the last equation gives 


/ 
love) i , ; : a 
(= a) = 2r- ria + gt +f [ rt (> a) drds. (9.132) 


Integrating both sides from 0 to 2 and using the initial condition we find 


= 1 1 
S> un(2,t) = 2? — ¢ — qe + gat 
a? (9.133) 


+f [ fe (>: a) drdadw. 


We decompose f(x, t) into two parts as follows: 
1 1 
fo(z,t) =2? -#? - qt fi(a,t) = git (9.134) 
The modified decomposition technique admits the use of the recursive relation 


il 
uo(x,t) = 2? —t? — rae 
1 x t 
ur(a,t) = gut +f | d, rtuo(r, s)drdsdw, (9.135) 
0 Jo Ja 


x t 
ursatest) = f | J rtus(r,s)ardsi k>1. 
0 Jo Ja 
This gives 


uo(x,t) = 2? -# — aot 

(9.136) 

ui(a,t) = SP - sts 

oe | 36 

The self-canceling noise terms —+at? and 42t? appear between the compo- 

nents uo(x,t) and u1(a,t) respectively. By canceling this term from uo(2,t), 

and showing that the remaining non-canceled term of uo(x,t) satisfies the 
given equation, the exact solution is given by 


u(z,t) = 2? -—?. (9.137) 
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Example 9.19 
Solve the mixed Volterra-Fredholm integro-differential equation by using the 
modified decomposition method 


Tk 1 : 
u'(z,t) =e” —>+ 5e(1+t)- 51" 4 | [ rsu(r,s)ards, (0. =1+¢e, 
272 2 Ty Io 


(9.138) 


with Q = [0,1]. Proceeding as before, we find 


— 1 1 1 
EP Un(x,t) =e" +e! — 5% + xrer(l +t)- aut 
n=0 (9.139) 


+f [ fo (>: a) drdsdw. 


We decompose f(x,t) into two parts as follows: 


1 
fo(a,t) = e* +e! — 5a, 
(9.140) 


1 1 
fila,t) = xrei(t +t)- sat. 
The modified decomposition technique admits the use of the recursive relation 


1 
uo(x,t) =e” +e! — 5 


1 1 x t 
ui(a,t) = sre +t)- gat +f fl [ rsuotr s)drdsdw, (9.141) 


x t 
Un+1(2, t) =| A [route s)drdsdw, k2>1. 
0 Jo Ja 


This in turn gives 


1 
uo(z,t) =e" + eh — ha 
(9.142) 


1 1 
u1(z,t) = =x — —at?. 
1(2,#) 2 12 


The self-canceling noise terms —$x and $2 appear between the components 
uo(x,t) and u1(x,t) respectively. By canceling this term from uo(z,t), and 
showing that the remaining non-canceled term of uo(x,t) satisfies the given 
equation, the exact solution is therefore given by 


u(x,t) =e"™+e'. (9.143) 
Example 9.20 


Solve the mixed Volterra-Fredholm integro-differential equation by using the 
modified decomposition method 


ieee . 
a (et) = teos:n—319— Sati f [ (oetrsyutr, s)drds, u(0,t) = 0, (9.144) 
0 JQ 


with Q = [0, $]. Proceeding as before, we find 
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_ 1 1 
ye Un(a,t) = tsin ax — gut - gee 


7 i [ [ his (So nte) drdsdw. (9.145) 


We decompose f(x, t) into two parts as follows: 


n=0 


1 
fo(a, t) = tsinx — git 
9.146 
filz,t) = 18 | 
o] 4 = 


The modified decomposition technique admits the use of the recursive relation 


1 
uo(x, t) = tsina — zt 


1 x t 
ui(2,t) = are +f i [ots rs)uo(r, s)drdsdw, (9.147) 


x t 
Un+1 (2, t) =} | [lw +rs)uz(r,s)drdsdw, k>1. 
0 Jo Jo 


This in turn gives 


1 
uo(z,t) = tsina — git 
‘ (9.148) 
u1(a,t) = zu fee, 


The self-canceling noise terms —;2t? and $2t? appear between the compo- 
nents uo(x,t) and u1(a,t) respectively. By canceling this term from uo(2,t), 
and showing that the remaining non-canceled term of uo(x,t) satisfies the 
given equation, the exact solution is therefore given by 


u(a,t) =tsing. (9.149) 


Exercises 9.4.1 


Use the modified decomposition method to solve the mixed Volterra-Fredholm 
integro-differential equations in two variables 


t 
u' (x,t) = f(z, t) +f | F(a,t,r, s)u(r, s)drds, (x,t) € Q x [0,T], (9.150) 
o JQ 
where f(a,t), F(a, t,r,s), u(0,t) and 2 are given by: 
1 1 
1. f=1— et? — ot, F=1s,u(0,t) = 1,0 = [0,1] 


1 1 
2. f=2e— ot? — ot, F = rs, u(0,t) = 7,2 = [0,1] 


1 
4 


2 
fa 2e ,F =rs,u(0,t) =1,9 = [0,1] 
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6 


-f 


-f 


.f 


1 5 1 
=2 -t-—?--8,F= 0,t) =t,9 = [0,1 
x 4 12 3 ? r+s,u(0, t) ? [0, 1] 


7 2 
= 2at? — a ger =et+ttr+s,u(0,¢) =0,0=[-1,1] 


2 


1 
= 3x7 + —t° 4 


2 


at?, F =2+s,u(0,t) = —t?,Q = [-1,1] 


7. f=—tsine+t?,F =r+s,u(0,t) =0,Q = [0,q] 


8. 


f 


.f 


=cosax —t?,F =rs,u(0,t) =t,Q= |-2.3] 


=-sing,F =rs,u(0,t) =1+sint,QA= |-3.3] 


1 


1 
10. f =e” xt -?,F=rs,u(0,t) =14+t,2= (0,1 


6 


1 1 
dis f= e' 4 ait site! F = at, u(0,t) = 0,0 = (0, 1] 


1 
12. f = te” — zor =rs,u(0,t) =t,Q = (0, 1] 
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Chapter 10 
Systems of Volterra Integral Equations 


10.1 Introduction 


Systems of integral equations, linear or nonlinear, appear in scientific ap- 
plications in engineering, physics, chemistry and populations growth models 
[1-4]. Studies of systems of integral equations have attracted much concern in 
applied sciences. The general ideas and the essential features of these systems 
are of wide applicability. 

The systems of Volterra integral equations appear in two kinds. For sys- 
tems of Volterra integral equations of the first kind, the unknown functions 
appear only under the integral sign in the form: 


fi(z) = ‘a (A(x, du(t) + Ki (a, t)u(t) +-- .) dt, 


fo(a) = a (Ko(x, u(t) + K(x, t)v(t) + -) dt, (10.1) 


However, systems of Volterra integral equations of the second kind, the un- 
known functions appear inside and outside the integral sign of the form: 


u(x) = fi(x) + t (% (a, t)u(t) + Ky (a, t)v(t) he ai -) dt, 


v(x) = fo(x) + | : (Ka(x, tu(t) + Ko(a,t)u(t) +-- .) dt, 


The kernels K;(a,t) and K;(x,t), and the functions f;(x),i = 1,2,...,n are 
given real-valued functions. 

A variety of analytical and numerical methods are used to handle systems 
of Volterra integral equations. The existing techniques encountered some diffi- 
culties in terms of the size of computational work, especially when the system 
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involves several integral equations. To avoid the difficulties that usually arise 
from the traditional methods, we will use some of the methods presented 
in this text. The Adomian decomposition method, the Variational iteration 
method, and the Laplace transform method will form a reasonable basis for 
studying systems of integral equations. The emphasis in this text will be on 
the use of these methods rather than proving theoretical concepts of conver- 
gence and existence that can be found in other texts. 


10.2 Systems of Volterra Integral Equations of the 
Second Kind 


We will first study systems of Volterra integral equations of the second kind 
given by 


u(x) _ fi(x) 4 a (K(x, du(t) + Ky (2, t)v(t) AE aos -) dt, 
, (10.3) 


v(x) = fo(x) + [ : (Ko(x, u(t) + Ko(x,t)u(t) ++ -) dt. 


The unknown functions u(a),v(x),..., that will be determined, appear in- 
side and outside the integral sign. The kernels K;(x,t) and K;(,t), and the 
function f;(a) are given real-valued functions. In what follows we will present 
the methods, new and traditional, that will be used to handle these systems. 


10.2.1 The Adomian Decomposition Method 


The Adomian decomposition method [5-7] was presented before. The method 
decomposes each solution as an infinite sum of components, where these com- 
ponents are determined recurrently. This method can be used in its standard 
form, or combined with the noise terms phenomenon. Moreover, the modified 
decomposition method will be used wherever it is appropriate. It is interest- 
ing to point out that the VIM method can also be used, but we need to 
transform the system of integral equations to a system of integro-differential 
equations that will be presented later in this chapter. 


Example 10.1 


Use the Adomian decomposition method to solve the following system of 
Volterra integral equations 
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1 x 
u(t) =x—-at+ | ((x—t)?u(t) + (x — t)v(t)) dt, 
. I (10.4) 


ofa) =a? = BaP +f ((e—1)%ult) + (@— 1)?0(0) a. 


The Adomian decomposition method suggests that the linear terms u(a) and 
v(x) be decomposed by an infinite series of components 


u(t) = Do une), ve) = Do en(e), (10.5) 
n=0 n=0 
where u,(x) and up(x),n > 0 are the components of u(x) and v(x) that will 
be elegantly determined in a recursive manner. 
Substituting (10.5) into (10.4) gives 


So un(x) = 2 - a! + [ (« —t) So un(t) + (@-t) > a) dt, 
n=0 0 n=0 n=0 

S- Un(z) = 2? — = + i. (« -t) ye Un(t) + (x — t)? » a) dt. 
n=0 0 n=0 n=0 


(10.6) 
The zeroth components uo(z) and v9(x) are defined by all terms that are not 
included under the integral sign. Following Adomian analysis, the system 
(10.6) is transformed into a set of recursive relations given by 


uo(x) = x — sat, 
i (10.7) 
ussite) =f ((@-t?uc() + (e—tun()) dt, b> 0, 
and 
2 1 5 
vo(a) = a* — Cie 
‘ (10.8) 
pis | (x — #)8ug(t) + (a — t)?ox(t)) dt, k>0 
0 
This in turn gives 
(2) =2—-f0%, w(2) = 204-2 (10.9) 
UQ\ Lr) = X%—- —-2X U\L) = -V —- — s 
: 7 6 280°” 
me 1 1 u 
yd ee 8 
vo(a) = x 1?” v1 (x) 12" ~ iooso” ° (10.10) 


It is obvious that the noise terms +224 appear between up(x) and ui(z). 


Moreover, the noise terms #42° appear between v(x) and v;(«). By can- 
celing these noise terms from uo(x) and vo(x), the non-canceled terms of 


uo(x) and vo(a) give the exact solutions 
(u(x), v(x)) = (2, 2”). (10.11) 
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Example 10.2 
Use the Adomian decomposition method to solve the following system of 
Volterra integral equations 
u(x) = cosa@ — xsina + | (sin(a — t)u(t) + cos(x — t)u(t)) dt, 
(10.12) 


v(x) = sina — xcosa + [ (cos(a — t)u(t) — sin(a — t)v(t)) dt. 


We first decompose the linear terms u(x) and v(x) by an infinite series of 
components 


ues > tints), oa) = ¥ > vale), (10.13) 
n=0 n=0 


where u,(x) and up(x),n > 0 are the components of u(x) and v(x) that will 
be elegantly determined in a recursive manner. 
Substituting (10.13) into (10.12) gives 


lee) 
Site = cosa — xsina 


n=0 
+ ah (snl —t) y Un(t) + cos(x — t) ee 7) dt, 
0 n=0 


aie (10.14) 


co 


Un(“) = sinx — xcos x 


n=0 
+ | (cov —t) 50 un(t) — sin(a - t) > 7) dt. 
0 n=0 n=0 


The zeroth components uo(#) and vp(x) are defined by all terms that are not 
included under the integral sign. For this example, we will use the modified 
decomposition method, therefore we set the recursive relation 


Uuo(x) = cosa, 


Unqi(“) = —xsin x + [ (sin(a — t)ug(t) + cos(a — t)u,(t)) dt, k > 0, 


(10.15) 
and 
vo(a) = sina, 
Up+1(L) = —£ C08 & +f (cos(a — t)uz(t) — sin(x — t)u,(t)) dt, k> 0. 
0 

(10.16) 

This in turn gives 
u(x) =cosa, u(@)=0, ugqi(x)=0, k>1, (10.17) 


and 
vo(x) =sina, vui(%)=0, veqi(x)=0, k 21. (10.18) 
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This gives the exact solutions 

(u(x), v(a)) = (cos x, sin x), (10.19) 
that satisfy the system (10.12). 
Example 10.3 


Use the Adomian decomposition method to solve the following system of 
Volterra integral equations 


1 1 ig 
u(z) =14+27 3 rll | | ((a — t)®u(t) + (x — t)?v(t)) dt, 
0 
1 1 7 
viz) =14+a—23— 24 — -2° 4 - ((a — t)*u(t) + (x — t)Pv(t)) dt. 
0 
(10.20) 
Proceeding as before we find 
= i i 
>) un(@) =14+a?—-23 — 24 
3 3 
n=0 
+f (« —t So un(t)+(e—-t? 5° a) dt, 
_ ° : , — (10.21) 
= 3 4 5 
S > un(a) =1l+a-2°- qe 7 qt 
n=0 
+f (« —t)* So un(t) + (2-1 S> a) dt. 
0 n=0 n=0 
We next set the recursive relations 
uo(x) =1+a?—- 52 - st, 
é (10.22) 
urate) =f (= tu) + (2—1)?oe(t)) dt, b> 0, 
0 
and 
v(t) =14+a—23 — —a+ — a, 
é (10.23) 
UR-i(2) = | ((2 — t)*u,(t) + (x — t)°up(t)) dt, k>O0 
0 
This in turn gives 
uo(x) = 1+2? — =23 — 3° : 
(10.24) 
_1l3 liu 
uy(x“) = gt tee tes, 
and ; 
= ay 4. a 
vo(x) ai ar Marae fee 
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It is obvious that the noise terms 42° and +42 appear between uo(x) and 


5 


u1(z). Moreover, the noise terms +42* and +42° appear between vo(z) and 
v1 (x). By canceling these noise terms from uo(z) and v9(x), the non-canceled 
terms of uo(xz) and v(x) give the exact solutions 


(u(x), u(x)) = (1+27,1+2-2°), (10.26) 
that satisfy the given system (10.20). 
Example 10.4 


Use the Adomian decomposition method to solve the following system of 
Volterra integral equations 


u(x) = e* — 2a + [ (e~*u(t) + e'v(t)) dt, 


. (10.27) 
v(x) =e -* + sinh 2a +f (e‘u(t) +e ‘v(t)) dt. 
0 
Proceeding as before we find 
> Un(x) = e* —2a+ | G » Un(t) + e° S° a) dt, 
n= 0 n= n= 
- i a (10.28) 
yy Un (x) = e~* + sinh 2a + | (" ys tn(t) +e* :m a) dt. 
n=0 0 n=0 n=0 
Proceeding as before we set 
uo(x) =e” —2x, us(x) = 2a+---, (10.29) 
and 
vo(z) =e *+sinh2r, wi(%) =—sinh2e+4+---. (10.30) 


By canceling the noise terms from uo(x) and vo(x), the non-canceled terms 
of uo(#) and vo(x) give the exact solutions 


(u(x), o(@)) = (e*,e~*), (10.31) 
that satisfy the given system (10.27). 


Exercises 10.2.1 


Use the Adomian decomposition method to solve the following systems of Volterra 
integral equations 


u(x) = 2? — —2° f ((x — t)?u(t) + (a — t)v(t)) dt 


v(a) = x 


x [@ t)?u(t) + (w — t)?v(t)) dt 
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u(e) = 140-40? — 0% + | (wtu(t) + atu(e)) dt 
ie} 


v(z) =1l-a-—2? 50 a! [@ t)u(t) + (a — t)v(t)) dt 


u(x) =1—27+23 4 [@ t)u(t) + (a — t)v(t)) dt 


1 xz 
v(a) = 1-23 arti ((a — t)u(t) — (a — t)v(t)) dt 


u(x) = x7 +23 — —2° 4 a ((x — t)?u(t) — (« — t)? v(t) dé 


v(x) = 2? — 23 — 244 ee u(t) + (x v 

(2) [edule + @— Holo) ae 

u(x) = cosx—vu+ i (cos(a — t)u(t) + sin(a — t)v(t)) dt 
0 


v(@) = sing — ru+ I (sin(a — t)u(t) + cos(x — t)u(t)) dt 


vu(@) = cosx —u+ [ (sin(a — t)u(t) + cos(a — t)v(t)) dt 
) 
u(x) = sec? a — 2tana +a+ a (u(t) + v(t)) dt 
0 
v(x) = tan? a —a@+ ie (u(t) — v(t)) dt 
1 


u(x) = sin? x 5f i ((a — t)u(t) + (a — t)v(t)) dt 


v(x) = cos? x + 3 - 5sin2e I ((w — t)? u(t) — (« t)?v(t)) dt 


u(x) = e~® — sinh 2a + ia (e~*u(t) + e* u(t) de 


| u(x) = sing — cu+ I (cos(a — t)u(t) + sin(a — t)v(t)) dt 
6. 


v(2) = e* — 2a + ia (etu(t) + e7 *u(t)) dt 


u(vz) = 1—24+e"+4 is (u(t) + v(t)) dt 

10. ; ° . 
v(t) =1--24 5t (a + 1)e” 4 | (u(t) — tu(t)) dt 
u(x) = 1—2¢+4+sine + [ (u(t) + v(t)) dt 

11. " 


v(@) = 1-2? —sina + i” (tu(t) + tu(t)) dt 
) 
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u(e) = 2-2? teosrt [* (u(t) +o(0))at 
12. 9 ° xz 
v(a) = 2 — 20 — cosa +f (tu(t) + tu(t)) dt 


10.2.2 The Laplace Transform Method 


The Laplace transform method is a powerful technique that can be used for 
solving initial value problems and integral equations as well. The Laplace 
transform method was presented in Chapter 1, and has been used in other 
chapters in this text. Before we start applying this method, we summarize 
some of the concepts presented in Section 1.5. In the convolution theorem for 
the Laplace transform, it was stated that if the kernel K (x,t) of the integral 
equation 


u(x) = f(x) + | K(a,t)u(t)dt, (10.32) 
0 
depends on the difference x —t, then it is called a difference kernel. Examples 


of the difference kernel are e*~‘, cos(x — t), and x — t. The integral equation 
can thus be expressed as 


ie Fee Dy if ” K(x —t)u(t)dt. (10.33) 


Consider two functions f\(#) and f(x) that possess the conditions needed 
for the existence of Laplace transform for each. Let the Laplace transforms 
for the functions f;(#) and f(x) be given by 


L{filx)} = Fils), Li fo(x)} = Fr(s). (10.34) 
The Laplace convolution product of these two functions is defined by 
(fi * fo)(x =f fila — t) fo(t)dt (10.35) 
or 
(fo* fi)(x =f fala — t) fi(ddt (10.36) 
Recall that 
(fi * fo)(a) = (fo * fi)(2). (10.37) 


We can easily show that the Laplace transform of the convolution product 
(f1 * f2)(x) is given by 


L{ (fr * fa)(a)} = £4 | "fale —t)falt)at} = Fi(s)Fa(s). (10.38) 


Based on this summary, we will examine specific Volterra integral equations 
where the kernel is a difference kernel. Recall that we will apply the Laplace 
transform method and the inverse of the Laplace transform using Table 1.1 


10.2 Systems of Volterra Integral Equations of the Second Kind 319 
in Section 1.5. The Laplace transform method for solving systems of Volterra 
integral equations will be illustrated by studying the following examples. 
Example 10.5 


Solve the system of Volterra integral equations by using the Laplace transform 
method 
u(z) =1—2?+23 +f ((a — t)u(t) + (a — t)v(t)) dt, 
Oe (10.39) 
v(x) =1-—23 — 2° + ((a — t)u(t) — (a — t)v(t)) dt. 
0 
Notice that the kernels Ky(a — t) = Ko(a —t) = x —t. Taking Laplace 
transform of both sides of each equation in (10.39) gives 
U(s) = L{u(z)} = L{1 — 2? +23} 4+ L{(e —t) * u(x) + (x — t) * v(z)}, 


V(s) =L{v(z)} =L {1 a a} +L{(x —t) x u(x) — (a — t) * v(x) }. 


10 
(10.40) 
This in turn gives 
1 2 6 1 1 
1 6 12 #1 1 el) 
V(s) = 2 ft ge 2 U( = =V(s), 
or equivalently 
1 1 1 2 6 
Ss 8 Ss 8 8 
(10.42) 
1 1 1 6 12 
Solving this system of equations for U(s) and V(s) gives 
1 3! 
aera 
a: a (10.43) 


By taking the inverse Laplace transform of both sides of each equation in 
(10.43), the exact solutions are given by 


(u(x), u(x)) = (1+ 27,1 — 2°). (10.44) 
Example 10.6 


Solve the system of Volterra integral equations by using the Laplace transform 

method 
u(“) = cosa — sina + | (cos(a — t)u(t) + sin(a — t)v(#)) dt, 
(10.45) 


v(x“) = sing — asinag + [ (sin(a — t)u(t) + cos(a — t)v(t)) dt. 
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Taking Laplace transform of both sides of each equation in (10.45) gives 
U(s) = L{u(x)} = L{cosx — sina} + L{cos(a — t) * u(a) 


+sin(x —t) x u(x)}, (10.46) 
V(s) = L{v(x)} = L{sinx — xsinx} + L{sin(x — t) *« u(x) , 
+cos(x — t) * u(x)}. 
This in turn gives 
5 ‘ 
v= +s? 148? ¥ T+ 27 (8) 7 Ty a2" (5), 
(10.47) 
V(s)=— 2 $ yU(5) + “GQ Vs) 
1 TH gt (1+ 57)? 1+s? ALY Tage Wee 
or equivalently 
s 1 8 1 
(.- 5) EG) ae ~ 14s? 145?’ 
; 1 1 Be (10.48) 
a fi eee 6 
( 1+ =) i) 1+ s? (s) 1+s? (1487)? 
Solving this system of equations for U(s) and V(s) gives 
8 1 
= —— = —~. 10.4 
Ue)= 5 VO=-nz (10.49) 


By taking the inverse Laplace transform of both sides of each equation in 
(10.49), the exact solutions are given by 


(u(x), v(x)) = (cosa, sin x). (10.50) 
Example 10.7 


Solve the system of Volterra integral equations by using the Laplace transform 
method 


u(x) =2—e7? + [ ((a — t)u(t) + (a — t)v(t)) dt, 
a (10.51) 


u(x) = 2a — e* + 2e7* + i ((a — t)u(t) — (a — t)v(t)) dt. 


Taking Laplace transform of both sides of each equation in (10.51) gives 
U(s) = L{2—e-*} + L{(ax — t) * u(x) + (x — t) * v(2)}, 


Vis Lp 64 5e Ee aul — C—O a (10.52) 
This in turn gives 
2 1 1 1 
SS acai rs aU(s) + SV(9); 
2 1 2 it 1 (10.53) 
i a fa. sag (s) -3V(s), 


or equivalently 
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1 1 2 1 
1-— = ) U(s) - =V(s) = - - —., 
8? 8? s stl (10.54) 
a 1 V(s) 1 Uts) 2 1 2 : 
> s)- = == - —— ‘ 
8? ge gd ged 
Solving this system of equations for U(s) and V(s) gives 
1 1 
(=, V)=— (10.55) 
Taking the inverse Laplace transform of (10.55) gives the exact solutions by 
(u(a), o(2)) = (e*,e°*). (10.56) 


Example 10.8 


Solve the system of Volterra integral equations by using the Laplace transform 
method 


-_ a ae. [ _ 4(¢— 
u(x) = « 12% ~ ap" ; ((a — t)v(t) + (a — t)w(t)) dt, 
1 1 : 
v(a) = x? — sa3 — =a? + | ((a — t)u(t) + (w — t)w(t)) dt, (10.57) 
6° 20 A 
1 x 
w(x) = 2A — x1 +f ((x — t)u(t) + (a — t)v(t)) dt. 
6 12 ; 
Taking Laplace transform of both sides of each equation in (10.57) gives 
= 1a tis 
U(s) = £{2- 197 ~ 397 \ecte-0 *« u(x) + (a —t) * w(x)}, 
1 1 
V(s)=L {2 — ar -_ a} +L{(a—t)* u(x) + (a—-t) *w(a)}, 
W(s)=L {20 - = +£{(x —t) * u(x) + (& — t) * v(a)} 
(10.58) 
Proceeding as before we find 
1 1 1 2 6 
us) - v1) - Zw) = 5-2-5, 
1 1 2 1 6 
il 1 5 = 10 
W(s) — 2 (s) - ga (s) or er 
Solving this system of equations for U(s),V(s) and W(s) gives 
1 2! ! 
U(s)=3, V(s)=—, W(s)= ea (10.60) 
3? 38 st 


By taking the inverse Laplace transform of both sides of each equation in 
(10.60), the exact solutions are given by 


(u(x), v(x), w(x)) = (x, 27, 2°). (10.61) 
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Exercises 10.2.2 


Use the Laplace transform method to solve the following systems of Volterra integral 


equations 


u(x) = 2? Ls ° x =u xL v 
(2) [ (@- 22a) + @— ov) at 


v(a) = 2 z x a ((a — t)? u(t) + (a — t)? v(t) dt 
) 


u(x) =1+c24 ‘ ((@ — t)u(t) + (a — t)v(t)) dt 


SI 
8 
II 


a ee i u(t) —v 
l-a-22 set | (u(t) — v(t)) dt 


1 


u(x) =1+2° net ((a — t)u(t) — (a — t)v(t)) dt 


v(x) =1—23- 5 + i: (u(t) — v(t)) dt 


u(x) = 2? +23 — —2% 4 a ((x — t)?u(t) — (« — t)? v(t)) dé 


v(x) = 2? — 2% — 244 [ ((a — t)u(t) + (a — t)v(t)) dt 


u(x) = cosx+2sina —1+ a (cos(a — t)u(t) + sin(a — t)v(t)) dt 


u(“z) = «—axsing + i. (cos(a — t)u(t) + sin(a — t)v(t)) dt 


v(x) = cosa — sing + [ (sin(a — t)u(t) + cos(a — t)u(t)) dt 


u(x) = 2—cosha + I (cosh(a — t)u(t) + sinh(a — t)u(t)) dt 


vu(@) = 2— 2cosha + a (sinh(a — t)u(t) + cosh(a — t)u(t)) dt 


u(x) = e” — sinha — «sinha 4 : (cosh(a — t)u(t) + sinh(a — t)u(t)) dt 


v(x) = e~* — xcosha + i: (sinh(az — t)u(t) + cosh(a — t)u(t)) dt 


u(x) = cosx+3sina — 2a4 [ ((a — t)u(t) + (a — t)v(t)) dt 


5. 
| v(x) = sing +xacosa—1+ 7 (sin(a — t)u(t) + cos(a — t)v(t)) dt 
0 


v(@) = cosx+sinag 2+ f ((a — t)u(t) — (a — t)v(t)) dt 
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i + cos xz) 4 . x U + (x v 
o ula) = De*(sing 4 )4 if ((x — thu(t) + (w — t)u(é)) dé 
v(x) = e*(cosa — sina) +f (u(t) + v(t)) dt 


u(x) = cosx — sing —1+ a (u(t) + w(t)) dt 


11. ¢ v(x) = Seosr—sine— 2+ (u(t) + w(t)) dt 


w(x) = 2cosa—1+ I (u(t) + v(t)) dt 


u(x) =1—2?74+ 7 + a (u(t) + v(t) — w(t)) dt 


2 
3 


‘I: x 
x rl rf (u(t) + w(t) — u(t)) dt 


w(x) = -x+a22423 — 244 a (w(t) + u(t) — v(t)) dt 


10.3 Systems of Volterra Integral Equations of the First 
Kind 


The standard form of the systems of Volterra integral equations of the first 
kind is given by 
file) = | (Kila, t)u(t) + Kila, t)o(t) +--+) dt, 
0 


(10.62) 


fo(x) = a (Ko(2, t)u(t) + K.(2, t)u(t) +-- -) dt, 


where the kernels K;(x,t) and K;(a,t), and the functions f;(x) are given 
real-valued functions, and u(2),v(#),... are the unknown functions that will 
be determined. Recall that the unknown functions appear inside the integral 
sign for the Volterra integral equations of the first kind. 

In this section we will discuss two main methods that are commonly used 
for handling the Volterra integral equations of the first kind. Other methods 
are available in the literature but will not be presented in this text. 


10.3.1 The Laplace Transform Method 


We first begin by using the Laplace transform method. Recall that the 
Laplace transform of the convolution product (fi * fo)(a) is given by 
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cts mrad} =£f [ ne-oftoa) = Ais)rAls). 0.68) 


proceeding as in the previous section, we will examine specific systems of 
Volterra integral equations where the kernel is a difference kernel. We will 
apply the Laplace transform method and the inverse of the Laplace transform 
using Table 1.1 in Section 1.5. The Laplace transform method for solving 
systems of Volterra integral equations will be illustrated by studying the 
following examples. 


Example 10.9 


Solve the system of Volterra integral equations of the first kind by using the 
Laplace transform method 


pote ets Bata f(t 1ult) + (wt + 1)oo)a 


(10.64) 


ge — grt a= [le t+ 1)u(t) + (a — t — 1)v(t)) dt. 


Taking Laplace transform of both sides of each equation in (10.64) gives 


L F gai tg + Doge = L{(xa—-t—1)*u(xz)+(x@—-t4+1)*vr(2)}, 
2 2 12 
32 13 104 
L at — Gt + 75% =L{(a—-t+1)*u(x)+(a@—-t—-1)*v(a)}. 
(10.65) 
This in turn gives 
1 1 1 1 1 3 2 
(=-5) U(s) + (=+5) V(s) = aes aT 
s? gs ss se st ss 
(10.66) 
Ly ea 
sts sts = ge gt” gs 
Solving this system of equations for U(s) and V(s) gives 
1 1 1 2 
U(s) = aT V(s)= 2 (10.67) 


By taking the inverse Laplace transform of both sides of each equation in 
(10.67), the exact solutions are given by 


(u(x), v(x)) = (1+2,14 2”). (10.68) 
Example 10.10 


Solve the system of Volterra integral equations of the first kind by using the 
Laplace transform method 


en a ((a — t)u(t) + (a — t+ 1)v(t)) dt, 
: (10.69) 


ee-i= f ((x —t — 1)u(t) + (x — t)v(t)) dt. 


Taking Laplace transform of both sides of each equation in (10.69) gives 
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L{e* —1} = L{ (x —t) * u(x) + (w@ —t +1) * v(2)}, 


10.70 
L{e~* — 1} = L{ (a —t — 1) x u(x) + (w@—-t) x v(a)}. ( ) 
This in turn gives 
1 HR 1 if 1 
=U(s)+|{ 5+ -)V(s)= —-, 
8? s? gs s—-l 5s 
i... 4 1 1 1 com) 
Ee VPs gee get 
Solving this system of equations for U(s) and V(s) gives 
1 1 
= _—  —— eT 10.72 
U(s)=4., VeV= (10.72) 


By taking the inverse Laplace transform of both sides of each equation in 
(10.72), the exact solutions are given by 


(u(x), v(@)) = (e*,e~*). (10.73) 
Example 10.11 


Solve the system of Volterra integral equations of the first kind by using the 
Laplace transform method 


1—sinxz —cosx = [ ((a —t — 1)u(t) — (x — t)v(t)) dt, 


(10.74) 


3—sine~30082= [ ((c thu(t) — (a — t — 1)v(t)) dt. 


Taking Laplace transform of both sides of each equation in (10.74) gives 


(= = -) U(s) — SV(s) lL nee 


Ss? g 8 s?4 

(10.75) 
Ls) (12) yp) = 3 3842 
s? s2 sg gs g241 
Solving this system of equations for U(s) and V(s) gives 
1 Ss 1 Ss 

ae ees eae 10. 
ul oa PLT’ Ms) Sak Sad te) 


Taking the inverse Laplace transform of (10.76) gives the exact solutions by 
(u(x), v(a)) = (sin xz + cosa, sin x — cos 2). (10.77) 
Example 10.12 


Solve the system of Volterra integral equations of the first kind by using the 
Laplace transform method 
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—2+42cosha = a (u(t) — v(t)) dt, 


-ltat ster =f (a t+ 1)o(t) — (a —t—1)w(t)) dt, (10.78) 


nt 50? + ae" -[ ((a — t)w(t) + («© —t4+ 1)u(t)) dt. 


Taking Laplace transform of both sides of each equation in (10.78) and solving 
the system of equations for U(s),V(s) and W(s) we find 
1 1 1 Ss 
(=o VO=t+, WO=— ap 
Taking the inverse Laplace transform of (10.79) gives the exact solutions by 


(u(x), v(a), w(x)) = (1+ e",1+e°*, xe”). (10.80) 


(10.79) 


Exercises 10.3.1 


Use the Laplace transform method to solve the following systems of Volterra integral 
equations of the first kind 


- Sed te + 1)u x v 
w+ a8 = f° ((w— t+ Iult) +(e t— 1) at 


2 — ° x U x + Vv 
vt —Sa8 = | ((w—t—1ult) + (et + ul) 


w= f ((@ — t+ 1)u(t) + (w — t — 1)v(¢t)) dt 


li ax 
=—e =| ((a —t— 1)u(t) + («© —t + 1)v(t)) dt 
2a? + Fat = (ese tah + a—t= 10a 
3. 
1 ax 
staf ((a —t— 1)u(t) + («& —t + 1)v(t)) dt 


2+e—sine—2cose= |” ((a —t+ 1)u(t) + (a — t)v(t)) dt 


L+2—cose= ((a — t)u(t) + (w — t + 1)v(t)) dt 


Sie on i + 1)u + (x v 
e+ oe +5e%—sine = f ((a — t+ 1)u(t) + (a — t)v(t)) dt 


eo aa [x =i =24 hab )a 


2a +a?-+2sine = f° ((@ —t+ 2)u(t) + (a — t — 2)v(t)) dt 


= 
/ i a a a ai 


—22 = f ((a — t — 1)u(t) — (wv —t 4+ 1)v(t)) dt 
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ah hg? cael =['@ t + 2)u(t) + (a —t — 2)u(t)) dt 
" ~2— Ae + 2 =[ (@—t4+ Du@) —(@—t4 ot) a 
6 — 6e* + 4re® = | ” (a — t)u(t) — (e — t+ 2)u(@)) at 
. 4— de® + 2ve* = a ((@—t— lu) — @—t4 ote) at 
-2— 29 + 2e* =/ (@—t— Du) + @—t4 ol) ae 


2 — Qe + 2m? + 2e* be ph Dua) Pee wea 
x? + 5° +2 =[° ((a — t)u(t) + (a — t)v(t)) dt 


an ater — t)v(t) + w 
10.4 «+ a + gate f° ((a — t)v(t) (t)) dt 


pee. nea a= fom tata 


a i ay —t)u a—t)v 
er oe" = sine = ; ((a — t)u(t) + ( t)u(t)) dt 
ll.g a= a ((a — t)u(t) + w(t)) dt 


ite ees i‘ ((a — t)w(t) + u(t) de 


2-a—2eose = [ ((a — t)u(t) — (a — t)u(t) + w(t)) dt 
12.4 1- 3° +sin x —cosx = ia (u(t) — (a — t)u(t) + w(t)) dt 


ta gdh eosin I Cd =1h ee —pwea 


10.3.2 Conversion to a Volterra System of the Second 
Kind 


The conversion technique works effectively by using Leibnitz rule that was 
presented in Section 1.3. Differentiating both sides of each equation in (10.62), 
and using Leibnitz rule, we obtain 
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fila) = Ki(a,2)u(x) + Ki (2, 2)v(a) 
K x, K (2, t)v ee ld ; 
+f (Ki. (@, u(t) + Ki, (@, to) +--+) dt 
fia) = Kol, 2)u(e) + Ka(x,2)o(2) (10.81) 


+f (1, (x, t)u(t) + Ko, (a, t)u(t) ++ .) dt, 


Three remarks can be made here: 


1. If at least one of Kj(a,x) and K;(a,2x),i = 1,2,...,n in each of the 
above equations does not vanish, then the system is reduced to a system of 
Volterra integral equations of the second kind. In this case, we can use any 
method that we studied before. 

2. If Kj(x,x) = 0 and K;(2,x) = 0,4 = 1,2,...,n, for any equation, and 
if K;,(a,x) £0 and Kj, (x,x) 4 0, then we differentiate again that equation. 

3. The functions f;(x) must satisfy specific conditions to guarantee a 
unique continuous solution for each of the unknown solutions. The deter- 
mination of these special conditions will be left as an exercise. 


10.4 Systems of Volterra Integro-Differential Equations 


Volterra studied the hereditary influences when he was examining a popu- 
lation growth model. The research work resulted in a specific topic, where 
both differential and integral operators appeared together in the same equa- 
tion. This new type of equations was termed as Volterra integro-differential 
equations, given in the form 


u(x) = f(x) +f K (a, t)u(t)dt, (10.82) 


where ul (x) = qu Because the resulted equation combines the differential 
operator and the integral operator, then it is necessary to define initial con- 
ditions u(0),u’(0),...,u-))(0) for the determination of the particular solu- 
tion u(a) of the Volterra integro-differential equation. The integro-differential 
equations were investigated in Chapter 5. 

In this section, we will study systems of Volterra integro-differential equa- 
tions of the second kind given by 


u(x) = fi(x) + [ (K(x, du(t) + Ki(a, t)v(t) +-- -) dt, 
: (10.83) 


v(x) = fo(a) + 7 (Ko(x, t)u(t) + Ko(x, t)v(t) +-- .) ae. 
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The unknown functions u(x), u(x),..., that will be determined, occur inside 
the integral sign whereas the derivatives of u(x), v(a),... appear mostly out- 
side the integral sign. The kernels K;(x,t) and K;(2,t), and the function 
fi(a) are given real-valued functions. 

There is a variety of numerical and analytical methods that will be used for 
solving the system of integro-differential equations. However, in this section, 
we will present only two methods, new and traditional, that will be used for 
this study. 


10.4.1 The Variational Iteration Method 


In Chapter 3, the variational iteration method (VIM) was used before in this 
text. The method provides rapidly convergent successive approximations of 
the exact solution if such a closed form solution exists, and not components 
as in Adomian decomposition method. The variational iteration method [8] 
handles linear and nonlinear problems in the same manner without any need 
to specific restrictions such as the so called Adomian polynomials that we 
need for nonlinear terms. 

The correction functionals for the Volterra system of integro-differential 
equations (10.83) are given by 


unga(a) = un(a) + fo 2) (we - fit) f “Kt rin rar dt, 


x t 
Unsi(£) = Un(2) + | X(t) (ww —falt)— | K(tsn}in(r)ar) dt. 
(10.84) 
As presented before, the variational iteration method is used by applying 
two essential steps. It is required first to determine the Lagrange multiplier 
that can be identified optimally via integration by parts and by using 
a restricted variation. Having \ determined, an iteration formula, without 
restricted variation, should be used for the determination of the successive 
approximations Un+1(@),n > 0 and vp41(x),n > O of the solutions u(x) 
and u(x). The zeroth approximations uo(#) and vo(a) can be any selective 
functions. However, the initial conditions are preferably used to select these 
approximations Uo and v9(z) as will be seen later. Consequently, the solutions 
are given by 
u(x) = lim up(x), v(x) = lim vp(x). (10.85) 


The VIM will be illustrated by studying the following examples. 
Example 10.13 


Use the VIM to solve the system of Volterra integro-differential equations 
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(10.86) 
where u(0) = 1, v(0) = 1. The correction functionals for this system are given 


by 
. ! | i 2 i 3 
fl (00 1-—t4 5t 3t I(t) } dt, 


Un+1(2) = Un (x) -f ic +1+3t+ se + f° — ni) dt, (10.87) 
0 


t 
I(t) = | ((t — r)un(r) + (t-— 7 + 1)un(r))dr, 
: (10.88) 
In(t) = | ((t—r+1)un(r) + ((-r)un(r))dr, 
0 
and A = —1 for first order integro-differential equation. We can use the 
initial conditions to select wo(xz) = u(0) = 1 and vo(x) = v(0) = 1. Using 


this selection into the correction functionals gives the following successive 
approximations 


uo(x) = 1, 
vo(x) = 1, 


1 1 
u1 (a) =ltata? + ia? + pp?” 


6 
vi(z) =1—2-—2? — 23 — 2h 
6 12°’ 
1 1 1 1 1 il 
u2(@) =1+a2+2? a3 a? a4 4 a? 2, 
6 6 12 12 120 360 
1 1 1 1 1 1 
v2(x) = x ge 73 a3 at 4 } 5 } a 
6 6 12 12 120 360 
1 1 1 1 
-] Sf 2 8 ee) af oe ae 
usa) L ee (a 120° ) (a 360 ) aac 
1 


1 I 1 
an ee +r ae (mea NR HT (AR 3 Sees 
oak) ae (zm 120" ) (= 360 )+ 
and so on. By canceling the noise terms, the exact solutions are given by 
(u(x), u(x)) =(1+2+2?,1—2—-27). (10.89) 


Example 10.14 


Use the VIM to solve the system of Volterra integro-differential equations 
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x 


u(x) =1—27+ e” +f (u(t) + v())dt, u(0) = 1, v(0) = —-1, 
(10.90) 


u(x) = 3— 3e7 + [we — v(t))dt. 


The correction functionals for this system are given by 


finns Stag) -[ (une =1¥s2 — f lontr) + on(r))ar) dt, 


Un+1(£Z) = Un(x) — [ («0 —3+4 3e' — iKcxo - wn(r))dr) dt. 


(10.91) 
We use the given initial conditions to select the zeroth approximations 
uo(x) = u(0) = 1 and vup(x) = v(0) = —1. Using this selection into the 
correction functionals gives the following successive approximations 
Uo (x) =1 
vo (x) =-1 
xz t 
ui(x) = uo(2) -f (uo —14+?#-e- | (uo(r) + vo(r))ar) dt 
) ) 
=1= ee 
3 
x t 
v1(a) = vo(a) -f (xs —3+3¢e° -f (uo (rr) — vo(r))ar dt 
) 0 
= 2+ 3a — 3e" + 2? 
xz t 
u2(x) = ur(z) -f (ui (t) -14+0?-—et— | (wi (r) + vn(r))ar) dt 
) ) 
aot (140+ ar 4 Fo 4+ ott) 
2! 3! 4) 
x t 
v2(x) = vi(x) -f (uo —3+3¢e* -f (u1(r) — vx(r))ar) dt 
0 ) 
=2 (2 x a 2a ae ag ) 
2! 3! A! 5! 
u3(x) = 24 (2 x 143 13 aa ge -) 
2! 3! A) 5! 
v3(“) = «& (1 xz Er, ! a8 oa 4,8 Eee | ) 
2! 3! A! 5! 6! 
and so on. The exact solutions are therefore given by 
(u(x), v(a)) = (a +e", x —e”). (10.92) 


Example 10.15 


Use the VIM to solve the system of Volterra integro-differential equations 
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u(x) =—-1-—2?—-sinz 4 [ww + u(t))dt, u(0) = 1,u’(0) = 1, 


v(x) =1-2sina —coszr4 [ww — u(t))dt, v(0) = 0, v'(0) = 


The correction functionals for this system are given by 


Un+1(x) = Un(a) 


Un41(2) = Un (2) 


x t 
+f (« — x)(vn(t) 14+ 2sint + cost | (un(r) — en(r))dr)) dt, 
0 
: (10.94) 
where we used \ = t — x for second-order integro-differential equation. 
We use the initial conditions to select uo(#) = 1+ and vo(x) = 2a. Using 
this selection into the correction functionals gives the following successive 
approximations 


uo(a) =1+4+ 2, 
vo(z) = 22, 
1 1 I 
ui(z) =1 a } ae a” L sing, 
i. 1 1 
v1i(@) = cosx + 2sinz 4 —? + —23 — —a24* - 1, 
2! 3! 4! 
1 1 1 
_ eee 4 6 shad 
u2(x) = x (2 Tha at a” i 
1. 1 1 
_ 223) Sb 77 ab 
vo(“) = «& (« Ts Pa } = ). 


and so on. The exact solutions are therefore given by 
(u(x), v(@)) = (a + cosaz,x+sin x). (10.95) 
Example 10.16 


Use the variational iteration method to solve the system of Volterra integro- 
differential equations 


ul (x) = 2+ e” — 3e?” + €3* 4 [ow — 3w(t))dt, u(0) = 1, 


v' (x) = e® + 2c? — 8 ™ + [ ewe — u(t))dt, v(0) = 1, (10.96) 
0 


w! (x) = —e” + e?” + 3e%* + [wo — 2v(t))dt, w(0) = 1. 


The correction functionals for this system are given by 
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— f° (watt et ~~ J cuato) ~20n(0))ar) dt. 


The initial conditions can be used to select the zeroth approximations as 
uo(x) = 1, v9(a) = 1 and wo(x) = 1. Using this selection into the correction 
functionals gives the following successive approximations 


uo (a) = 1 
vo(x) = 1 
wo(x) = 1 
3 3 
u1(«) = 3 + Qa 4 a Le so + —e3® 
2 1 
vi(x) = 3 +g? + e® + 2% il 
1 1 
wi(x) i 5 al ex } so } est 
1 1 1 
u2(%)=14+a4 Thea | lal | a” - 


1 1 1 

vo(a) =14 22+ ay (28)? + 3 (22)? + qi (22)" eee 
1 1 1 

we(x) = 1+ 3a + 5 82)? + ay 82)” + q 82)" ++: 


and so on. The exact solutions are therefore given by 
(u(z), v(x), w(x)) = (e*, e**, e**). (10.98) 


Exercises 10.4.1 


Use the variational iteration method to solve the following systems of Volterra integro- 
differential equations 


u'(x) = 24 3° | [ ((1 — at)u(t) — (1+ at)v(t)) dt, u(0) = 1 


1. 


vu! (@) = —4a 3° [ ((1 + at)u(t) + (1 — xt)v(t)) dt, v(0) = 1 


10. 
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u'(z) = 3-324 =o ia ((1 — at)u(t) + (1 — at)v(t)) dt 
vu! (a) = —3 — 3a “0 a ((1+ axt)u(t) + (1+ xt)v(t)) dt 
u(0) = 1,v(0) =2 


u(x) =1—4r+2°4 a ((1 — xt)u(t) + (1 — xt)v(t)) dt, u(0) = 1 


u'(a) = -1-2°4 [ ((1 + at)u(t) + (1 + at)v(t)) dt, v(0) = 1 


u' (x) = —22 + x23 +coszx 4 e ((1 — xt)u(t) + (1 — xt)v(t)) dt 


v' (x) = —2a — 2° — cosx 4 WO ((1 + at)u(t) + (1 + xt)v(t)) dt 
) 
u(0) = 1, v(0) =1 


u' (a) =1—a2+sine4 ia ((a — t)u(t) — (a — t)v(t)) dt, u(0) = 1 


v'(a) = —1+cosa+ [ (u(t) — v(t)) dt, v(0) = 2 


u(x) =1-2 -sine+ | (u(t) + v(t)) dt 


v(x) = 14 =e! sing 4 [a at)u(t) — (1+ axt)v(t)) dt 
u(0) = 1, v(0) =1 


ul (x) =2— 67% + ie (u(t) + v(t)) dt 


/ — 3 | | 
vu! (a) | pred ((a —t— 1)u(t) — (ec —t + 1)v(#)) dt 
u(0) = 1, v(0) =2 


u'(%) = —3a +e7 + [ (u(t) + v(t)) dt, u(0) = 2 


v(x) = 2427 — 3e7 + a (u(t) — (a — t)v(t)) dt, v(0) =1 


: =34 = ev 4 ° at)u + xt)v 

w(x a Se . 
2 

v(x“) = 3° e+ f( ((1 + at)u(t) — (1 — at)v(t)) dt 
(0) = 1,v(0) = 


é ao te w u(0) = 
w(a) =a — 52%er+ | (w(t) + wae, (0) =2 
' = Sige * te —u v(0) = 

via) =~ 50? — er + [ (w(t) — u(t) at, (0) =0 


w' (x) = 3-—e% + [ (u(t) — v(t)) dt, w(0) =1 
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'(x) = —@ a? sing 4 "i w u(0) = 
w'(a ; + [+ wo) dt, u(0) =2 


1d ou ee) == 50° + sing 4 a (w(t) — u(t)) dt, v(0) =0 


w'(“) = 1-—3sinae +f (u(t) — v(t)) dt, w(0) =1 
u’(x) = cosx — 2sina — e® + a (u(t) — v(t) + w(t)) dt, u(O) = 2 
0 


12. ¢ v’(#) = —2—sing +e” + §. (u(t) — v(t) — w(t)) dt, v(0) =1 


w' (x) = 2+sinz —cosx+ [ (v(t) + w(t) — u(t)) dt, w(0) = 1 


10.4.2 The Laplace Transform Method 


The Laplace transform method was presented in Chapter 1, and was used 
in other chapters and in this chapter as well. Before we start applying this 
method, we summarize some of the concepts presented in this text. The 
Laplace transform of the convolution product (fi * f2)(a) is given by 


cline Arad} =£f [" ne-Hfiod) = Ris)FAs). 20.99) 


Moreover, the Laplace Transforms of Derivatives can be summarized as fol- 
lows: 

L{f"(x)} = sLi{f(x)} — FO), 

Lif" (x)} = s°L{f(x)} — sf(0) — f"(0), (10.100) 

L{f" (x) } = s°L{f(x)} — 8° f(0) — sf") — f"(0), 
and so on. Based on this summary, we will examine specific Volterra integro- 
differential equations where the kernel is a difference kernel. Recall that we 
will apply the Laplace transform method and the inverse of the Laplace 
transform using Table 1.1 in section 1.5. The Laplace transform method for 
solving systems of Volterra integro-differential equations will be illustrated 
by studying the following examples. 


Example 10.17 


Solve the system of Volterra integro-differential equations by using the 
Laplace transform method 


ul (x) = 2a7 + [ ((a — t)u(t) + (a — t)v(t)) dt, u(0) = 1 
" (10.101) 


u' (x) = —3x? — =" + [ ((a — t)u(t) — (a — t)v(t)) dt, v(0) = 1. 
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Notice that the kernels Ky(a — t) = Ko(a —t) = x —t. Taking Laplace 
transform of both sides of each equation gives 


4 1 1 
sU(s)-1l= 3 + 2 U(s) + a (8); 


(10.102) 
6 12 1 1 
sV(s) -l= 3 (ss) — sa (8); 
or equivalently 
1 1 4 
(s = =) U(s) = =V(s) => 1+ 3? 
. ° 7 (10.103) 
1 if 6 12 
s+ a V(s)— SU(s) =1-4- 
Solving this system of equations for U(s) and V(s) gives 
1 3! 1 3! 
=-+4+— =--——, 10.104 
UQ)==45, Vi)=s-5 (10.104) 


By taking the inverse Laplace transform of both sides of each equation, the 
exact solutions are given by 


(u(x), v(x)) = (1+ 23,1— 2°). (10.105) 
Example 10.18 


Solve the system of Volterra integro-differential equations by using the 
Laplace transform method 


u'(#) =1—2sina+ re (cos(a — t)u(t) + cos(a — t)u(t)) dt, u(0) = 1 
0 


u(x) = —3+2cosxa+ [ (sin(a — t)u(t) + sin(x — t)v(t)) dt, v(0) = 1. 


(10.106) 
Taking Laplace transform of both sides of each equation gives 
1 2 Ss 8 
aS ee — 
ae) s stt1 82+ heh « st 1 V(s); 
3. ' ; (10.107) 
ee se. 
aye) s+ Bait e+ ay) 
Solving this system of equations for U(s) and V(s) gives 
1 1 1 1 
Paiaats uh eee 10.108 
U(s) ar V(s) a ( ) 


By taking the inverse Laplace transform of both sides of each equation, the 
exact solutions are given by 


(u(x), u(x)) = (14+a,1—2). (10.109) 
Example 10.19 


Solve the system of Volterra integro-differential equations by using the 
Laplace transform method 
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u'(a) = cosa — 2sina + [ (cos(x — t)u(t) + sin(x — t)v(t)) dé, 


v(x) = cosx + xcosa + , (sin(a — t)u(t) + sin(x — t)v(t)) dt, te EE) 
0 
u(0) = 1,v(0) = —1. 
Taking Laplace transform of both sides of each equation gives 
8 2 8 
a oe es 
sU(s) aaq t + ae Us) + a iV (s); 
; Bee : (10.111) 
1= >. + —>— 5 + =U > V(s). 
sV(s) + Pri’ @pie S41 “) +254 (s) 
Solving this system of equations for U(s) and V(s) gives 
1 Ss 1 Ss 
7 = yee ee 10.112 
Us) Sol? 241" vy) s?+1  s?41 ( ) 


By taking the inverse Laplace transform of both sides of each equation, the 
exact solutions are given by 


(u(x), v(a)) = (sina + cos x, sin x — cos x). (10.113) 
Example 10.20 


Solve the system of Volterra integro-differential equations by using the 
Laplace transform method 


ul (x) = e® — e?” + et + [cw w(é)) dt, u(0) =1, w’(0) =1, 
0 
v' (x) = e® + 4e?” — e*” ve u(t)) dt, v(0) =1, v’(0) = 2, 
0 
w! (x) = —e” + e?* + 16e** 4 fe (u(t) — 2v(t)) dt, w(0) = 1, w'(0) = 
0 
(10.114) 
Taking Laplace transform of both sides of each equation gives 
1 He 1 2 4 
2 ps a ject 23 
s*U(s)—s—1 = ha oar 5 (s) 5 W(s) 
1 4 1 4 1 
2 _—6-2=- el ae = 10.115 
s°V(s)—s ea sa aa eC ) 
1 1 16 1 2 


2W(s)-—s—4 = ——— —. 
. es 8 i's 2 s—-4 


Solving this system of equations for U(s) and V(s) gives 
a 1 1 
Se. = —, W(s) = —. 10.116 
uy=, via. w= (10.116) 


By taking the inverse Laplace transform of both sides of each equation, the 
exact solutions are given by 


(u(x), v(x), w(x)) = (e”, e?”, €*”). (10.117) 
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Exercises 10.4.2 


Use the Laplace transform method to solve the following systems of Volterra integro- 


differential equations 


1. 


a 


= 
/ it ati at et ate Tt te ae 


i 


U 


if ee ee ce u(t) + (a -1)u u(0) = 
(«) ee ef ((w — t)u(t) + (@ —t+ 1)v(t)) dt, u(0) =1 


i = 1 | * — 
v' (a) x att f ((a — t)u(t) — (a — t)v(t)) dt, v(0) =1 


! = Loo A ae x u me Vv Uu = 
u'(a) = 14 gat fC t)u(t) + (a — t)v(t)) dt, u(0) = 0 


/ = 1 \ * = 
v'(4) =1l-2 Tl [ ((a — t)u(t) — (a — t)v(t)) dt, v(0) =0 
u(x) =2—2sine + in (cos(a — t)u(t) + cos(x — t)u(t)) dt 

0 


v'(@) = —4+2cosx+ - (sin(a — t)u(t) + sin(a — t)u(t)) dt 
u(0) = 1, v(0) =1 


u' (x) = 3+ 3a — 2e*” +f (e*~*u(t) + e**v(t)) dt, u(0) = 0 


x 
ie} 


vu! (2) = 34+a4 4? — Qe” +f (e*~*u(t) — e* ~*u(t)) dt, v(0) = 0 


x 
0 


u' (x) = 2cosx — e™ + [ (e7~*u(t) + e* *v(t)) dt, u(0) = 0 


0 


v(x) = 1—a2—-cosx4 ia ((a — t)u(t) — (a — t)v(#)) dt, v(0) = 1 


u’ (x) = cosx — xsina + a (cos(a — t)u(t) + sin(a — t)v(t)) dt 


0 


D. 


v(x) = —2sine + | (sin(a — t)u(t) + cos(a — t)v(t)) dt 
0 
u(0) = 0, v(0) = 1 


'(a) = —2a ene * hi a —t)v u(0) = 
ul(2) = 22-5 [Fo + @— 90(0) atu(o) = 2 


vu (w) = —4¢ — x? + 3sine 4 ia ((a — t)u(t) + v(t)) dt, v(0) = 2 


u’(@) = 5 — 4e7 + in (e7~*u(t) + e*~*u(t)) dt, u(0) = 3 
) 
v(x) = —1 — 2re*™ + [ (e7~*u(t) — e*~*v(t)) dt, v(0) = 2 
0 
u’ (x) = 3+ 24 — 3e7 + [ (e*~*u(t) + e* ~*u(t)) dt, u(0) = —1 
0 


v'(x) = 1+e7 + 2re7 + [ (e*~*u(t) — e* ~*v(t)) dt, v(0) =1 
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gawk 7 v w u(0) = 
x 5% sno + [ (u(t) + w(t)) dt, u(0) = 2 


i | 7 w(t) —u v = 
t= + sing tf (w(t) (t)) dt, v(0) =0 


w'(«) = 1—3sinae +f (u(t) — v(t)) dt, w(0) =1 
u’(x) = cosa — 2sina — e® + a (u(t) — v(t) + w(t)) dt, u(O) = 2 
0 
v'(%) = —2-—sing+e"7 + [ (u(t) — v(t) — w(t)) dt, v(0) =1 
0 


w' (x) = 2+sinz —cosx+ is (v(t) + w(t) — u(t)) dt, w(0) =1 


ull (x) = —@ — at + I (3u(t) + 4w(t)) dt, u(0) = 0, u’(0) = 1 


uv" (vg) =2+a?-a2t+ [ (4w(t) — 2u(t)) dt, v(0) = 0, v/(0) =0 
t) 


w(x) = 6a — 2% +43 + a (2u(t) — 3v(t)) dt, w(0) =0, w’(0) =0 
) 
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Chapter 11 
Systems of Fredholm Integral Equations 


11.1 Introduction 


Systems of Volterra and Fredholm integral equations have attracted much 
concern in applied sciences. The systems of Fredholm integral equations ap- 
pear in two kinds. The system of Fredholm integral equations of the first kind 
[1-5] reads 


fila) = / : (A(x, tut) re Ki («,t)v(2)) dt, 
“ (£1) 


fol) = | ; (Ko(x, u(t) rs Ko(x,t)v(t)) dt, 


where the unknown functions u(x) and v(x) appear only under the integral 
sign, and a and b are constants. However, for systems of Fredholm integral 
equations of the second kind, the unknown functions u(«#) and v(#) appear 
inside and outside the integral sign. The second kind is represented by the 
form 


b 
u(a) = fila) + | (A(x, du(t) + Ki(«,t)o(2)) dt, i 


eee i , (Ko(0, t)u(t) + Kolo, t)o(t)) at. 


The systems of Fredholm integro-differential equations have also attracted a 
considerable size of interest. These systems are given by 


b 
u(x) = fi(e) + / (Ki(w, tu(t) + Kile, Qo(0) ae, 
a (11.3) 


v(x) = fo(x) + | (Ko(x, u(t) < Ko(x,t)o(t)) dt, 


where the initial conditions for the last system should be prescribed. 
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11.2 Systems of Fredholm Integral Equations 


In this section we will study systems of Fredholm integral equations of the 
second kind given by 


een ee i (Ka(w, t)u(t) + Ka(w,t)o(t) +) at, 


b 
v(x) = fa(z) +f (Ka(x, u(t) + Ko(a, t)v(t) +--+) dt, (11.4) 


The unknown functions u(2), v(z),... that will be determined, appear inside 
and outside the integral sign. The kernels K;(a,t) and K;(z,t), and the func- 
tion f;(#) are given real-valued functions. In what follows we will present the 
methods, new and traditional, that will be used. Recall that the Fredholm 
integral equations were presented in Chapter 4 where a variety of methods, 
new and traditional, were applied. In this section, we will focus our study 
only on two methods, namely the Adomian decomposition method and the 
direct computation method. 


11.2.1 The Adomian Decomposition Method 


The Adomian decomposition method [6-7], as presented before, decomposes 
each solution as an infinite sum of components, where these components are 
determined recurrently. This method can be used in its standard form, or 
combined with the noise terms phenomenon. Moreover, the modified decom- 
position method will be used wherever it is appropriate. 


Example 11.1 


Use the Adomian decomposition method to solve the following system of 
Fredholm integral equations 


u(a) = sina — 2-24 —na+ 7 ((1 + xt)u(t) + (1 — at)v(t)) dt, 
a (11.5) 
u(x) = cosa —2-—2u+ 7a +f ((1 — at)u(t) — (1 + axt)o(t)) dt. 
0 


The Adomian decomposition method suggests that the linear terms u(a) and 
v(x) be decomposed by an infinite series of components 


u(a) = Yotae), v(x“) = Sle), (11.6) 
n=0 n=0 


where u,(x) and vp(x),n > 0 are the components of u(x) and v(x) that will 
be elegantly determined in a recursive manner. 
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Substituting (11.6) into (11.5) gives 


pane = sing —2-—2x-—172 
n=0 


+f ( + at) 2 Un(t) + (1 — at) > a) dt, 
0 n=0 n=0 
(11.7) 


‘> Un(“) = cosy —2-—2a4 74 
n=0 


+f (u — at) S un(t) — (1+ at) S> a) dt. 
0 n=0 


n=0 
The modified decomposition method will be used here, hence we set the 
recursive relation 
uo(x) = sina — 2, 


vo(x) = cosx — 2, 


u1(“) = —2a — na + [ ((1 + 2t)uo(t) + (1 — at)uo(t)) dt, 


v(x“) = —2a 4+ 7a + i ((1 — xt)uo(t) — (1 + xt)uo(t)) dt, (11.8) 


Uk+1(L) = [ ((1 — xt)up(t) — (1 + at)u,(t)) dt, k>1, 


Up+i(2) = / ((1 — at)uz(t) — (1+ at)ux(t)) dt, kD 1. 
0 
This in turn gives 
uo(z) =sina—2, ui(x) = 2-47, (11.9) 
and 
vo(z) =cosx—2, w(x) = 24 2x72. (11.10) 


By canceling the noise terms +2 from uo(x) and from vo(x) we obtain the 
exact solutions 


(u(x), v(a)) = (sin x, cos x). (11.11) 


Example 11.2 


Use the Adomian decomposition method to solve the following system of 
Fredholm integral equations 


u(x) = x +sec? x — os. J (tu(t) + tv(t)) dt, 
0 


' (11.12) 


v(x) = x — sec? x — 7 ~ I (u(t) + v(t)) dt. 


Proceeding as before we obtain 
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S un(2) =x+sec? x — tf (do mnl +43 0] dt, 
n= 0 n= n= 
: : . (11.13) 
DS Un(x) = x — sec? x — - +f (> Un(t) + > a) dt. 
n=0 n=0 n=0 


The modified decomposition method will be used here, hence we set the 
recursive relation 

uo(x) =a2+sec*x, v9(x) =x —sec? az, 
3 Z 


u(0) =-a + i * uate gia, 


TT ry 
=——+ t t)) dt 
os(0) =F, + f* (uo(t) + vo(o) a rn 
Sess | ” (tup(t) + tog (t)) dt, k>1, 
0 
vei (2) = I (up(t) +ug(t)) dt, &> 1. 
0 
This in turn gives 
uo(@) =x+sec*x, u(x) =0, (1115) 
and 
vo(z) =a —sec* xz, v(x) =0. (11.16) 


As a result, the remaining components u,(x) and v(x) for k > 2 vanish. The 
exact solutions are given by 


(u(x), v(x)) = (a + sec? a, x — sec? x). (11.17) 
Example 11.3 


Use the Adomian decomposition method to solve the following system of 
Fredholm integral equations 


u(a) =e" = -—sinh(L +2) +f (e*tu(t) + e*o(s) at 
v (11.18) 


v(“) =e"? — 2 v7 sinh(1 — a) + | (e u(t) + e*u(t)) dt. 


Proceeding as before and using the modified decomposition method, we find 
the recursive relation 
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x 


ug(z) =e", vole) =e*, 


2 1 
ui(@) = ee sinh(1 + 2) +f (e**uo(t) + e **uo(t)) dt = 0, 


ax 


sinh(1 — 2) + [ (e~*'ug(t) + e*uo(t)) dt = 0, 


ae) a (11.19) 
1 
Ur+1(Z) = | (c"'un(t) +e~*'un(t)) dé =0, k 21, 
0 
1 
Up+1(L) = / (ec ug(t) +e up (t)) dé=0, k21. 
0 
The exact solutions are given by 
(u(x), v(z)) = (e”,e~”). (11.20) 


Example 11.4 


Use the Adomian decomposition method to solve the following system of 
Fredholm integral equations 


u(x) = @— : +f (u(t) + w(t)) dt, 


-1 
9 1 
v(x) = 2+ a? — 5 +/ (w(t) + u(t)) dt, (11.21) 
-1 
D) 1 
w(r) = 227 +23 — 3 +f (u(t) + v(t)) dt. 
-1 
Proceeding as before and using the modified decomposition method, we find 
the recursive relation 


uo(x) = 2, 
vo(x) =a +2, 
wo(x) = 2? + 23, 
u(x“) = -; +f (vo(t) + wo(t)) dt = 0, 
% es (11.22) 
vi(a“) = ar [. (wo(t) + uo(t)) dt = 0, 
i= -: + a ein) Peg )ae= 0, 


UR+i(@) =0, Vet. =0, Weer =0, kB1. 
The exact solutions are given by 
(u(x), v(x), w(x)) = (2,2 +27, 27 + 2°). (11.23) 
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Exercises 11.2.1 
Solve the uae systems of Fredholm integral equations 
u(x“) = x - — stl (tu(t) + tu(t)) dt 
v(z) = 2? +23 — = + i (xu(t) + xv(t)) dt 
u(x) = 2 — se? + : +f ((x? — #?)u(t) + (a? — t? )u(t)) dt 
v(@) = a? +034 =a +f ((a? — t?)u(t) — xtv(t)) dt 


u(x) = 2+2? -o+[ (u(t) + v(t)) dt 


v(z) = 23 +24 — 2 4 : [| @— due + ato(n) at 


u(x) = sina + cosa —4+ i (u(t) + v(t)) dt 


v(x“) = sina — cosx ant f(z t)u(t) + (a — t)u(t)) dt 


u(x) = 2+ sin? x — 7? or (u(t) + v(t)) dt 


2 


5. 
7 = x-—cos?x4—72 4 a [ ((a — t)u(t) + (a + t)v(t)) dt 


u(z) = 2? +sine+2r+ eo ((a — t)u(t) — (a + t)v(t)) dt 


v(a) = 27 4+ cosx — 2a + a ((a + t)u(t) — (@ — t)v(t)) dt 


u(x) = (- . *) ptetantot fo (wu(t) + xu(t)) dt 


v(a@) = ~ tettantet fo (tu(t) — tv(t)) dt 


ee i ” Gani ae at 


fer 


v(z) = -1 


! “ (ult) + v(6)) at 


er: ae ae -f? (xu(t) + av(t)) dt 


1+sinz 


cos © 


v(a) = (2—7) + 


+f (u(t) + v(t) dt 


1+ cosz 
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3- v3 


ua) = 


+ seca tana + [ (u(t) — u(t)) dt 
10. : 


v(a) = (1— V3)a + sec? # + [ (wu(t) + xv(t)) dt 


1 


u(£z) = x2— Ta i. (u(t) — w(t)) dt 


11. 4 v(x) =a? + . +f Te (w(t) — u(t)) de 


et ‘ 
w(x) = 27 — a . (u(t) — v(t)) dt 
5m Tg a 
u(x) = 14 5 gee i (u(t) — w(t)) dt 


12.2 v(2) =1 = © sec? [wo -mmat 


x 


4 


w(r) = 1- “ + < sec? x +f (u(t) — v(t)) dt 


11.2.2 The Direct Computation Method 


It was stated before that all methods that we used in Chapter 4 to handle 
Fredholm integral equations can be used here to solve systems of Fredholm 
integral equations. In the previous section we selected the Adomian decom- 
position method. In this section we will employ the direct computational 
method. The other methods such as the variational iteration method, succes- 
sive substitution method, and others can be used as well. 

The direct computational method will be applied to solve the systems of 
Fredholm integral equations of the second kind. The method was used before 
in this text, therefore we summarize the necessary steps. The method will be 


applied for the degenerate or separable kernels of the form 


Ki(a,t) = So gu(a)he(t), Ko(x,t) = So re(x)sp(t). (11.24) 
k=1 k=1 
The direct computation method can be applied as follows: 
1. We first substitute (11.24) into the system of Fredholm integral equa- 
tions the form 


b ~ 
u(x) = fila) + f (Kale, t)u(t) + ala, t)o(t) at sn 


u(x) = fo(x) + | (Ko(x, d)u(t) +4 Ko(x,t)v(t)) dt. 


2. This substitution gives 
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u(x) = f(z) + (x) t)dt + hy(t)v(t)dt, 
> Gk [omc Sau Gn(x » f k 
t)dt + Dr T(x 0) [5 Sz (t )u(t) dt. 


v(a) = fala) + Yorala) [sul 
k=1 o 
3. Each integral at the right side Gea only on the variable ¢ with 
constant limits of integration for t. This means that each integral is equivalent 
to a constant. Based on this, Equation (11.26) becomes 


(11.26) 


ula) = file) + a1gy(@) +--+ engn() + Prda(@) +--+ Buda ey gn 
v(x) = fo(z) + yiri(z) + +++ + Yntn(x) + 6171 (2) + +++ + bnFn(Z), 
where . 
a; = | hi(t)u(t)dt, l<i<n, 
b 
i= i h,(t)u(t)dt,1 <i<n, 
a (11.28) 


b 
% = | si(t)u(t)dt, l<i<n, 


b 
oj = / &,(t)u(t)dt, 1 <icn. 


4. Substituting (11.27) into (11.28) gives a system of n algebraic equations 
that can be solved to determine the constants a;, 3;, 7, and 6;. To facilitate 
the computational work, we can use the computer symbolic systems such 
as Maple and Mathematica. Using the obtained numerical values of these 
constants into (11.27), the solutions u(x) and v(a) of the system of Fredholm 
integral equations (11.25) follow immediately. 


Example 11.5 


Solve the following system of Fredholm integral equations by using the direct 
computation method 


u(x) = sing + cosx — 4a + [ww + xvu(t))dt, 
oe (11.29) 
v(x) = sina — cosa + | (u(t) — u(t))de. 
0 


Following the analysis presented above this system can be rewritten as 


ue) = sine + cos + (a — 4)z, (11.30) 
v(x) = sin x — cosa + 8, 
where 
_ at, — v(t))dt. 11.31 
a [ (u(t) + v(t) p= [we ‘ 


To determine a, and (3, we substitute (11.30) into (11.31) to obtain 
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1? 1 
a= (4—2n?) + a+ mB, B= —2n? + —a— xp. (11.32) 
Solving this system gives 
a=4, B=0. (11.33) 
Substituting (11.33) into (11.30) leads to the exact solutions 
(u(x), v(a)) = (sina + cos x, sin x — cos x). (11.34) 


Example 11.6 


Solve the following system of Fredholm integral equations by using the direct 
computation method 


3 
u(x) = seca — 2+ if (tan tu(t) + sec tu(t))dt, 
? 7 (11.35) 
_ 3 
v(z) = —(14+ V3) + tang + | (sec tu(t) + sec tu(t))dt. 
0 
Following the analysis presented above this system can be rewritten as 
u(a) = seca —2+a01,+4+ (4, 


11.36 
v(x) = tang — (1+ V3) +024 fr, ( ) 
where 
a, = a tan tu(t)dt, a2= I sectu(t)dt, 4 =| sectu(t)dt. (11.37) 
0 5 , 


To determine a1, a2, and 3), we substitute (11.36) into (11.37) and solve the 
resulting system we find 


a=1, a=Vv3, fy =1. (11.38) 
Substituting (11.38) into (11.36) leads to the exact solutions 
(u(x), u(x)) = (sec x, tan x). (11.39) 


Example 11.7 


Solve the following system of Fredholm integral equations by using the direct 
computation method 
1 


u(x) =6—Ina+ i (In(at)u(t) + In(at?)u(t))de, 


en (11.40) 
v(x) = —44+ Ina +f (In(at?) u(t) — In(at)ov(t))dt. 
o+ 
Proceeding as before, this system can be rewritten as 
u(z) = 6+ (a, + 6, — 1) Ina 4+ ag + 28, (11.41) 


u(@) = —44 (a1 — 61 +1) max + 2a2 — fo, 
where 
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a, = u(t)dt, a,= In(t)u(t)dt, 
I i: (11.42) 


By =| v(t)dt, B2= io In(t)v(t)dt. 


+ 


To determine a;, and §;,1 < i < 2, we substitute (11.41) into (11.42) to 
obtain 


ay = 7— a1 + a2 — 2 + 2b, ag = —8+2 2 + 281 — 2e, (11.43) 
By =—-5—a,4+ 202+ 8, — Bo, B2=6+2a4 ae 231 + Po. 
Solving this system gives 
a=0, a=1l, O =2, Bo =-3. (11.44) 
These results lead to the exact solutions 
(u(x), v(a)) = (14+ Inz,1—Inz). (11.45) 


Example 11.8 


Solve the following system of Fredholm integral equations by using the direct 
computation method 


a) = : geg 2 | tua) auleide 


v(x) = > — sec? x + i, “(r= ataian (11.46) 


w(x) = —1—secta + | (u(t) — v(t))dt. 
0 
Proceeding as before, this system can be rewritten as 


2 
ula) = 3 + secha + 8-4, 


1 
u(x) = = — sec? e+y—a, (11.47) 
w(x) = —1—-sec*z+a-— 8, 
where 
em: a u(t)dt, B= [ Oe, WS in w(t)dt. (11.48) 
0 0 0 


To determine a, (3, and y, we substitute (11.47) into (11.48) and by solving 
the resulting system we find 


fae B= 5-1, y= (11.49) 


4 
These results lead to the exact solutions 


3° 


(u(x), v(x), w(x)) = (1 + sec? x, 1 — sec” x, 1 — sec* x). (11.50) 
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Exercises 11.2.2 


Use the direct computation method to solve the following systems of Fredholm integral 
equations 


u(x) = 2 — — ctf (tu(t) + tu(t)) dt 
o(a) = «2? +43 — = of [ (xu(t) + xv(t)) dt 


u(x) = —-6+4Inez+ [ (In tu(t) — In(at?)v(t)) dt 
ot 


v(@) = —2—-2Ilne+ a (In(xt?)u(t) — Intu(t)) dt 


u(x) = 2+ 2? -s+fe (u(t) + v(t)) dt 


v(e) = a2 + a4 - —24 : I. ((a — t)u(t) + xtu(t)) dt 


u(x) = sina + cosa — 2m + [i (tu(t) + tu(t)) dt 


v(x) = sinx — cosa + 7a + [ (wu(t) — xtv(t)) dt 


u(x) = «+sin? x — 1? u v 
(2) = 0+ + [wo +v@yae 


v(x) = x—cos* 2 — 724 5 +f ((a — t)u(t) + (a + t)v(t)) dt 


pL. 


v(x“) = 5 + seca + [ (tan tu(t) — sec tu(t)) dt 


u(x) = 2? +sineg+2n+ a ((a — t)u(t) — (a + t)v(t)) dt 


=o 


v(x) = 2% + cosa — 27 + - ((a + t)u(t) — (a — t)v(t)) dt 


u(x) = —2 [ (wu(t) + vo(t)) dt 


v(x) = -1 a (u(t) + v(t)) dt 


sin x 


u(x) = (2—7)a+ i + 7 (wu(t) + xu(t)) dt 


+sina 


| u(x) = —24 tanaz + a (sec tu(t) + tan tu(t)) dt 
6. : 


P(t ee ee a * (u(t) + v(t)) dt 


1+ cosz 
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3- V3 $ 


u(x“) = - + seca tana + , (u(t) — u(t)) dt 


x 


v(a) = (1— V3)a + sec? # + I (wu(t) + xv(t)) dt 


u(£z) = x2— + is (u(t) — w(t)) dt 
11. ¢ v(x) = 2? + . + Te (w(t) — u(t)) dt 
w(x) = «2? — ; + ie (u(t) — v(t)) dt 
u(x) = 1+sec? « + V2 “ I (u(t) — w(t)) dt 


12.2 v(x) =1-sec2a—-V2—~ [cote +e at 


iN 


x 


w(x) = secx tana — = +f (u(t) + v(t)) dt 


11.3 Systems of Fredholm Integro-Differential Equations 


In Chapter 6, the Fredholm integro-differential equations were studied. The 
Fredholm integro-differential equations, were given in the form 


u(x) = f(z) af K(z, t)u(t)dt, (11.51) 


where u(x) = 44. Because the resulted equation combines the differential 
operator and the integral operator, then it is necessary to define initial condi- 
tions u(0), u’(0),...,u@~) (0) for the determination of the particular solution 
u(x) of the Fredholm integro-differential equation (11.51). 

In this section, we will study systems of Fredholm integro-differential equa- 
tions of the second kind given by 
b 
ua) = filo) + f (Hi(e,thult) + Kile, to(d) at 

a (11.52) 


vO (x) = fo(x) + i (Ka(x, u(t) + Ko(x,t)v(t)) dt. 


The unknown functions u(x), u(x),..., that will be determined, occur inside 
the integral sign whereas the derivatives of u(x), v(x),... appear mostly out- 
side the integral sign. The kernels K;(#,t) and K;(x,t), and the function 
fi(x) are given real-valued functions. 

In Chapter 6, four analytical methods were used for solving the Fred- 
holm integro-differential equations. These methods are the variational itera- 
tion method (VIM), the Adomian decomposition method (ADM), the direct 
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computation method, and the series solution method. The aforementioned 
methods can effectively handle the systems of Fredholm integro-differential 
equations (11.52). However, in this section, we will use only two of these 
methods, namely the direct computation method and the variational itera- 
tion method. The reader can apply the other two methods to show that it 
can be used to handle the system (11.52). 


11.3.1 The Direct Computation Method 


The direct computation method is a reliable technique that was used be- 
fore to handle Fredholm integral equations in Chapter 4, Fredholm integro- 
differential equations in Chapter 6, and systems of Fredholm integral equa- 
tions in this chapter. The direct computation method will be applied to solve 
the systems of Fredholm integro-differential equations of the second kind in 
a parallel manner to our treatment that was used before. The method ap- 
proaches any Fredholm equation in a direct manner and gives the solution in 
an exact form and not in a series form. The method will be applied for the 
degenerate or separable kernels of the form 


= S— 9x(2)hx(t), Ky ( (a, t) = Yano 
k=1 


Ko(2,t) = So re(x)se(t), Ko(a,t) = > Fe (x) 5x (t). 
k=1 k=1 
The direct computation method can be applied as follows: 


(11.53) 


1. We first substitute (11.53) into the system of Fredholm integro-differential 
equations (11.52) to obtain 


u(x) = fi(x) + ; (x) t)dt + (t)u(t)dt, 
dh [ome Sint ) fia k 


n b n b 
v(x) = fo(a) + S- rela) f 8x(t)u(t)dt + S- ute | 5,(t)v(t)dt. 


k=1 ¢ k=1 
(11.54) 
2. Each integral at the right side depends only on the variable ¢t with 
constant limits of integration for t. This means that each integral is equivalent 
to a constant. Based on this, Equation (11.54) becomes 


u(x) = filx) + ongi(x) + +++ + Ongn(x) + P1gi(z) +--+ + BnGn(z), 


vy (2) = fo(a) rT YI (x) ay ae Yn n(Z) + O1ry (z) apes Ontn(2); 
(11.55) 


where 
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b b 
a= | rudtnisicn, = [ RQvHd,I<i<n, 
a : (11.56) 


b b 
“= i si(t)u(t)dt, l<icgn, dj = / §;(t) v(t)dt, 1 <icn. 


3. Integrating both sides of (11.55) i times from 0 to x, using the given 
initial conditions, and substituting the resulting equations for u(x) and v(z) 
into (11.56) gives a system of algebraic equations that can be solved to deter- 
mine the constants a,;,3;,7;, and 6;. Using the obtained numerical values of 
these constants into the obtained equations for u(a) and v(x), the solutions 
u(x) and v(x) of the system of Fredholm integro-differential equations (11.52) 
follow immediately. 


Example 11.9 
Solve the following system of Fredholm integro-differential equations by using 
the direct computation method 
u'(x) =sing + xcosx + (2—77)+ | (tu(t) — u(t)) dt, u(0) = 0, 
2 (11.57) 
v' (a) = cosa — asina — 30 + | (u(t) — tu(t)) dt, v(0) = 0. 
0 
Following the analysis presented above, this system can be rewritten as 


u(x) = sina +xcosxz+(2—7? +a), (11.58) 


u(x) = cosx —asina + (8 — 37), 


where 
a= | (tu(t) — v(t))dt, B= [iw — tu(t)) dé. (11.59) 
0 0 


Integrating both sides of (11.58) once from 0 to a, and using the initial 
conditions we find 
u(x) = xsing + (2-7? + a)z, 
u(x) = xcosa+ (8 — 3n)za. 
To determine a, and (, we substitute (11.60) into (11.59) and solving the 
resulting system we obtain 


(11.60) 


a=7’-2, B=3n. (11.61) 
Substituting (11.61) into (11.60) leads to the exact solutions 
(u(x), v(a)) = (wsina, x cos 2). (11.62) 


Example 11.10 


Solve the following system of Fredholm integro-differential equations by using 
the direct computation method 
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In2 
u(x) = —-1+sinhez +f (u(t) + v(t))dt, u(0) = 1, 


- (11.63) 
u'(#) = 1—2In2+coshz 4 | (tu(t) + tu(t))dt, v(0) = 0. 
0 
This system can be rewritten as 
u(x) = sinha +a—1, (11.64) 


u(x) = cosha + 1—21n2+ 8, 


where - 7 
a= | (u(t) + v(t))dt, B= | (tu(t) + tu(t))dt. (11.65) 
0 0 


Integrating both sides of (11.64) once from 0 to x, and using the initial 
conditions we find 

u(x) = cosha + (a — 1), 

v(x) = sinha + (1 —2In2+ B)za. 
To determine a, and (, we substitute (11.66) into (11.65) and solving the 
resulting system we obtain 


(11.66) 


a=1, @=2In2-1. (11.67) 
Substituting (11.67) into (11.66) leads to the exact solutions 
(u(x), u(x)) = (cosh x, sinh x). (11.68) 


Example 11.11 


Solve the following system of Fredholm integro-differential equations by using 
the direct computation method 


ii a a v u(0) = 
ul(«) = + | (u(t) + u(t))dt, u(0) =1, 


2 
(11.69) 
1 In2 
v(x) = 2e?* + Z +f (tu(t) — tu(t))dt, v(0) = 1. 
0 
This system can be rewritten as 
5 1 

u(x) =e*+a— 5 vu! (x) = 2c? + ria B, (11.70) 


where 


In 2 In 2 
a= | (u(t) + v(t))dt, B= 1 (tu(t) — tu(t))dt. (11.71) 
0 0 


Integrating both sides of (11.70) once from 0 to a, and using the initial 
conditions we find 


u(x) = e* + (0 — >) x, v(x) = e?* + (F - 3) a (11.72) 


To determine a, and 6, we substitute (11.72) into (11.71) and solving the 
resulting system we obtain 
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5 1 
=5, G=-3. 11.73 
a=3, B=-3 (11.73) 
Substituting (11.73) into (11.72) leads to the exact solutions 
(u(x), v(a)) = (e*, €?*). (11.74) 


Example 11.12 


Solve the following system of Fredholm integro-differential equations by using 
the direct computation method 


ule) = — cosa (2 =) ! [° @-Huy- @—H0(0) a 
u(0) =1, w/(0) =0 


F (11.75) 
u(x) = —sina+ (2 - =) +f ((a + t)u(t) — (a + t)o(t)) dt, 
v(0) =0,v'(0) = 1. 
This system can be rewritten as 
u(x) = —cosa — (2 7) + ax B, 
( y (11.76) 
v(x) = —sina + (2 - a) +axrt B, 
where . ; 
ie a (u(t) — v(t))dt, B= [ew — tu(t))dt. (11.77) 
0 0 


Integrating both sides of (11.76) twice from 0 to «, and using the initial 
conditions and proceeding as before we obtain 


a=0, p=5-2. (11.78) 
This in turn gives the exact solutions 
(u(x), v(a)) = (cosa, sin x). (11.79) 


Exercises 11.3.1 


Use the direct computation method to solve the following systems of Fredholm 
integro-differential equations 


u’(x) = cosa —4+ 7. (u(t) — tv(t)) dt, u(0) =0 
alg ON re 
v(x) = —sing —7 +f (tu(t) — v(t)) dt, v(0) = 1 
0 
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[? @-9uy - @—Hu(oyae 


u' (x) = —sina an +o 


vu! (x) = — cosa — 2x 2 i ((a + t)u(t) — (a + t)v(t)) dt 


u(0) = 2, v(0) =1 


u’ (x) = —2sin(2z) “ I ((a — t)u(t) — (a + t)v(t)) dt 


v'(x) = 2cos(2z) 4 5 tf ((a + t)u(t) — (a — t)v(t)) dt 
u(0) = 1, v(0) =0 


In 2 
u’(x) = sinh 2x + sn 2)? +/ (tu(t) — tu(t)) dt 
ey ene = = —2In2+ 7 (u(t) + v(t) dt 
u(0) = 1, v(0) =2 
In 2 
u'(x) = sinh 2x — (In 2)? +f (tu(t) + tu(t)) dt, u(0) = 2 
0 
In 2 
v'(@) = —2sinh 2a — 21In2 +f (u(t) + v(t)) dt, v(0) =0 
) 
1 
) 
In 2 
v'(2) = sinha — (In 2)? +f (u(t) + v(t)) dt, v(0) =1 


atte = =(in2)9 +f (tu(t) + te(t)) dt, u(0) =1 


In 2 
v/ (a) = 1 — e® — (In2)? +f (u(t) + v(t)) dt, v(0) = —1 
i) 


In 2 
u(x) = (1+ a)e” 4 (1 31n2) 4 | (u(t) + v(t)) dt 


In 2 
v' (x) = (1—a2)e* 4 (3 51n2) 4 [ (u(t) — v(t)) dt 
u(0) = 0, v(0) = 0 


f =e*—2I1n a5 = U v u(0) = 
u’ (x) = e® —21In2 an (tu(t) + v(t)) dt, u(0) =1 
In 2 
v' (ax) = 22% —2in2— 2+ f (u(t) + tu(t)) dt, v(0) =1 


o = cosh + 5 — sina [°° (tu(t) — tw(t)) de u(0) =0 


358 11 Systems of Fredholm Integral Equations 


4 
u(x) = 2cos 2a + 3 ose 


+ ie (sin(a — t)u(t) — cos(x — t)v(t)) dt, u(0) = 0, u’(0) =0 
0 


10. , 
vu" (“) = —2cos 2x — : cos & 
+f? (cos(x — t)u(t) — sin(a — t)v(t)) dt, v(0) = 1, v’(0) =0 
0 
u(x) = —sinaw +mcosx+ [ (sin(a — t)u(t) — cos(a — t)v(t)) dt, 
fie u(0) =0, u’(0) =1 . 
uv" (a) = —cosx — msinx + [ (cos(a — t)u(t) + sin(x — t)v(t)) dt, 
v(0) =1, v’(0) =0 
u(x) = —(14+ 7)sinxz — cosx 
+f (cos(a — t)u(t) + cos(x — t)v(t)) dt, u(0) = 1, u’(0) =1 
12. ° 


v(x) = (1—7)cosxz— sing 


+ [ (cos(a — t)u(t) — cos(x — t)v(t)) dt, v(0) =—-1, v’(0) =1 


11.3.2 The Variational Iteration Method 


In Chapters 4 and 6, the variational iteration method was used to handle the 
Fredholm integral equations and the Fredholm integro-differential equations 
respectively. The method provides rapidly convergent successive approxima- 
tions of the exact solution if such a closed form solution exists, and not 
components as in Adomian decomposition method. The variational iteration 
method [8] handles linear and nonlinear problems in the same manner without 
any need to specific restrictions such as the so called Adomian polynomials 
that we need for nonlinear problems. 

The correction functionals for the system integro-differential equations 
(11.52) are given by 


Un+1(2) = Un (x) 

x : b : 7 7 
+ [x0 (0 100 — J (Hatervintnde + Raced) ) a 
Un+1(2) = Un (x) (11.80) 


+ [x0 (4000 100 — f (Hattrdinter + Rate inoy)) a 
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It is required first to determine the Lagrange multiplier A that can be identi- 
fied optimally. Having \ determined, an iteration formula, without restricted 
variation, should be used for the determination of the successive approxi- 
mations Un41(@), Un+1(2),n > 0 of the solutions u(x) and v(x). The zeroth 
approximations ug(x) and vo(x) can be any selective functions. However, we 
can use the initial conditions to select the zeroth approximations ug and 
vo(x). The VIM will be illustrated by studying the following examples. 


Example 11.13 


Solve the system of Fredholm integro-differential equations by using the vari- 
ational iteration method 


u(x) = —2—sina + [ow + v(t))dt, u(0) = 1, 


7 (11.81) 
vu (v) =2—m+cosx+ , (tu(t) + tu(t))dt, v(0) = 0. 
0 
The correction functionals for this system are given by 
Un+1(£) = Un(x) — | (ui, (t) +2+sint — p:) dt, 
: (11.82) 


Un41(2) = Un (2) -[ (vj, (t) + — 2 — cost — po) dt, 


where 
Tv 


n= | ice eaea. n= f use) emntar (L835) 


Selecting uo(a) = 1 and vo(x) = 0, the correction functionals gives the fol- 
lowing successive approximations 


uo(x) = 1, 
vo(x) = 0, 


ee a («st o4dne= [ (oot) re wn(r))ar) it, 
=cosx—2%+ 72, 


v1(x) = vo(x) — a (0 + 7 —2—cost [ear + reo(r))ar) dt, 


2 
= sine +20 — mx + =, (11.84) 


~ 
iS) 
aay 

lI 


ui(2) -[ (ui t2tsine— [u(r + n(rpar) dt, 
=cosx+ (2x — 2x) + (mz — 72) +---, 


nate ate) iA (ue tg poet [oat 2 ros(r))ar) dt, 
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a2 xt 
= sine + (2a ~22) + (ne ~n0) + (Fe- Fa) bo, 


and so on. It is obvious that noise terms appear in each component. By 
canceling the noise terms, the exact solutions are therefore given by 


(u(x), u(x)) = (cosa, sin 2). (11.85) 
Example 11.14 


Solve the system of Fredholm integro-differential equations by using the vari- 
ational iteration method 


In2 
u'(a) = —1+coshx +/ (u(t) + v(t))dt, u(0) = 0, 


_ (11.86) 
v'(v) =1—2In2+sinhz +f (tu(t) + tu(t))dt, v(0) = 1. 
0 
The correction functionals for this system are given by 
ee enc i Gea ooh de, 
a (11.87) 
Unt1(L) = Un(x) — | (u;,(t) + 2In2 —1—sinht — p4) dt. 
0 
where 
In2 
p= fo (un(r) + en(r))dr 
: (11.88) 


In2 
pa = | (run(r) + run (r))dr. 


We can use the initial conditions to select uo(x) = 0 and vo(x) = 1. Using 
this selection into the correction functionals gives the following successive 
approximations 


uo(2) = 0, 


(x) 
ui(“) = sinha +aln2—a, 
(z) 


vi(z) = cosha +2 —22In2+ 5 (in2)?, (11.89) 

u2(z) = sinha + (x — x) + (2aIn2 — 2a In2) + ($(n2)? - = (In2)?) fee, 
2 a 2 a 

v2(x) = cosha + (a — x) + (2a In2 — 24 1n2) + ($ (m2) - 5 (in2) ) fee, 
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and so on. It is obvious that noise terms appear in each component. By 
canceling the noise terms, the exact solutions are therefore given by 


(u(x), v(a)) = (sinha, cosh 2). (11.90) 
Example 11.15 


Solve the system of Fredholm integro-differential equations by using the vari- 
ational iteration method 
In3 
u(x) =e" —6 +f (u(t) + v(t))dt, u(0) =1, 
_ (11.91) 
u' (x) = 2e?7 +2 +f (u(t) — v(t))dt, v(0) = 1. 
0 


The correction functionals for this system are given by 


© In3 
Un+i(£) = Un(x) — | (00 —e +6 -| (un(r) + str) dt, 


x In3 
Un+1(L) = Un (x) -| (oto —2e** —-2- [ (tn(r) — slr) dt, 


(11.92) 
where we used the Lagrange multiplier 4 = —1 for the each of first order 
Fredholm integro-differential equations. 

Selecting uo(x) = 1 and vo(#) = lgives the following approximations 
uo(z) = 1, vo(x) =1, 


ui(a) = e” — 6x + 2a1n3, 

v(x) = e?” + 22, 

u2(x) = e® + (6x — 6x) + (24 1In3 — 2x 1n3) — 2x(In3)? + x(In3)3, (11.93) 
Vo(x) = e?” + (2x — 2x) — 4x(In3)? + x(In3)?, 

u3(x) = e® + (2x(In3)? — 2a(In3)?) + (x(In 3)? — a(In3)3) +--+, 

v3(x) = e?* + (4x(In 3)? — 4x(In3)?) + (x(In 3)? — x(In3)3) + --- , 


and so on. It is obvious that noise terms appear in each component. By 
canceling the noise terms, the exact solutions are therefore given by 


(u(x), v(x)) = (e, e?”). (11.94) 
Example 11.16 


Solve the system of Fredholm integro-differential equations by using the vari- 
ational iteration method 


"g¢)\= in T "ei v u(0) = 1, u’(0) = 
u(x) = 2cos2 zt +f (u(t) + tv(t))dt, u(0) = 1, u’(0) =0 


vu" (@) = —2cos2a + =r (9 —m)+ ico — v(t))dt, v(0) = 2, v'(0) = 
0 
(11.95) 
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The correction functionals for this system are given by 


Un4i(2) = Un(x) + [ (( — x)(ul(t) — 2cos2t+ (2 +m) -— rs)) dt, 


Un41(L) = Un (a) + [ (« — x)(vii (t) + 2 cos 2t — =r (9 —t)- rs) dt. 


(11.96) 


where 
Tv 


ps = | (un(r) + rvn(r))dr, po = i (run(r) — Un(r))dr. (11.97) 


Notice that the Lagrange multiplier \ = (t — x) because each equation is 
of second order. We can use the initial conditions to select uo(x) = 1 and 
vo(a) = 2. Using this selection into the correction functionals and proceeding 
as before we obtain the following successive approximations 


uo(z) = 1, 

vo(x) = 2, 

u(x) =1+sin? a = (2 m2", 

v1(z) = 1+ cos? x =(2 + 1) x, (11.98) 
uo(#) = 1+sin* x4 (Fe m) x? =(2 r)x”) Prat, 

vo(xz) = 1+ cos* x 4 (Fe + 1)x? = (2 2”) Pa 5 


and so on. It is obvious that noise terms appear as explained in the previous 
examples. By canceling the noise terms, the exact solutions are therefore 
given by 

(u(x), v(x)) = (1+ sin? x, 1 + cos? 2). (11.99) 


Exercises 11.3.2 


Use the variational iteration method to solve the following systems of Fredholm 
integro-differential equations 


u'(x) = cosr— 4+ [ (u(t) — tv(t)) dt, u(0) =0 
46 ) 
v(x) = —sinx—7 +f (tu(t) — v(t)) dt, v(0) = 1 
7 u’ (x) = cosa — 2% + < + i ((a — t)u(t) + (a — t)v(t)) dt, u(0) =0 


v'(@) = —sinx —24 5 i ((a + t)u(t) — (a + t)v(t)) dt, v(0) =1 
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u'(x) = sing + «cosa + (2 — 7?) 4 [ (tu(t) — v(t)) dt, u(0) =0 
v' (a) = cose—asine—3n+ [ (u(t) — tu(t)) dt, v(0) =0 


In 2 
u’ (x) = sinh 2x + s(n 2)? +f (tu(t) — tu(t)) dt, u(0) = 1 


1 In 2 
vu! (a =sinh2e— > —2in2+ [ (u(t) + v(t)) dt, v(0) =2 


0 


In 2 
u’(x) = sinh 2x — (In 2)? +f (tu(t) + tu(t)) dt, u(0) =1 
0 


In 2 
v'(x) = —sinh 2a — 2In24 a (u(t) + v(t)) dt, v(0) =1 


a 
_ 
8 
| 


In 2 
= cosha + ; = sin +f (tu(t) — tu(t)) dt, u(0) =0 
In 2 
v'(2) = sinha — (In 2)? +f (u(t) + v(t)) dt, v(0) =1 
0 
In 2 


ee 5 7 zin2+ [ (tu(t) — tu(t)) dt, u(0) =1 


In 2 
v'(xz) = —e7* — ; +/ (u(t) + v(t)) dt, v(0) =1 


In 2 
u' (x) = (14+ x)e* 4 el 31n2) 4 | (u(t) + v(t)) dt, u(0) =0 
8. 0 
/ — ge 4 1 n \ i U —v ) = 
v(x) = (1-2) Pe 51n 2) 4 | (u(t) — u(t)) dt, v(0) =0 
7 =e" = ” “= uU Vv uU — 
way = er + [Cle + 0(0) at, (0) = 1 


—ef“___, eReoOoOor~—r_-. dh oa —>: rm. soa sar. Or ee” OO 
eS 
= 
8 
II 


In 2 
vu! (x) = 3e3* + : +f (u(t) — v(t)) dt, v(0) =1 


In 2 
u(x) = e® — +f (u(t) + v(t)) dt, u(0) =1, u’(0) =1 
10. : 

‘oe = 9e* : es u(t) — v v(0) = 1, v/(0) = 
vit(a) = 968 + 5+ (u(t) — v()ae, v(0) = 1, v'Q) =3 
u’’(a) = —sing + mcosa%+ in (sin(a — t)u(t) — cos(a — t)v(t)) dt, 

0 
u(0) =0, u’/(0) =1 
11. 


v(x) = —cosx — msing + a (cos(x — t)u(t) + sin(x — t)v(t)) dt, 


v(0) =1, v’(0) =0 
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u(x) = —(1+7)sinaz —cosz 4 J (cos(a — t)u(t) + cos(a — t)u(t)) dt, 


u(0) = 1, u’(0) =1 


oe " 
uv" (a) = (1 — 7) cosa — sing 4 i (cos(a — t)u(t) — cos(x — t)u(t)) dt, 
) 
v(0) = —1, v’(0) =1 
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Chapter 12 
Systems of Singular Integral Equations 


12.1 Introduction 


Systems of singular integral equations appear in many branches of scientific 
fields [1-6], such as microscopy, seismology, radio astronomy, electron emis- 
sion, atomic scattering, radar ranging, plasma diagnostics, X-ray radiography, 
and optical fiber evaluation. Studies of systems of singular integral equations 
have attracted much concern in applied sciences. The use of computer sym- 
bolic systems such as Maple and Mathematica facilitates the tedious work of 
computation. The general ideas and the essential features of these systems 
are of wide applicability. 
The well known systems of singular integral equations [7] are given by 


fi(z) => [ (Kii(a, t)u(t) rT Ki2(a, t)v(t)) dt, 
- (12.1) 
f(x) = | (Kai (a, t)u(t) ba iad Ko2(a, t)v(t)) dt. 
and . 
ule) = fale) + f (Karl, Ault) + Kiala,t)o(O) at 
a (12.2) 
o(2) = fala) + | (Kai (w, t)u(t) + Koo(e, t)o(t)) dt, 
where the kernels Aj; are singular kernels given by 
Ree Ga 1<i, j<2. (12.3) 


The system (12.1) and the system (12.2) are called the system of the gener- 
alized Abel singular integral equations and the system of the weakly general- 
ized singular integral equations respectively. For a;; = 4, the system (12.1) 
is called the system of Abel singular integral equations. 
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12.2 Systems of Generalized Abel Integral Equations 


In Chapter 7, the singular integral equations were presented. The Abel’s 
singular integral equation and its generalized form, and the weakly singular 
integral equations were handled by a variety of methods. In this section, the 
systems of Abel’s generalized singular integral equations will be examined 
by using only the Laplace transform method that we used before in Chapter 
7 among other places. In this section, first we will study systems of two 
unknown functions u(x) and v(a), and then we will study systems of three 
unknown functions u(a), v(a) and w(x) as well. Generalization to any number 
of unknowns can be easily developed. 


12.2.1 Systems of Generalized Abel Integral Equations 
in Two Unknowns 


The system of generalized Abel integral equation in two unknowns is of the 
form 


fi(z) = [ (Kui (a, t)u(t) in i Ki2(a, t)v(t)) dt, 
° (12.4) 


f(x) = is (Ko1 (a, t)u(t) bal Ko2(a, t)v(t)) dt. 


The kernels K;,;(x,t),1 < i,j < 2 and the functions f;(x),i = 1,2 are given 
real-valued functions. Recall that the kernels Kj; are singular kernels given 
by 

1 


ki = —— 
J (ae — £)%: 


1<igj<2. (12.5) 
For aj; = 4,1 < i,j < 2, the system is called system of Abel integral equa- 
tions. Abel’s systems of three equations in three unknowns will be examined 
in details in the next section. 

The system of Abel’s generalized singular integral equations (12.4) gives 


a solution if 
Ky, Ky2 
det 0. 12.6 
. (ee x) 4 ( ) 


In what follows we will apply the Laplace transform method to handle the 
system (12.4). 
Taking Laplace transform of both sides of the system (12.4) gives the linear 
system in U(s) and V(s) 
F\(s) = Ki1(s)U(s) TF Ki2(s)V(s), 


F2(s) = Ko1(s)U(s) + K22(s)V(s), (12.7) 


where 
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U(s) = L{u(z)}, V(s) = L{o(a)}, 
Fi(s) = L{filw)}, i 
Kij(s) = L{Kij(x)}, 
Solving (12.7) for U(s) and V(s) by using Cramer’s rule gives 


F,(s) K42(s) eas F,(s) 
F4(s) K2(s) Koi(s) Fo(s) 


v= Fen mae “Team ON 
K12(s) Ko2(s) Kai(s) K22(s) 


Having determined U(s) and V(s), the unique solution for u(a) and v(a) can 
be determined by using the inverse Laplace transform method. Table 1 in 
Section 1.5 shows the Laplace transforms and the inverse Laplace transforms 
for a variety of functions. It is interesting to point out that the computer 
symbolic systems such as Maple and Mathematica allow us to perform com- 
plicated and tedious calculations. This will be used here to facilitate the 
computational work. Moreover, recall that the linear system (12.7) has a 
unique solution for u(x) and v() if and only if 


Kii(s) Ky2(s) 

0. 12.10 
Ky2(s) K22(s) - ( ) 
It is worth noting that for simplicity reasons we will focus our study only on 
the specific case where 


Q41 = 22, Q12 = 21. (12.11) 
The other cases of aj; can be handled by a like manner. In this case, the use of 
the computer symbolic systems is necessary to perform tedious calculations. 
Example 12.1 


Solve the system of singular integral equations by using the Laplace transform 
method 


OE (1 + 5) +308 (1 - sr) 2 [ (aun 4 ar) dt, 
3 
2 


ft (1 - 5°) eae (1 + =) = [ (aun + a) dt. 
(12.12) 


Taking Laplace transform of both sides of each equation in (12.12) gives 
5 2 2 
Jams ?(14+s8)-T (=) s~3(1—s) = /ms~2U(s) +1 (3) s-3V(s), 


5 2 2 
=/rs-2(1—s) +7 (=) s-3(1+s) =P (=) s~3U(s) + /ms~?V(s). 
(12.13) 
Solving this systems of equations for U(s) and V(s), by using any computer 
symbolic system, such as Maple or Mathematica, gives 
1 1 1 1 
U@l==+a, V(e)==-> (12.14) 


s s s 
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By taking the inverse Laplace transform of both sides of each equation in 
(12.14), the exact solutions are given by 


(u(x), v(a)) = (1+2,1— 2). (12.15) 
Example 12.2 


Solve the system of singular integral equations by using the Laplace transform 
method 


63 25 4 
oat (820? + 39) + 0 (572? — 133) 
i: ae * (12.16) 
3 (32¢2 — 4 28 1 
sgt (320? — 39) + Tak (570? + 133) 
w 1 1 
= — u(t) + ———~ v(t) ) at. 
/ (—a +e «) 


Taking Laplace transform of both sides of each equation in (12.16) gives 


aV/2 (5 1) +o Gna nya U(s) + we 


sil (3) 2 oH \s? a i ae 


(12.17) 
Solving this systems of equations for U(s) and V(s), by using any computer 
symbolic system, such as Maple or Mathematica, gives 


6 1 6 1 
U(s) = tm V(s) = Ae (12.18) 


By taking the inverse Laplace transform of both sides of each equation in 
(12.18), the exact solutions are given by 


(u(x), v(x)) = (x? + a, 23 — 2). (12.19) 


Exercises 12.2.1 


Solve the system of singular integral equations by using the Laplace transform method 


1 
u(t) + ; v0) dt 
(a —t)4 (x — - 5 


41 ; Le i ae i z u(t) 4 -U 
=3 (16x + 15) + 08 (52 +6) [isa (t) 4 ai w) a 


50% (6x +5) + s¥ (20x + 27) =| ( 
is 
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ot . t as 0 6 ° : U 
agit" (Ou + 9m) 4 (—3a + 51) i; (- rut) 


5 4 3 2 . 1 
ag7" 5a 4 9r) } 77 bade 5m) = [ (- z u(t) 


4 5 
~ x2 (x +9) + ag (5a — 54) = | 


m 1 
0 (eo 


2 2 2 i pe ye? i — . 1 U 1 
— 750? (8x? — 15) 4 (9a? + 20) [ (—. (t) 4 


440 


2 3: © 
— 22 (1623 + 35) + ——23 (812° — 220) = / —— 
35 0 


440 


2 4 i 32 2 ae 
gt? (Bu? — 10x — 15) + Zoa5 (Qu? — 128 + 20) 


P} zx 
= 93 (160° — 35) a2 (Sia? +990) = ‘ 
35 0 ( 


e 1 1 
= [ — =o u(t) + a x) dt 


2 3 
et? (80? = 108-4 15) — ei (92? — 12x — 20) 


zf{ 4 1 
[ (— =a u(t) ae x) dt 


4 
1155 


(4 1 
=| (1) + 0) dt 


xvi (1282 + 220 + 385) — 


1155 440 


. 1 al 
[ (ow 0) dt 


24 (12823 + 2202 — 385) 4 Faye! (Sle? + 132 + 220) 


3 2 
x3 (81x? + 1322 — 220) 
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12.2.2 Systems of Generalized Abel Integral Equations 


in Three Unknowns 


The system of Abel’s generalized singular integral equations in three un- 
knowns is of the form 


fi(z) —_ a (Kir(2, t)u(t) Tr Kyia(a, t)u(t) Ie Ki3(a, t)w(t)) dt, 


fo(x) = i: ” (Kor (cw, t)u(t) + Koo(o, t)v(t) + Koa(x,t}w(t)) dé, (12.20) 


fs(a) = [ (K31(a, t)u(t) + K3o(a, t)u(t) + K33(2, t)w(t)) dt. 


The kernels Ay; (a, t),1 < i,7 <3 and the functions f;(x),i = 1,2,3 are given 
real-valued functions. Recall that the kernels Kj; are singular kernels given 
by 

1 


ki = ——T 
J (@ — ts 


Let 73h (12.21) 
For ajj = $,1 < i,j < 3, the system is called system of Abel integral 
equations in three unknowns. 
The system of Abel’s generalized singular integral equations in three un- 
knowns gives a solution if 
Ku Aig Kis 
det Ko Koo K3 x 0. (12.22) 
K31 K32 K33 
In what follows we will apply the Laplace transform method to handle the 
system (12.20). 
Taking Laplace transform of both sides of the system (12.20) gives the 
linear system in U(s), V(s), and W(s) 
F,(s) = Kii(s)U(s) pins Ky2(s)V(s) =r Ki3(s)W(s), 
Fy(s) = Kai(s)U(s) =F K22(s)V(s) =a K23(s)W(s), (12.23) 
F3(s) = K31(s)U(s) ae K32(s)V(s) a K33(s)W(s). 


where 
U(s) = L{u(z)}, V(s) = Lio(2)}, W(s) = L{w(2)}, 
Fi(s) =Ltfi(a)}, 1<i<3, Kij(s)=L{hiyj(a)}, 1<i,7 <3, 
and the singular kernels Kj; are given above in (12.21). 
Solving (12.23) for U(s), V(s), and W(s) by using Cramer’s rule gives 
F,(s) Ki2(s) Kis(s) 


) 
a ) K22(s) K23(s) 
) ent Ksa(s)| 


(12.24) 


(12.25) 
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Ve SS (12.26) 


and 


1Ki(s) Kia(s) Kia] tl 
Kai(s) K22(s) K 
K31(s) K32(s) K33(s) 


The linear system (12.23) gives a unique solution for u(#), v(a) and w(«) if 
and only if 


Kii(s) Ki2(s) Ki3(s) 
Kai(s) K22(s) Ko3(s) a 0. (12.28) 
K31(s) K32(s) K33(s) 
It is worth noting that for simplicity reasons we will focus our study only 
on the specific case where 
O41 = 022, 42 = 21. (12.29) 
Having determined U(s), V(s), and W(s), the unique solution for u(x), v(x), 
and w(x) can be determined by using the inverse Laplace transform method. 
It is interesting to point out that the computer symbolic systems such as 
Maple and Mathematica allow us to perform complicated and tedious calcu- 
lations. This will be used here to facilitate the computational work. 
For simplicity reasons we will focus our study only on the specific case 
where 
For the first equation in (12.20): ayy = ais, v(x) = 0, 
For the second equation in (12.20): az22 = a23, u(x) = 0, (12.30) 
For the third equation in (12.20): a31 = ago, w(x) = 0. 


Example 12.3 


Solve the system of singular integral equations by using the Laplace transform 
method 


= z(15 + 827) = [ (un + rn) dt, 
x? (7 +62) = [ (0 4 u(t) dt, (12.31) 


a—t)3 (a —t)3 


20 jada) 2 [ (eu } ar") dt. 
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Taking Laplace transform of both sides of each equation in (12.31) gives 


2m =o 2\ _ 20 s-(VIs : 
var gy (: _ :) ~ Var (2) (V(s) + W(s)), (12.32) 
2m 8 1 Qn 4 


Solving this systems of equations for U(s), V(s) and W(s) by using any 
computer symbolic system, such as Maple or Mathematica, gives 


vie = ., i= =. Wiss (12.33) 


3 

8 

By taking the inverse Laplace transform of both sides of each equation in 
(12.33), the exact solutions are given by 


(u(x), v(x), w(x)) = (1,2, 2”). (12.34) 
Example 12.4 


Solve the system of singular integral equations by using the Laplace transform 
method 
1 1 


303 (2+ 32) = i. (un i rn) dt, 


arts — 3227) = [ (a + rn) dt, (12.35) 
3H . a (eu + ar) dt. 


Taking Laplace transform of both sides of each equation in (12.35) gives 


Ar 4 2 7 ony ; 
Var (3) (4 ; ~ Wr) (U(s) + W(s)), 

2/20 - 6\ Van a (12.36) 

Tr)" (: - =) - rey (V(s) + W(s)), 


ar (3) s-# = 1 (3) s-#(U(s) + V(s)) 
Solving this systems of equations for U(s), V(s), and W(s) by using any 
computer symbolic system, such as Maple or Mathematica, gives 
1 2 6 1 2 6 1 2 6 
By taking the inverse Laplace transform of both sides of each equation in 
(12.37), the exact solutions are given by 


(u(x), v(x); w(z)) = (1 + 2¢4 327, 1-22 —327,1+27—327). (12.38) 
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Exercises 12.2.2 


Solve the system of singular integral equations by using the Laplace transform method 


set (24? +35) = a = (u(t) + w(t)) dt 
1. aati (oe +11) =[° aoe + w(t)) dt 
seit (Be + 11) =[ =i (u(t) + v(t) dt 
522 (80 +9) = 7 ae (u(t) + w(t)) dt 
2. <3 (27x + 35) =-[ aope + w(t)) dt 
soi (de +5) =[° ao (u(t) + v(t) at 
att ele + 99x? + 1320 + 220) = I a3 (u(t) + w(t)) dt 
3, | sett (822? + 802 + 55) = [ es (v(t) + w(t) dt 
=e 25a? + 70x + 63) =[ cae (u(t) + v(t) dt 
a" 812 +902? + 105e + 140) = [ ° Gopt ut weve 
4. aoe 96x? + 208x + 117) =[ aot (u(t) + w(t)) dt 
= 250? + 65x + 52) =[ ao} (u(t) + v(t) dt 
— a0} (80° — 70x — 105) = [ a (u(t) + w(t)) dt 
5. — sah (ata — 30a? — 560) = I ea (u(t) + w(t)) dt 
08 (160? + 1322 4+ 231) = i. os (u(t) + v(t)) dt 
ari (32? 8a — 20) =[ Bape ut wena 
é. = 0? (5020? + 65a — 208) = [ aa} (v(t) + w(t)) dt 
rt (640? — 36x + 135) = [ =a (u(t) + v(t)) dt 
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9 5 = 1 
x3 (81x? + 44) = ~ (u(t) + w(t)) dt 
220 0 (a _ t)3 
25 8 ' 3 1 
7, 2 —~«5 (25x? + 30x + 39) =4 + (u(t) + w(t)) dt 
468 fe) (a od t)s 
32 


~~ 27 (96x? + 208e + 117) = a ay: (u(t) + v(t)) dt 


2 A ase eae 44) = ES enya ia 
440 0 (a—t)3 
25 = 1 
g. ) a3 (25x? + 302 + 39) = | ~ (v(t) + w(t)) dt 
468 o (a#—t)s 
32 5 = 
x4 (96x? + 208x + 117) =) + (u(t) + v(t) dt 
585 0 («—t): 


12.3 Systems of the Weakly Singular Volterra Integral 
Equations 


In this section we will study systems of the weakly singular integral equations 
in two unknowns u(x) and v(x). Generalization to any number of unknowns 
can be followed in a parallel manner. Recall that the kernel is called weakly 
singular as the singularity may be transformed away by a change of variable 
[2]. In this section we will use only the Laplace transform method and the 
Adomian decomposition method to handle this type of systems. 


12.3.1 The Laplace Transform Method 


The system of weakly singular Volterra integral equations of the convolution 
type in two unknowns is of the form 


u(x) = fi(x) + a (Kui (2, t)u(t) + Ky2(2, t)v(t)) dt, 
(12.39) 


v(x) = fo(a) + [ (Koi(a, thu(t) + Koo(a, t)v(t)) dt. 


The kernels Aj; (a, t),1 <%,7 < 2 and the functions f;(x),i = 1,2 are given 
real-valued functions. The kernels Kj; are singular kernels given by 
1 
Ky =—, 
J (a — tos 
Taking Laplace transforms of both sides of the system (12.39) gives the linear 
system in U(s) and V(s) 
U(s) = Fi(s) + Ki1(s)U(s) + Ki2(s)V(s), 
V(s) = Fo(s) + Ka1(s)U(s) + K22(s)V(s), 


12% 7x2, (12.40) 


(12.41) 
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or equivalently 
(1 — Kii(s))U(s) — Kia(s)V(s) = Fi(s), 


AGO 1 ~K GNVG) = FG). ee) 
where 
U(s) = L{u(z)}, V(s) = L{v(z)}, 
Solving (12.41) for U(s) and V(s) by using Cramer’s rule gives 
ae ; Bees 
U(s) = oe (12.44) 
| —Ko1(s) 1- K22(s) 
and 
| 1- Kii(s) F,(s) 
oe, (12.45) 


| 1— Ki1(s) —Ky2(s) 
—Ko1(s) 1- K22(s) 


Having determined U(s) and V(s), the unique solution for u(x) and v(a) can 
be determined by using the inverse Laplace transform method. It is inter- 
esting to point out that the computer symbolic systems such as Maple and 
Mathematica allow us to perform complicated and tedious calculations of this 
weakly singular equations. The linear system (12.41) has a unique solution 
for u(x) and v() if and only if 
| 1- Kii(s) —K42(s) 
—Ko1(s) 1- K22(s) 


#0. (12.46) 


Example 12.5 


Solve the system of weakly singular Volterra integral equations by using the 
Laplace transform method 


u(x) = «* — Ohi: 3)+ : — 9 _ufs) + 7 4G) dt, 
105 & (GE ie ; 


32 7 = 2 3 
v(x) = 23 — 352" (16a — 27) +f (un - pr) dt. 
(12.47) 


Taking Laplace transform of both sides of each equation in (12.47) gives 


(1 _ 3/7) io 2[FvIs) = < - = (¢ + 1) 
-2) 201s) + (1 +37) V(s) = os a (: . 3) . 


Solving this system of equations for U(s) and V(s), by using any computer 
symbolic system, such as Maple or Mathematica, gives 


(12.48) 
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U()=5, Vi)= 5. (12.49) 


By taking the inverse Laplace transform of both sides of each equation in 
(12.49), the exact solutions are given by 

(u(x), v(x) = (2*, 2°). (12.50) 
Example 12.6 


Solve the system of weakly singular Volterra integral equations by using the 
Laplace transform method 


u(x) =1+2e — —23(92? + 6x + 10) 


+f (apes open) ae 


3 
v(x) =14+32? + et (272 — 72% — 20) 


+f (Gap aap) ee 


Taking Laplace transforms of both sides of each equation in (12.51) gives 


(2) (6) - 2 Wry) = 24 5-2) (14245), 


i) 
oO 


(12.51) 


83 5 5 8? 53 
ar (2 (3 1; 6 1G 6 6 
- ows (iD) viy te SPO (48-8), 

33 $3 s 8s 33 ss 

(12.52) 
Solving this system of equations for U(s) and V(s) we find 
1 8 1 6 

We) ra VO=_ ts (12.53) 

The inverse Laplace transform of (12.53) gives the exact solutions by 
(u(x), v(x)) = (1+ 32,14 32). (12.54) 


Example 12.7 


Solve the system of weakly singular Volterra integral equations by using the 
Laplace transform method 


25 
u(x) = 2+ a? — 23 (1305 + 18205 — 210x + 273) 


6552 
zx 1 1 
+f (pun + nto) a 
o \(a—t)s (x —t)5 
5 6g (12.55) 
u(z) = @— 2? — ows (55a8 + 66x25 — 1402 + 154) 


+f (apr + pe) ee 
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Taking Laplace transforms of both sides of each equation in (12.55) and 
solving the resulting system of equations for U(s) and V(s) we obtain 


1 2 1 2 
The inverse Laplace transform of (12.56) gives the exact solutions by 
(u(x), u(z)) = (w@+2?,2—27). (12.57) 


Example 12.8 


Use the Laplace transform method to solve the system 


8 
u(t) =1l+2—a274+ 3 8 (92° — 12% — 20) — 5321 828" — 44 + 77) 


40 23 
a: ———-u(t) + ———-v(#) ) det, 
| = ae oy ) 
v(z) =1l-x+a?+ ast (252? — 35x — 63) (12.58) 
6 
+ agg (720 — 102a + 187) 


i [ (0 Z pr) ae 


Taking Laplace transform of both sides of each equation in (12.58), proceeding 
as before, and solving the resulting system of equations for U(s) and V(s) 


we obtain i ; 9 1 1 5 
U(s) =- 


gs g2 — 53? 8s 8 


= (12.59) 


The inverse Laplace transform of (12.59) gives the exact solutions by 
(u(z),v(2)) = (1+e2—27,1-—a+27). (12.60) 


Exercises 12.3.1 


Solve the following systems of weakly singular Volterra integral equations by using 
the Laplace transform method 


1. 32, [* i bw 
u(v) =a2+a - [ (—, (t) oe w) a 


1. 
2 ae re : u(t) + : v 
viz) = 2-2 a [ (=, (t) Gt 0) dt 
as 2 (4x 4 = : u(t) 4 : v 
, u(x) = x Ta (4a + 5) 4 [ (— — re (t) 4 = re 0) dt 


4 3 1 1 
v(a) = a— Fat(de—5) + f (ty - nto) 


378 12 Systems of Singular Integral Equations 


2 OO 4 o al . 1 : 
, a be es [ (—. (t) aay: w) a 
2 as ‘ : u : v 
viz) = 1-2 , [ (— 7 pt (t) ie ys 9) dt 
| u(x) = 14+ 3a — 7V (1602 + 10a +15) + - (— . (u(t) + 20) dt 
4. 
= xv 4 zi x? x 7 : u v 
u(@) = 14 3x? 4 5 (8 20x — 5) 4 ‘| (~ pt (2u(t) ) dt 
io =1l+a2+4+2? -aye+ [ (—, (a +000) dt 
5. 
ee x4 ° : u v 
via) =1l-a-2 Ts (4x + 5) [ (— oF! (t) )) dt 
| u(x) = 1+a2+ 2x? + 2,/e(22 — 3) + [ (— — pI (u(t) + 20) dt 
6. 
= xz — x am coe ee ee : U v 
u(x) = 1-2 F (8x7 + 8x +3) 4 i; (0 (t) coy) a 
a. 9 Ba ' 
: u(x) =1+a2-—a2*—- 97 8 — an +20) + f (ui +200) dt 
2, 3.2 5 ee fe 1 
viz) =1l-a24+a74 Fl (27x? — 36x — 20) 4 [ (— — 5: (2u(t) «®)) dt 
u(x) = 6 +42 — ap tet + 28023 — 60x? + 560) 
1 1 
+/ (yu + oto) dt 


5 11 
v(x) = 6—2? — sit (2752s +2772x% — 700x? + 5544) 


= i 1 
tf (a + nto) a 


12.3.2 The Adomian Decomposition Method 


The Adomian decomposition method, as presented before, decomposes each 
solution as an infinite sum of components, where these components are deter- 
mined recurrently. This method can be used in its standard form, or combined 
with the noise terms phenomenon. It will be shown that the modified decom- 
position method is effective and reliable in handling the systems of weakly 
singular Volterra integral equations. In view of this, the modified decompo- 
sition method will be used extensively in this section. 
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We will focus our work on the system of the generalized weakly singular 
Volterra integral equations in two unknowns of the form 


u(x) = fi(x) + a (Kyi (2, t)u(t) + Ky2(2, t)u(t)) dt, 
: (12.61) 


v(x) = fo(x) ae [ (Koi(2, t)u(t) +r Ko2(a, t)v(t)) dt. 


The kernels Aj; (a, t),1 < i,j < 2 and the functions f;(x),i = 1,2 are given 
real-valued functions. The kernels K;; are singular kernels of the generalized 
form given by 
1 

[9(z) — 9)" 
This type of systems arise in many mathematical physics and chemistry appli- 
cations such as stereology, heat conduction, crystal growth and the radiation 
of heat from a semi-infinite solid. 

The Adomian decomposition method [8] has been discussed extensively 
in this text. As will be seen later, the modified decomposition method is 
reliable and effective in handling the system (12.61). In addition, the noise 
terms phenomenon will be used when noise terms appear. 

For revision purposes, we give a brief review of the modified decomposition 
method. In this method we usually split each of the source terms f1(x) and 
f(x) into two parts f(x) defined by 


fi(z) = fit fiz, fala) = for + far. (12.63) 


Based on this, we use the modified recurrence relation as follows: 
uo(x) = fii(z), vo(x) = fei(z), 
u(x) => fia(2) +f (Kir(2, t)uo(t) s Ki2(a, t)uo(t)) dt, 


0 


Ki; = Lay. eo, (12.62) 


v1(@) = fra(x) + [ (Kai (2, t)uo(t) + Kaa(a, t)vo(t)) dt, (12.64) 


Uk+1(L) = [ (Kui(a, t)ug(t) + Kya(a, t)ug(t)) dt, k>1, 


Up+1(L) = | (Koi(a, t)ug(t) + Koo(a,t)ug(t)) dt, k>1. 
0 
The following examples will illustrate the analysis presented above. 


Example 12.9 


Use the modified method to solve the system of the generalized weakly sin- 
gular integral equations 
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u(x) =e — = (Be" +7)(e® —1)3 +[ (rae 00) dt, 


ieee. ale Ie 4 [ (ar) - aa) dt. 


et — et)3 (et — et)3 


We set the modified recurrence relation 
uo(x) =e”, u(x) = e?*, 


ie — (Bet +7(et —1)8 + [ (ard + w(t) dt 


—et)3 (et — et)3 
= 0, 
9 7 1 1 
—1)s+ ———— u(t) — ————— v(t) ] dt = 
nla) = le E+ [° (pl - to) 
(12.66) 
The exact solutions are therefore given by 
(u(x), v(x)) = (e*, €**). (12.67) 


Example 12.10 


Solve the system of the generalized weakly singular Volterra integral equa- 
tions by using the modified decomposition method 


3 3 
u(a) = sina + 3 (cose — 1)5 — 5 sin x 


+f (= — cos t)3 os (sin z — sin =r) i (12.68) 


v(x) = cosx + 3(cosx — 1)? — 3sin3 x 


+f (a = er) dt. 


Proceeding as before, we set the modified recurrence relation 
ug(x) =sinz, v9(%) = cosa, 


3 3 
us(“) = 5 (cos x — je 5sin§ z 


+ up (t) + ——————_- w(t) ] dt = 0, 
[ (= —cost)3 wolf) (sin 2 — ape ) 


vi (a2) = 3(cosz — 1)? —3sin3 x 
+ up (t) - ——————_ w(t) ) dt = 0, 
[ (er oft) (sin x — sint)3 o( ) 
Ungi(z) =0, vUgqi(w)=0, KS. 


The exact solutions are therefore given by 


(u(x), v(a)) = (sin x, cos x). (12.70) 
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Example 12.11 


Solve the system of the generalized weakly singular Volterra integral equa- 
tions by using the modified decomposition method 


5 - 5 4 
u(x = ata —at+ f (we ++ u(t) at, 
(2) (art + are 
5 ' 15 24 
v(v) = 0° —4eF +505 +f (ue - u(t) dt. 
0 \@E= BE 09 
(12.71) 
We next set the modified recurrence relation 
u(x) =2*, v(x) = 2%, 
ui(x) = 0, vi(x) = 0, (12.72) 
Unqi(@) =0, vpgi(w) =0, k>1. 
The exact solutions are therefore given by 
(u(x), v(x) = (2*, 2°). (12.73) 


Example 12.12 


Solve the system of the generalized weakly singular Volterra integral equa- 
tions by using the modified decomposition method 


u(x) = e® — 2(e* —1)2(1+ 72°) 


+f (av ale ear) dt, 


Now we use the modified recurrence relation 
uo(z) =e*, v(x) =e-*, 
ui(z) =0, vi(a) =0, (12.75) 
Unsi() =0, vUeyi(z)=0, kD 1. 
The exact solutions are therefore given by 
(u(x), v(a)) = (e”,e-”). (12.76) 


Exercises 12.3.2 


Solve the following systems of generalized weakly singular integral equations by using 
the modified decomposition method 
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2 = a u(t) 4 : v 
at) (eg OT Gah 0) . 


ies a? 4 t 7 e u Vv 
(3. ra) f (—. (t) Goi (0) a 


a a 1 2 
oa ae (Gaye gop) fe 
32 ee es 4 1 
viz) =1+2 Tua (9a —5)4 i (a 0) dt 
4 3 z 1 4 


U(x =a2*4 9 8 WH t 7 : U . v 
(x) ar Ge-4) f(s as () a 


u(x) = sing + 2(cos a — 1)2 —2sin? x 


2 1 1 
+ (ut) + ——__w) at, 
0 \ (cosa — cost)? (sin x — sint)? 


2 
3 


3 2 Oo . 
v(@) = cosx + 5 (cone — 1)s + anes 


_ (un 7 —— 10) dt. 


3 2 1 
u(a) = cosa + 3 (cont — 1)3 —2sin? x 


aa 1 1 
t u(t) 4 v(t) } dt, 
i, (a «) (cos z — cost)3 0) 


5 4: 
v(x) = sina 4 7 oon 1)5 - sini x 


+, (aa - 10) dt. 


: 3 2 3.2 
u(x) = sinha — 3 (cosh —1)3 - ay x 


= 1 1 
+f ——_$§_— u(t) + ——————_; v(t) ] dt, 
0 \ (cosha — cosh t)3 (sinh x — sinht)3 


v(x) = cosh x — 3(cosh a — 1)3 —3sinh3 x 


= 1 1 
+f Sg = i ae 
o \ (cosha — cosh t) (sinh x — sinht)3 
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3 2 2 
u(x) = cosha — 9 (cosh a - 1)3 — 2sinh? x 


a 1 1 
| u(t) 4 v(t) ) at 
o \ (sinha — sinht)? (cosh 2 — cosh t) 3 


4 - 
v(x) = sinha ° (cosh x 1)5 - sinhi x 


a 1 1 
4 | u(t) + ——~—_ v(t } at. 
o \ (sinha — sinht)4 (cosh x — cosh t) 


u(z) =e — (e2 -3+e°¥*) 
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Part II 
Nonlinear Integral Equations 


Chapter 13 
Nonlinear Volterra Integral Equations 


13.1 Introduction 


It is well known that linear and nonlinear Volterra integral equations arise in 
many scientific fields such as the population dynamics, spread of epidemics, 
and semi-conductor devices. Volterra started working on integral equations 
in 1884, but his serious study began in 1896. The name integral equation 
was given by du Bois-Reymond in 1888. However, the name Volterra integral 
equation was first coined by Lalesco in 1908. 

The linear Volterra integral equations and the linear Volterra integro- 
differential equations were presented in Chapters 3 and 5 respectively. It 
is our goal in this chapter to study the nonlinear Volterra integral equations 
of the first and the second kind. The nonlinear Volterra equations are charac- 
terized by at least one variable limit of integration. In the nonlinear Volterra 
integral equations of the second kind, the unknown function u(x) appears 
inside and outside the integral sign. The nonlinear Volterra integral equation 
of the second kind is represented by the form 


u(x) = f(x) + [ Ke.ortuiapee. (13.1) 


However, the nonlinear Volterra integral equations of the first kind contains 
the nonlinear function F'\(u(x)) inside the integral sign. The nonlinear Volterra 
integral equation of the first kind is expressed in the form 


f(z) = | ” K(a,t)F(u(t))de. (13.2) 


For these two kinds of equations, the kernel K (x,t) and the function f(z) 
are given real-valued functions, and F'(u(x)) is a nonlinear function of u(x) 
such as u?(a),sin(u(x)), and e“(), 


A-M. Wazwaz, Linear and Nonlinear Integral Equations 


© Higher Education Press, Beijing and Springer-Verlag Berlin Heidelberg 2011 


388 13 Nonlinear Volterra Integral Equations 


13.2 Existence of the Solution for Nonlinear Volterra 
Integral Equations 


In this section we will present an existence theorem for the solution of non- 
linear Volterra integral equations. The complete proof of this theorem can be 
found in [1-6]. However, in what follows, we present a brief summary of the 
conditions under which a solution exists for this equation. 

We first rewrite the nonlinear Volterra integral equation of the second kind 
by 


stars |  Gla,t, u(t))dt. (13.3) 


The specific conditions under which a solution exists for the nonlinear 
Volterra integral equation are: 


(i) The function f(a) is integrable and bounded in a < x < b. 
(ii) The function f(a) must satisfy the Lipschitz condition in the interval 
(a,b). This means that 


If(@) — FY) < kia — yl. (13.4) 
(iii) The function G(, t, u(t)) is integrable and bounded |G(z, t, u(t))| < K 
na<a,t<b. 
(iv) The function G(a,t,u(t)) must satisfy the Lipschitz condition 
|G(a, t, z) — G(2,t, 2’)| < M|z— 2’. (13.5) 


The emphasis in this chapter will be on solving the nonlinear Volterra 
integral equations rather than proving theoretical concepts of convergence 
and existence. The theorems of uniqueness, existence, and convergence are 
important and can be found in the literature. The concern in this text will be 
on the determination of the solution u(x) of the nonlinear Volterra integral 
equation of the first and the second kind. 


13.3 Nonlinear Volterra Integral Equations of the Second 
Kind 


We begin our study on nonlinear Volterra integral equations of the second 
kindgiven by 


u(a) = f(a) + [ K(a,t)F(u(t))dt, (13.6) 


where the kernel K(a,t) and the function f() are given real-valued func- 
tions, and F(u(zx)) is a nonlinear function of u(x) such as u(x), cos(u(z)), 
ande““*), The unknown function u(a), that will be determined, occurs inside 
and outside the integral sign. 
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The nonlinear Volterra equation (13.6) will be handled by using three dis- 
tinct methods. The three methods are the successive approximations method, 
the series solution method, and the Adomian decomposition method (ADM). 
The latter will be combined with the modified decomposition method and 
the noise terms phenomenon. 


13.3.1 The Successive Approximations Method 


The successive approximations method [7], or the Picard iteration method was 
used before in Chapters 3 and 4. This method solves any problem by finding 
successive approximations to the solution by starting with an initial guess, 
called the zeroth approximation. As will be seen later, the zeroth approxi- 
mation is any selective real-valued function that will be used in a recurrence 
relation to determine the other approximations. 

Given the nonlinear Volterra integral equation of the second kind 


mr a+ fo K(a,t)F(u(t))dt, (13.7) 


where u(x) is the unknown function to be determined and K(a,t) is the ker- 
nel. The successive approximations method introduces the recurrence relation 


Un+i(z) = f(x) + ye K(a,t)F(un(t))dt,n > 0, (13.8) 


where the zeroth approximation uo(x) can be any selective real valued func- 
tion. We always start with an initial guess for uo(x), mostly we select 0,1, 
or x for uo(#). Using this selection of uo(#) into (13.8), several successive 
approximations uz, k > 1 will be determined as 


(a) = ste) + ff " K (0, t)F(wo(t))dt, 


Oe Oe | " K(0,t)F(us(t))dt, 
(13.9) 


i= FC) 4 | " K(0,t)F(ua(t))dt, 


Un+i(x otf K (a, t) Fun (t))dt. 


Consequently, the solution u(x) is obtained by using 
u(x) = lim un4i(2). (13.10) 
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The question of convergence of un4i(%) was examined in Chapter 3. The 
successive approximations method, or the Picard iteration method will be 
illustrated by the following examples. 


Example 13.1 


Use the successive approximations method to solve the nonlinear Volterra 
integral equation 


1 xz 
u(x) =e7+ gz —e**) +f zu? (t)dt. (13.11) 
0 
For the zeroth approximation uo(x), we can select 
uo(x) = 1. (13.12) 


The method of successive approximations admits the use of the iteration 
formula 


1 Oa 
Unqi(r) = e* + 321 — e°*) +f ru3(t)dt, n>O0. (13.13) 
0 


Substituting (13.12) into (13.13) we obtain the approximations 


uo(x) = 1, 


al x 
ui(x) =e" + gril — 3”) +f rug (t)dt 
0 


1 4 35 67 
=l+a2+—2° arts ar 
=e 3 a 
1 x 
— 2 ame - 3 be 3 
uo(x) = e* + gz(l e°”) 2 xuy (t)dt (13.14) 
= \ \ 1 24 1 34 1 4 67 5 
sltat yet ye + ae 60" * P 
u3(x) = e* + =a(1 — €?”) +f xus(t)dt 
0 
_ \ \ 1 24 1 34 1 4 1 5 1 6 
=ltat+ se rays Cae aye ae Peet s 
and so on. Consequently, the solution u(a) of (13.11) is given by 
u(x) = lim u,(x) =e”. (13.15) 


Example 13.2 


Use the successive approximations method to solve the nonlinear Volterra 
integral equation 


u(x) = 4 ee ae | (a —t + 1)u(t)dé. (13.16) 
0 
For the zeroth approximation uo(x), we can select 


uo(x) = 0. (13.17) 
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The method of successive approximations admits the use of the iteration 


formula 


16 4 af 
Un+i(£) = 4a ral zo if (2 —t+1)u2(t)dt,n>0. (13.18) 
0 
Substituting (13.17) into (13.18) we obtain the approximations 


uo(x) = 0, 


16 4 # 
us(x) = 4a — 3° - zu +f (x — t+ 1)ud(t)dt 
1 4 
= 4x — a — =-24, 
3 3 
1-5. 44 


3 32 rf t+1)u?(t)dt 


1 1 4 4 12 1 
= 4a+ (Fe = se) Ga so) So! a aa ae eee, 


3 3 3 5 

1 4 ° 

u3(x) = 4a a =x 4 | (a —t+1)ud(t)dt 
3 3 0 
128 128 16 16 
ae paced ool) 223 6. 28 6 ee 
o+ (Fe ae) + (Se oo) + 
(13.19) 
By canceling the noise terms, the solution u(x) of (13.16) is given by 

u(z) = lim uy(#) = 4a. (13.20) 


Example 13.3 


Use the successive approximations method to solve the nonlinear Volterra 
integral equation 


1 1 1 i 
u(a) = cos(a) + g cos(2z) rial 3 | | (2 — t)u?(t)dt. (13.21) 
0 
For the zeroth approximation uo(x), we can select 
uo(x) = 1. (13.22) 


The method of successive approximations admits the use of the iteration 
formula 


1 1 1 i 
Un41(@) = cos(x) + 3 c0s(22) ra 3 i (x — t)u2(t)dt,n > 0. (13.23) 
0 
Substituting (13.22) into (13.23) we obtain the approximations 
uo(x) = 1, 
1 1 
u(x) =1- Thal iad ge = rial + 5 
ai we eee (13.24) 
U2(x) =1 ae ae Poe 
1 1 1 
u3(%) =1— a2? + —at — eh + 
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Consequently, the solution u(x) of (13.21) is given by 
u(x) = lim u,(x) = cosa. (13.25) 
Example 13.4 


Use the successive approximations method to solve the nonlinear Volterra 
integral equation 


1 1 1 % 
u(x) =14 se au ae | (2 — t)u?(t)dt. (13.26) 
For the zeroth approximation uo(x), we can select 
uo(a) = 1. (13.27) 


The method of successive approximations admits the use of the iteration 
formula 


1 1 iL ’ 
Unqi(z) =14 al al aa | ; (x —t)u2(t)dt,n >0. (13.28) 
Substituting (13.27) into (13.28) we obtain the approximations 
uo(x) = 1, 
1 
u(x) =1+2?- au - 302" 
1, 1 1 (13.29) 
—fagta f op4_ 24 E96 bisa s 
U2(“) =1+a (G0 ra ) 907 7 ; 
1 1 ih 1 
u3(z) =1+a7+ (G4 - 5") + (2° - a") fee, 


and so on. By canceling the noise terms, the solution u(x) of (13.26) is given 
by 
u(x) = lim u,(z) =1+4+ 27. (13.30) 


n—oco 


Exercises 13.3.1 


Solve the following nonlinear Volterra integral equations by using the successive ap- 
prozimations method 


1. u(x) =1 +f u?(t)dt, |2| <1 
0 


3 x 
2. u(x) = 14 32 — a? — «3 sett [Go t)u? (t)dt 
0 


3. u(x) = 1+ 2a x? — 4x3 


4 . 1 1)u2 
[fe t+ 1)u?(t)dt 


3 
x 
4 
1 1 a 
-u(2)=1 et+art+—a —2z a—t—1)u°(t)dt 
4 2 2 3 5 3(t)d 
2 20 0 


dl 1 = 
5. u(x) = sina + —sin? x x? 4 | (a — t)u?(t)dt 
4 4 
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Il 1 1 # 
6. u(x) = sina + cosa + — sin 2x x x? i, (a — t)u? (t)dt 
4 2 2 : 
it 1 1, ft 
7. u(x) = cosx — sina — —sin2a+ -x«— -« (a — t)u* (t)dt 
4 2° 2 5 


a x 
8. u(x) = 3cosa + — cos? x : 3 2 | | (x — t)u?(t)dt 
4 4 4 5 


1 5 1 = 
9. u(x) = sinha — — cosh? 2 + = — 2a — <a? 4 ; (a — t)u? (t)dt 
4 4 4 , 
1 1 1 # 
10. u(x) = e® e?” + 2x | (a — t)u? (t)dt 
4 4'2 . 
al 1 1 # 
11. u(a) = e® — -e?* 4 — 4-2 | (a — t)u? (t)dt 
9 9 3 0 
3.7 
4 2 


12. u(a) = e” 4 al 


r+ [ t —1)u2(t)dt 
0 


13.3.2 The Series Solution Method 


The series solution method was applied in Chapters 3, 4 and 5 to handle 
linear Volterra and Fredholm integral equations [1-2]. In this section, the 
series solution method will be applied in a similar manner to handle the 
nonlinear Volterra integral equations. 

Recall that the generic form of Taylor series at « = 0 can be written as 


u(a) = ‘2 Anx”. (13.31) 
n=0 


We will assume that the solution u(x) of the nonlinear Volterra integral equa- 
tion 


Fomor | ” K(a,t)F(u(t))dt, (13.32) 


is analytic, and therefore possesses a Taylor series of the form given in (13.31), 
where the coefficients a, will be determined recurrently. Substituting (13.31) 
into both sides of (13.32) gives 


- nx” = T(f(x)) + a K(a,t) (« (>: ow")) dt, (13.33) 
0 n=0 


n=0 
or for simplicity we use 
ap + aye + aga? +--+ = T(f(x)) +f K (a, t) (F(ao + ait + agt? +-+-)) dt, 
0 
(13.34) 


where T'(f(a)) is the Taylor series for f(a). The integral equation (13.32) will 
be converted to a traditional integral in (13.33) or (13.34) where instead of 
integrating the nonlinear term F'(u(x)), terms of the form t”, n > 0 will be 
integrated. Notice that because we are seeking series solution, then if f(z) 
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includes elementary functions such as trigonometric functions, exponential 
functions, etc., then Taylor expansions for functions involved in f(a) should 
be used. 

We first integrate the right side of the integral in (13.33) or (13.34), and 
collect the coefficients of like powers of x. We next equate the coefficients of 
like powers of x in both sides of the resulting equation to obtain a recurrence 
relation in a;,7 > 0. Solving the recurrence relation will lead to a complete 
determination of the coefficients a;, 7 > 0. Having determined the coefficients 
aj,j = 0, the series solution follows immediately upon substituting the de- 
rived coefficients into (13.31). The exact solution may be obtained if such an 
exact solution exists. If an exact solution is not obtainable, then the obtained 
series can be used for numerical purposes. In this case, the more terms we 
determine, the higher accuracy level we achieve. 


Example 13.5 


Solve the following nonlinear Volterra integral equation by using the series 
solution method 


1 1 1 ° 
ula) =1l+2 oF rll Tall | (a — t)u?(t)dt. (13.35) 
Using the series form (13.31) into both sides of (13.35) gives 
1 1 1 
ag tayex+agx?+---=1lte2 Gl 37 Tal 


Hi 
i, (x — t) (ao 4 ayt + agt? + agi? +---)? de, 
0 
(13.36) 
where by integrating the integral at the right side, and collecting like powers 
of « we obtain 
ao + a2 + agx? + azz? + agx*+--- 


=l+2e4 5 (a 1)ax? 4 (a0 —1)r3+ 5 (a3 + 2aga2—1)a*+---. 
(13.37) 
Equating the coefficients of like powers of x in both sides yields 
ag=1, a,=1, an=0, for n>2. (13.38) 
The exact solution is given by 
uz) =14+2. (13.39) 


Example 13.6 


We next consider the nonlinear Volterra integral equation 
1 1 1 * 
Sir ae al | (x — t)u3(t)dt. (13.40) 
Substituting the series (13.31) into both sides of (13.40) noting that 
u? (x) = ap? +3a97a12 + (3a9a17 + 3a97a2)x” + (a? +6a1a2a9 +3a302)224+--- , 
(13.41) 


13.3 Nonlinear Volterra Integral Equations of the Second Kind 395 


gives 
1 1 


ag + ay2 + agx? + agx? + agv* +--+. = = + =a +e? — —e8* 


9 3 


(13.42) 


xz 
| (x — t) (ap + ait + agt” + a3t? 4 si) ae, 
0 


Integrating the integral at the right hand side of (13.42), using the Taylor 
series of e” and e?”, and equating the coefficients of like powers of x we find 


ag = 1, a, =1, 


_i,_1 
ag = 370 a 
i re ee 1 
a3 = —~Z TF Zana = ar 
a2 a (13.43) 
1 1 (a2 + 1 
= —-=+ -ao(aj + aoaz2) = — 
a4 gt ga One av 
1 
ty = 
n! 
This gives the solution in a series form 
1 1 1 
u(x) =1+24 Tl Thal a pave, (13.44) 
Consequently, the exact solution is given by 
u(x) =e”. (13.45) 


Example 13.7 


We next consider the nonlinear Volterra integral equation 


u(x) = slo — a”) +cosz — sing — 7 sin(22) + fe —t)u*(t)dt. (13.46) 


Substituting the series (13.31) into both sides of (13.46) gives 


ao + a1% + agx? + agu? + agu* +--+ = rics —x7)+cosz—sinz 
‘ : : (13.47) 
ie sin 2x t | (a t) (ao } ayt } aot? agt® pow es ) dt. 
0 


Integrating the integral at the right hand side of (13.47), using the Taylor 
series of sinz,cos x and sin 2x, and equating the coefficients of like powers of 
x we find 


ag = 1, ay = —1, 
i i 
ag =—-l+ 3 20 — or 
1 1 1 
a3 = s+ 75a90q, => (13.48) 
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i ee 

ea gee gat = op 
3 1 1 1 
Sag age ag Bt 


and so on. The solution in a series form is given by 


1 1 1 1 
u(x) = (1- Fe? + Get +) = (o- Fae Fae), 
that converges to the exact solution 
u(x) = cosa — sina. 
Example 13.8 


We finally consider the nonlinear Volterra integral equation 


9 1 1 * 
u(x) = = + 2x — —2 — sinha — = cosh2a + (a — t)u?(t)dt. 
8 4 8 0 
Substituting the series (13.31) into both sides of (13.51) gives 
9 1 
ap + a2 + agx? + ag3u° + agz* +--+ = 8 +24 — rua — sinh x 


1 zx 
—3 cosh 2x | ‘, (a t) (ao t at t agt? t a3t® poses )’ dt. 
0 


(13.49) 


(13.50) 


(13.51) 


(13.52) 


Integrating the integral at the right hand side of (13.52), using the Taylor 
series of sinhz and cosh2z, and equating the coefficients of like powers of x 


we find 
ao = i ay = 1, 
ae one 
ag = a 3170 = 0, 
_ 1 —_ 
a3 = “Er aco ~ 3r 
1 1 i 3s 
=-— _ — — 0 
eS ge ge 
1 : i 1 1 
a5 = —-——~ + —aa —aja3 = = 
= i 
and so on. The solution in a series form is given by 


1 1 
u(x) = 14 (0+ Fee Set), 
that converges to the exact solution 
u(x) =1+ sinha. 


Exercises 13.3.2 


(13.53) 


Solve the following nonlinear Volterra integral equations by using the series solution 


method 
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1 1 1 oi 
1. u(x) =1+2 x? x xt 4 (a — t)u? (t)dt 
2 3 0 


1 1 1 e 
2. u(x) = 14 ~a? — -2* — —2® 4 / (a — t)u? (t)dt 
) 


3. u(x) = 14 2a x? — 4e3 eg (a —t + 1)u? (t)dt 
4 ) 


4. u(x) = 1+ 22 


2 x 
x? — 3 — 4 aot | t)u3 (t)dt 
0 


1 I sd 
5. u(x) = sing + —sin? x x? + - (x — t)u?(t)dt 
4 4 , 


1 1 1 = 
6. u(x) = sinw + cosa + ri sin 2x la 52 | | (a — t)u? (t)dt 
0 


oe 1 e 
7. u(x) = x? +cosha cosh 2x 4 (a — t)u? (t)dt 
8 4 8 : 


1 1 1 
8. u(x) = eo ll + cosh x — 5 sinh 2a + [ (a — t)?u?(t)dt 


1 al # 
9. u(x) = sinha cosh? x 4 z 2x x? 4 | (x — t)u? (t)dt 
4 4 4 ‘ 


1 1 1 1 bs 
10. u(x) = Fi 5 57 te” ae i (a — t)?u? (t)dt 
il 1 1 % 
11. u(x) = e®” e3” 4 o+ | x — t)u?(t)dt 
(a) =e — Fe + + Set [ (edu (t) 
1 1 1 % 
12. u(x) = ae a fe” ra | i (a — t)u? (t)dt 


13.3.3 The Adomian Decomposition Method 


The Adomian decomposition method has been outlined before in previous 
chapters and has been applied to a wide class of linear Volterra and Fredholm 
integral equations. The method usually decomposes the unknown function 
u(a) into an infinite sum of components that will be determined recursively 
through iterations as discussed before. The Adomian decomposition method 
will be applied in this chapter and in the coming chapters to handle nonlinear 
integral equations. 

Although the linear term u(x) is represented by an infinite sum of compo- 
nents, the nonlinear terms such as u?, u?, u*, sin u, e“, etc. that appear in the 
equation, should be expressed by a special representation, called the Adomian 
polynomials A,,n > 0. Adomian introduced a formal algorithm to establish 
a reliable representation for all forms of nonlinear terms. Other techniques 
to evaluate Adomian polynomials were developed, but Adomian technique 
remains the commonly used one. In this text, we will use the Adomian algo- 
rithm to evaluate Adomian polynomials. The representation of the nonlinear 
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terms by Adomian polynomials is necessary to handle the nonlinear integral 
equations in a reliable way. 

In the following, the Adomian algorithm for calculating the so-called Ado- 
mian polynomials for representing nonlinear terms will be introduced in de- 
tails. The algorithm will be explained by illustrative examples that will cover 
a wide variety of nonlinear forms. 


Calculation of Adomian Polynomials 


The Adomian decomposition method [8] assumes that the unknown linear 
function u(x) may be represented by the infinite decomposition series 


u(x) = > Un(2), (13.56) 
n=0 


where the components u,(x),n > 0 will be computed in a recursive way. 
However, the nonlinear term F(u(x)), such as u?,u?,u*, sinu,e”, etc. can 
be expressed by an infinite series of the so-called Adomian polynomials A, 


given by 


1 d ids P 
A ae [ (x ws) ma ornze (13.57) 


where the so-called Adomian polynomials A, can be evaluated for all forms 
of nonlinearity. The general formula (13.57) can be easily used as follows. 
Assuming that the nonlinear function is F'\(u(x)), therefore by using (13.57), 
Adomian polynomials are given by 

Ao =f (uo), 

Aj — uF" (uo), 


1 
Ag => ug F" (uo) a —u?F"(uo), 


2! 
ih 
A3 = u3 PF" (uo) + uyugk” (uo) + qe” (uo); (13.58) 
7 1 2 / 1 2 UE 
Ag = usF" (uo) + The + uzug } (uo) + py uiuek (wo) 
1 : 
+tutE Ou), 


Two important observations can be made here. First, 4g depends only on 
ug, A; depends only on ug and u,, Ag depends only on uo, ui, and uz, and 
so on. Second, substituting (13.58) into (13.57) gives 


F(u) = Ap + Ay + Ap + Ag t-:: 
= F(uo) + (uy + v2 + u3 +--+) F’(uo) 


1 
+5 (ui + Quyu2 + 2uyu3 + us a )F"(uo) hai 
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1 
at + 3uzug + 3uzugz + 6uzuguz +--:)F’’ (up) +--+ 
1 
= F(uo) + (u— uo) F’ (uo) + au — up)? F" (uo) +--+. (13.59) 


The last expansion confirms a fact that the series in A, polynomials is a 
Taylor series about a function up and not about a point as in the standard 
Taylor series. The few Adomian polynomials given above in (13.58) clearly 
show that the sum of the subscripts of the components of u(a) of each term 
of A, is equal to n. 

In the following, we will calculate Adomian polynomials for several non- 
linear terms that may arise in nonlinear integral equations. 


Case 1. 


The first four Adomian polynomials for F(u) = u? 


Ao = F(uo) = uz, 
Aj = uF" (uo) = 2uouy, 


are given by 


1 
Ag = U2F" (uo) + a1” (uo) = = Quogue + ui, 


1 
A3 = u3F" (uo) ai uyu2F” (ug) + gui” (wo) = 2u9u3 + 2u Ug. 


Case 2. 


The first four Adomian polynomials for F(u) = u® 


are given by 
Ag = F(uo) — ua, 
Aj = ui F"(uo) = 3ugui, 


Ag = uaF" (uo) + u?F" (ug) = = 3uau2 + 3u0u?, 


a 


1 
Az = u3F" (uo) + urueF” (uo) + gre" (uo) = = 3udus + 6uguiu2 + u?, 


1 1 1 : 
Ay = uaF" (uo) + (53 + us) FE" (uo) + ek” (uo) + Tuk) (uo). 


Case 3. 


The first four Adomian polynomials for F(u) = u4 


are given by 
_ 4 

Ao => Uo 

Ay = 4upui, 


Ag = Augus ae 6uguy, 


A3 = 4ugus + 4uzuo + 12ueurus. 
Case 4. 
The first four Adomian polynomials for F'(w) = sin u are given by 


Ao = sin uo; 
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Aj = Uj COS Ud, 


1 : 
Ag = U2 COS Ug — Tha sin ug, 


3 COS Uo. 


. 1 
A3 = U3 COS Up — Uz U2 SiN Ug — a 
Case 5. 


The first four Adomian polynomials for F'\(w) = cos u are given by 


Ag = COS Ug, 
A, =—-Ui1 sin Uo; 
; 1 4 
Ay = —Uu2 Sin up — Thee COS Ug, 
: Lisa 
A3 = —U3 SiN Up — U1 U2 COS Up + Piha sin Uo. 
Case 6. 


The first four Adomian polynomials for F'(w) = e” are given by 


Applying the Adomian Decomposition Method 


In what follows we present an outline for using the Adomian decomposition 
method for solving the nonlinear Volterra integral equation 


AC eIOe: i ” K(a,t) F(u(t))dt, (13.60) 


where F'(u(t)) is a nonlinear function of u(#). The nonlinear Volterra integral 
equation (13.60) contains the linear term u(x) and the nonlinear function 
F(u(ax)). The linear term u(x) of (13.60) can be represented normally by the 
decomposition series 


ic) = >" tin (a), (13.61) 
n=0 


where the components un(x),n > 0 can be easily computed in a recur- 
sive manner as discussed before. However, the nonlinear function F'(u(x)) of 
(13.60) should be represented by the so-called Adomian polynomials A,, by 
using the algorithm 
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1 qd aa 
An = ml aye [» (>: uJ] mm oana (13.62) 


that was given above in (13.57). The standard Adomian method will be used 
for the first example. However, for the next three examples, we will use the 
modified decomposition method and the noise terms phenomenon to minimize 
the use of Adomian polynomials. 


Example 13.9 


Use the Adomian decomposition method to solve the nonlinear Volterra in- 
tegral equation 


u(x) = a+ [ u?(t)dt. (13.63) 


Substituting the series (13.61) and the Adomian polynomials (13.62) into the 
left side and the right side of (13.63) respectively gives 


3 Un(x) = 2+ [ . An(t)dt, (13.64) 
0 n=0 


n=0 
where A, are the Adomian polynomials for u?(x) as shown above. Using the 
Adomian decomposition method we set 


u(t) =2, Upqi(x) = Ax(t)dt, k>O0. (13.65) 


This in turn gives 


7 2 13.66 
ual) = [ Quo(tur (tae = Za, meee 
0 15 
° 2 WW 7 
u3(x) = | (2uo(t)ue(t) + uz (t))dt = ——2', 
0 315 
and so on. The solution in a series form is given by 
13; 2 5 17 
= = = —— i 13. 
u(x) B+ 3a + 75 + 352 fees, (13.67) 
that converges to the exact solution 
u(x) = tana. (13.68) 
Example 13.10 
We consider the nonlinear Volterra integral equation 
1 3 i 
u(z) = 1+ 32 se i ral | (a — t)u?(t)dt. (13.69) 
0 


Substituting the series (13.61) and the Adomian polynomials (13.62) into the 
left side and the right side of (13.69) respectively gives 
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. ; a ee be — 
Dd, wale) =1+ 39-52? —2° —Fa* 4 | (x —t) 2 Aoliat (13.70) 
where A, are the Adomian polynomials for u?(x) as shown above. Using the 


modified decomposition method we set 


1 
ug(t) = 1+ 32— hae 


u(x) = —23 ot fe t) Ao(t)dt 


a 3 1 
= x? =x | (a t)ug(t)dt _ so — ae — Til + 07 


Uk+1(2) = [oe = t)A,(t)dt, k = 1. 


(13.71) 
We can observe the appearance of the noise terms —4x? and $2? between 
uo(x) and u(x). By canceling the noise term —$2? from uo(x), we can show 
that 


u(x) = 1+ 32, (13.72) 


is the exact solution that satisfies the integral equation. It is worth noting 
that we did not use the Adomian polynomials. This is due to the fact the 
modified decomposition method and the noise terms phenomenon accelerate 
the convergence of the solution. 


Example 13.11 


We consider the nonlinear Volterra integral equation 


1 1 - 
u(a) = sina + qin’ ra | (a — t)u?(t)dt. (13.73) 
0 


Substituting the series (13.61) and the Adomian polynomials (13.62) into the 
left side and the right side of (13.73) respectively we find 


2 eee 7 | (a #) DL, An(ide, (13.74) 


where A, are the Adomian polynomials for u?(x) as shown above. Using the 
modified decomposition method we set 


1 
Uo(x) = sina + ri sin? x, 


Pc eer ae fe — t) Ao(t)dt 
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We can observe the appearance of the noise terms sin’ x and —tsin? x 
between uo(x) and u;(x) respectively. By canceling the noise term 4 sin? x 
from uo(x), we can show that 


u(x) = sing, (13.76) 
is the exact solution that satisfies the integral equation. 


Example 13.12 


We consider the nonlinear Volterra integral equation 


1 x 
u(a) = seca — tanx xu t | (a t)u?(t)dt. (13.77) 
0 


Substituting the series (13.61) and the Adomian polynomials (13.62) into the 
left side and the right side of (13.77) respectively gives 


oo 1 x oo 
+. Un(x) = seca — tang — —2? 4 / (x —t) a A, (t)dt, (13.78) 
n=0 7 0 n=0 


where A, are the Adomian polynomials for u?(x) as shown above. Using the 
modified decomposition method we set 


uo(x) = seca, 


ui(x) = —tane 7 fe t) Ao(t)dt 


(13.79) 


= —tang—<-2? fe t)ug(t)dt = 0. 
0 


The other components uz, k > 2 vanish as a result. Consequently, the exact 
solution is given by 
u(x) = sec a. (13.80) 


Exercises 13.3.3 


Solve the following nonlinear Volterra integral equations of the second kind by using 
the Adomian decomposition method, the modified Adomian decomposition method, 
or by using the noise terms phenomenon 


1. u(x) =a — a u? (t)dt 


is ti» i-« 


2.u(z) =1+=2 =< —2“ 4 a — t)u?(t)dt 
(2) =1+ 5a? Fat rahe [eur 
2,34, 1,6, 1s © ep 24),,2 

3. u(x) =1+a°+ —2* 4 z+ —2x* 4 (at“ — w*t)u*(t)dt 

6 10 42 6 

12 3 _,4 275 7 3 
4. u(x) = 1+ 22 5° a =e Pia | (a — t)u? (t)dt 

0 


5. u(x) = a(1 — e”) +f er teu () dt 
0 
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I 1 1 as 
6. u(x) = sina + cosa + — sin 2x x x? 4 | (a — t)u? (t)dt 
4 2 2 ; 


7. u(x) =14ta?— re® +f ert —1 u(t) gy 
0 


8. u(x) = e® — re” +f e® ~2t a? (t)dt 
0 


1 5 1 ” 
9. u(x) = sinha — — cosh? x + = — 2a — <a? 4 i (a — t)u? (t)dt 
4 4 4 , 


2 1 1 oe 
10. u(x) = sina + — cosa cos? x ; sin(a — t)u?(t)dt 
3 3 3 Jo 


1 1 2 3 = 
11. u(x) = sina — = cos? a + = sin 2x — Le + = +f e*—*u(t)dt 
5 5 5 BG 


1 xz 
12. u(a) = cosa - sin 2x : sinhz 4 | cosh(a — t)u?(t)dt 
) 


13.4 Nonlinear Volterra Integral Equations of the First 
Kind 


The standard form of the nonlinear Volterra integral equation of the first 
kind is given by 


f(z) = a K (a, t)F(u(t))dt, (13.81) 


where the kernel K (a, t) and the function f (2) are given real-valued functions, 
and F'(u()) is a nonlinear function of u(x). Recall that the unknown function 
u(x) occurs only inside the integral sign for the Volterra integral equation 
of the first kind. The linear Volterra integral equation of the first kind is 
presented in Section 3.3 where three main methods were used for handling 
this kind of equations. 

To determine a solution for the nonlinear Volterra integral equation of the 
first kind (13.81), we first convert it to a linear Volterra integral equation of 
the first kind of the form 


f(a) = | K(a, t)v(t)dt, (13.82) 
0 
by using the transformation 
v(x“) = F(u(2)). (13.83) 
This in turn means that 
u(x) = F~*(v(2)). (13.84) 


It is worth noting that the Volterra integral equation of the first kind (13.82) 
can be solved by any method that was studied in Section 3.3. However, in this 
section we will handle Eq. (13.82) by the Laplace transform method and the 
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conversion to Volterra integral equation of the second kind. Other methods 
can be found in the literature and in this text as well. 


13.4.1 The Laplace Transform Method 


The Laplace transform method is a powerful technique that we used before 
for solving Volterra integral equations of the first and the second kinds. We 
assume that the kernel A(x,t) is a difference kernel. Taking the Laplace 
transforms of both sides of (13.82) gives 


L{ f(a)} = L{K (a — t)} x L{v(@)}, (13.85) 
so that a 
V(s) = aa (13.86) 
where 
F(s) =L{f(x)},K(s) = L{K(2)},V(s) = L{v(x)}. (13.87) 


Taking the inverse Laplace transform of both sides of (13.86) gives u(x). The 
solution u(x) is obtained by using (13.84). It is obvious that the Laplace 
transform method works effectively provided that 


ih (13.88) 


The Laplace transform method will be used for studying the following non- 
linear Volterra integral equations of the first kind. 


Example 13.13 


Solve the nonlinear Volterra integral equation of the first kind by using the 
Laplace transform method 


ie t:- 2. & ; 

—e* — =g-—-- = —t t)dt. 13. 

7° 52 - | | (a — t)u“(t)d (13.89) 
We first set 

v(x) = u? (x), u(x) = +/v(z), (13.90) 

to carry out (13.89) into 

1 1 1 m 

ra 58S 7 =| (a — t)v(t)dt. (13.91) 
Taking the Laplace transform of both sides of (13.91) yields 

1 1 1 1 


—-—--—= a (s): (13.92) 


or equivalently 
V(s)= (13.93) 


where 
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V(s) = L{v(2)}. (13.94) 
Taking the inverse Laplace transform of both sides of (13.93) gives 
v(x) = e?”. (13.95) 
The exact solutions are therefore given by 
u(x) = te”. (13.96) 


It is worth noting that two solutions were obtained because Eq. (13.89) is a 
nonlinear equation, and the solution may not be unique. 


Example 13.14 


Solve the nonlinear Volterra integral equation of the first kind by using the 
Laplace transform method 


1 1 ° 
5 sin x — zrcos a = | sin(x — t) sin u(t)dt. (13.97) 
0 


We first set 
‘ vu(z), (13.98) 


v(x) =sinu(xz), u(x) = sin™ 


to carry out (13.97) into 


1 1 " 
5 sina — gt cose = | sin(a — t)v(t)dt. (13.99) 
0 
Taking the Laplace transform of both sides of (13.99) yields 


1 -1 1 
Q(s2+1) 2(s?+1)?2 241 


V(s), (13.100) 


or equivalently 


1 
a ae ae (13.101) 
Taking the inverse Laplace transform of both sides of the last equation gives 
v(x“) = sing. (13.102) 
The exact solution is therefore given by 
u(x) = 2. (13.103) 


Example 13.15 


Solve the nonlinear Volterra integral equation of the first kind by using the 
Laplace transform method 


1 1 2 * 
5 + 5 cosh 2a — 3 cosh x = i sinh(a« — t)u?(t)dt. (13.104) 
0 
We first set 


v(x) = u?(x), u(x) = +./v(2), (13.105) 
to carry out (13.104) into 


1 1 2 # 
at g cosh 2x — 3 cosh x = | sinh(x — t)v(t)dt. (13.106) 
0 
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Taking the Laplace transform of both sides of (13.106) yields 
Hl 8 2s 1 
— 4+ - SF 13.107 
a 66-0) 3G2=1) ea"? ( ) 


or equivalently 


1 8 
V(s) = a + Ca (13.108) 
Taking the inverse Laplace transform of both sides of the last equation gives 
v(a) = sinh? x. (13.109) 
The exact solutions are therefore given by 
u(x) = +sinhz. (13.110) 


Example 13.16 


Solve the nonlinear Volterra integral equation of the first kind by using the 
Laplace transform method 


ert _ @® — | e* ty? (t)dt. (13.111) 
0 
We first set 
v(z) =u? (x), u(x) = +/v(z2), (13.112) 
to carry out (13.111) into 
et — e? — | e*—‘u(t)dt. (13.113) 
0 
Taking the Laplace transform of both sides of (13.113) yields 
1 
V(s)= (13.114) 
s—2 
Taking the inverse Laplace transform of both sides of the last equation gives 
ony =e, (13.115) 
The exact solutions are therefore given by 
u(a) = te”. (13.116) 


Exercises 13.4.1 


Use the Laplace transform method to solve the nonlinear Volterra integral equations 
of the first kind: 


1 a 1 w 
1: 5” + 23 + —a* = / (a — t)u? (t)dt 
0 
2 2 © : 
2. sina + 5 cos © — . cos(2a) = cos(x — t)u*(t)dt 
0 


e” ai e* tu? (t)dt 
0 


ale xz 
4. —sinx - sin 2x = | cos(a — t)u?(t)dt 
0 
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1 1 1 = 
5. —2? x sin“ x + —sin2a¢ = / (a — t— 1)u?(t)dt 
4 2 4 ; 
1 1 1 = 
6. 57 + hal + ra + kl = i. (a — t)u? (t)dt 
1 1 1 & 
7. —e°* x — / (a — the?*™ dt 
36 6 36 Jo 
1 1 % 
8 Heo _ Het =i et —te2ult) gy 
5 5 . 


13.4.2 Conversion to a Volterra Equation of the 
Second Kind 


Consider the nonlinear Volterra integral equation of the first kind 


f(x) = [ K (a, t)F(u(t))dt, (13.117) 


where the kernel K(a,t) and the function f(#) are given real-valued func- 
tions, and u(x) is the function to be determined. In a manner parallel to our 
discussion before, we convert (13.117) to a linear Volterra integral equation 
of the first kind of the form 


f(x) = i K (a, t)v(t)dt, (13.118) 
0 
by using the transformation 
v(x) = F(u(a)). (13.119) 
This in turn means that 
u(x) = F~*(v(zx)). (13.120) 


We next convert the linear Volterra integral equations of the first kind 
(13.118) to a Volterra integral equations of the second kind. The conversion 
technique works effectively only if K (a,x) 4 0. Differentiating both sides of 
(13.118) with respect to x, and using Leibnitz rule, we find 


f' (x) = K(a,x)u(x) + [ K,(a, t)u(t)dt. (13.121) 


Solving for v(x), provided that K(a,x) 4 0, we obtain the Volterra integral 
equation of the second kind given by 


ee ke ee eee ee 
v(t) = ea) | Knap Bales tu(te (13.122) 


Having converted the Volterra integral equation of the first kind to the 
Volterra integral equation of the second kind, we then can use any method 
that was presented before. Because we solved the Volterra integral equations 
of the second kind by many methods, we will select distinct methods for solv- 
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ing the nonlinear Volterra integral equation of the first kind after converting 
it to a Volterra integral equation of the second kind. 
Example 13.17 


Convert the nonlinear Volterra integral equation of the first kind to the second 
kind and solve the resulting equation 


(e* ae ah [ e* tu? (t)dt. (13:1293) 
We first set 

v(x) = u? (2), u(x) = +V/v(z), (13.124) 
to carry out (13.123) into 

s(e* =e") = [ e* *y(t)dt. (13.125) 


Differentiating both sides of (13.125) with respect to x by using Leibnitz rule 
we find the Volterra integral equation of the second kind 


u(x) = (e* +2e77*) — a e*—*u(t)dt. (13.126) 


This can be solved by many methods as presented in Chapter 3. We select the 
Laplace transform method to solve this equation. Taking Laplace transform 
of both sides of (13.126) yields 

1 


V(s)= ao. (13.127) 
Taking the inverse Laplace transform of both sides gives 

ne) =e", (13.128) 
The exact solutions are therefore given by 

u(a) = +e~”. (13.129) 


Example 13.18 


Convert the Volterra integral equation of the first kind to the second kind 
and solve the resulting equation 


1 1 a 

se? 4—at= i (a —t+ 1)u?(t)dt. (13.130) 

3 12 ‘ 
We first set 

v(x) = uv? (x), u(x) = +/v(z2), (13.131) 

to carry out (13.130) into 

1 1 ° 

=2° 4+ —2* = | (a —t+1)v(t)dt. (13.132) 

3 12 - 


Differentiating both sides of (13.132) with respect to x by using Leibnitz rule 


we find the Volterra integral equation of the second kind 
x 


g,1 
v(z) = a* + rl -| u(t)dt. (13.133) 
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We will select the modified decomposition method to solve this equation. 
Using the recursive relation 


ak x 
vo(z) = 27, v(x) = zo -f vo(t)dt = 0. (13.134) 
0 
The exact solutions are therefore given by 
u(a) = +a. (13.135) 


Example 13.19 


Convert the Volterra integral equation of the first kind to the second kind 
and solve the resulting equation 


a... 0. a ; 
—e* — -y—- = p—t+1 t)dt. 13.1 
se a3 fe +1)w2(t) (13.136) 
We first set 
v(x) = u2(x), u(x) = +./v(2), (13.137) 
to carry out (13.136) into 
Or Pe fi — t+ 1)o(t)de (13.138) 
Z ae tae j x v . 
Differentiating both sides of (13.138) and proceeding as before we find 
3 1 a 
v(x) = =e?” — = -{ u(t)dt. (13.139) 
2 aa P 


We will select the modified decomposition method to solve this equation. 
Using the recursive relation 


1 1 
v0(a) = a, v1 (x) = al — 2 = | vo(t)dt = 0. (13.140) 
0 
The exact solutions are therefore given by 
u(x) = +e”. (13.141) 


Example 13.20 


Convert the Volterra integral equation of the first kind to the second kind 
and solve the resulting equation 


1 1 is 
3 sinha + 3 sinh 2a = | cosh(a — t)u?(t)dt. (13.142) 
0 
This equation is equivalent to 
1 1 = 
3 sinh x + 3 sinh 27 = - cosh(a — t)u(t)dt, (13.143) 
0 


upon setting u?(x) = u(x). Differentiating both sides of (13.143) and using 
Leibnitz rule we obtain 
1 2 * 
u(x) = 3 cosh x + 3 cosh(2x) — | sinh(a — t)v(t)dt. (13.144) 
0 


For this problem, we select the successive approximations method. We select 
vo(a) = 1. Consequently, we obtain 
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vo(a) = 1, 
2 2 
v1(“) = 3 cosh x + 3 cosh2z + 1, 
v2(x) = — 5 cosh + = cosh 2x + sesinhs, (13.145) 
14 11 1 
u3(a“) = — 57 cosh x + 97 cosh 2a + 367 sinh — 75" 2 cosh x +1 
= (tg ee es 
3 45 
The last approximation is a Taylor series for cosh? x. This in turn gives 
v(x) = cosh? x. (13.146) 
Consequently, the exact solution of the integral equation is given by 
u(a) = +cosh a. (13.147) 


Exercises 13.4.2 


Convert the nonlinear Volterra integral equations of the first kind to the second kind 
linear Volterra integral equation, and solve the resulting equation: 


1 1 1 
1. - 5% = 57 at ri sin 22 = [ (a — t)u? (t)dt 


2 2 © 
2. sing 4 - cos & - cos 2x = / cos(a — t)u?(t)dt 
0 


2 1 2 
3. =a — =sing — =sin® x 7 (a — t)u3 (t)dt 


1 x 
4. —sinax sin 2x = | cos(a — t)u?(t)dt 
3 3 0 
1 3 2,2 
5. =a? — =a + =e ve — t)“u* (t)dt 
1 2 2 
6. ——-— -a* + Z cosh* x = be — t)u*(t)dt 
0 
6a 1 : 2u(t) 
7. =e" — -2— = (a — the dt 
0 


r 
8. I 6a _ lee = fre zo to2u(t) Gy 
5 5 


13.5 Systems of Nonlinear Volterra Integral Equations 


In this section, systems of nonlinear Volterra integral equations of the first 
kind and the second kind will be studied. Many numerical and analytical 
methods are usually are used to handle the two kinds of systems. However, 
in this section we will concern ourselves with the Adomian decomposition 
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method, and the successive approximations method to handle the nonlinear 
Volterra integral equations of the first kind and the second kind. 


13.5.1 Systems of Nonlinear Volterra Integral 
Equations of the Second Kind 


Systems of nonlinear Volterra integral equations of the second kind are given 
by 


ua) = file) + f° (Kale, Fi(u(t)) + Kalo, )Fi(o(®)) a 
: (13.148) 


ofa) = fate) + [ (Kale. )Fa(ult)) + Rela, 2)Fao(Q)) at 


The unknown functions u(x) and v(x), that will be determined, occur inside 
and outside the integral sign. The kernels K;(2,t) and K;(x,t), and the func- 
tion f;(x) are given real-valued functions, for i = 1,2. The functions F; and 
F,, for i = 1,2 are nonlinear functions of u(x) and v(2). 

The Adomian decomposition method, as presented before, decomposes 
each solution as an infinite sum of components, where these components are 
determined recurrently. This method can be used in its standard form, or 
combined with the noise terms phenomenon. Moreover, the modified decom- 
position method will be used wherever it is appropriate. It is interesting to 
point out that the nonlinear functions F; and Fj, for 1 = 1,2, should be 
replaced by the Adomian polynomials A,, defined by 

Ao = F(uo), 
Aj = ui F" (uo), 


1 
Apo = U2 F" (uo) a yk F" (uo), 


1 
A3 — u3F" (uo) Tr uyugF”’ (ug) + se (uo), (13.149) 


1 1 
A, —t uaF" (uo) ial ind (53 + us) F'"'(uo) + ay iuak””(uo) 


1 ; 
+30 (uo). 


As stated before, the successive substitutions method, that was used in this 
chapter and in other chapters as well, will be also used to study the nonlinear 
systems of the two kinds. 


Example 13.21 


Use the Adomian decomposition method to solve the following system of 
nonlinear Volterra integral equations 
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9 x 
u(z) =a2— =a + (u(t) + v(t) dt, 
; i (13.150) 


v(a) = x? — ca + [ u(t)v(t)dt. 


The Adomian decomposition method suggests that the linear terms u(a) and 
u(x) be expressed by an infinite series of components 


u(t) = YJ un(z), v(t) = D7 rn(z), (13.151) 
n=0 n=0 

where u,(x) and up(x),n > 0 are the components of u(x) and v(x) that will 

be elegantly determined in a recursive manner. The nonlinear terms u?(t) 

and u(t)v(t) are given by the Adomian polynomials A, and B,: 


Ao = u, Ay = 2uou1, Ag = 2uou2 + ur (13.152) 
and 
Bo = uovo(t), 
By = vo(t) ur (t) + uo(t)v1 (6), (13.153) 


Bg — vo (t)ua(t) ar uo(t)v2(t) + ur(t)vi (4), 


respectively. Substituting the previous assumptions for linear and nonlinear 
terms into (13.150), and following Adomian analysis, the system (13.150) is 
transformed into a set of recursive relations given by 


nee e= 3, rate) A (Ax(t) + ve(t)) dt, k>0, (13.154) 
and ° 
vo(x) = 2? — 7h VE41() = [ B,(t)dt, k>O0. (13.155) 
This in turn gives 
uo(x) = x2 — a8, ur(x) = a8 - aaa" + =o" (13.156) 
oe 1 1, uU 1 
vo(x) = x? — ra v1 (x) = 7 - ll + BR (13.157) 


It is obvious that the noise terms Fea° appear between uo(x) and uj(z). 


Moreover, the noise terms =42x* appear between vo(x) and v(x). By cancel- 
ing these noise terms from uo(x) and vo(x), the non-canceled terms of wo(x) 


and vo(x) give the exact solutions 

(u(x), v(x)) = (2, x”), (13.158) 
that satisfy the given system (13.150). 
Example 13.22 


Use the Adomian decomposition method to solve the following system of 
nonlinear Volterra integral equations 
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u(x) = cosxz — <x? 4 | (x — t)(u?(t) + v?(t))dt, 
eos (13.159) 
v(x“) = sina — ; sin? ¢ + | (x — t)(u?(t) — v?(t))dt. 
0 
For this example, we will use the modified decomposition method, therefore 


we set the recursive relation 
uo(x) = cosa, 


Up+i(2) = — 50° + [oe — t)(Ay(t) + Cy (t))dt, k > 0, (13.160) 


and 
vo(x) = sing, 


Unt (x) = —5 sin? + fe — t)(Ax(t) — C,(t))dt, k > 0, 
0 


where A,(t) and C;,(t) are the Adomian polynomials for u(t) and v?(t) 
respectively. This in turn gives 


uo(x) =cosx, wi(@)=0, Uggi(a)=0, k>1, (13.162) 


(13.161) 


and 
vo(z) =sing, wi(x)=0, vgqi(~)=0, k>1. (13.163) 


This gives the exact solutions 
(u(x), v(a)) = (cos x, sin x). (13.164) 
Example 13.23 


Use the successive approximations method to solve the following system of 
nonlinear Volterra integral equations 


u(x) =cosz+sinz + (1+ 2) cos? x — (1+ 27) [ (xu? (t) — v(t) dt, 


v(x) = cosx — sing + (1 — x) cos? x — (1+ 27) a (u(t) + xv*(t)) de. 


(13.165) 
To use the successive approximations method, we first select the zeroth 
approximations uo(xz) and vo(x) by 


Uo(x) = vo(x) = 1. (13.166) 
The method of successive approximations admits the use of the iteration 
formulas 
( 


Un+i(z) = cosx +sinaz + (1+ 2) 
+f (xu? (t) — v,(t)) dt, 
0 
Un41(“) = cosz — singz + (1 — x2) cos? x — (1+ 2?) 


7 (u2(t) + av2(t)) dt, n>0. 


x) cos? z — (1+ 27) 


(13.167) 
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Substituting (13.166) into (13.167) we obtain the series 
uo(x) = 1, 
vo(x) = 1, 
u(x) =1l+a sa? a8 sat ao 
u(z)=1-2 52? r 8 sat ae Diese, 
ue(@) = 14+ 5 so at =o 
vo(a) =1-—2 52 ae aot a8 ; 
mtn = tae 52 La sat | = ee (13.168) 
u3(z) =1-—2« 52 | sa sa = ? 
ug(@) =14+a 5 a it =o ; 
va(a) = 1-2 5 23 =n =o ‘ 
Us(z) =1l+a x0 =a aa aa! vee, 
us(z) = 1—a2— 3a? + a9 + zat — waP be 


This means that the series solutions are given by 


= 1 2 1 4 \ 1 3 1 5 
u(x) = (: me + gt ) (« gt tye ted) 
(13.169) 
Lo di Lac ae 
Consequently, the closed form solutions u(x) and v(x) are given by 
(u(x), v(a)) = (cosa + sin, cosa — sin 2), (13.170) 


obtained upon using the Taylor series for cosz and sin x. Notice that this 
system can be solved easily by using the modified decomposition method, 
where we can select uo(x) = cosx + sin x and vo(x) = cos x — sing. 


Example 13.24 
Use the successive approximations method to solve the following system of 
nonlinear Volterra integral equations 
il. x 
u(x) = e*+4-— ; sinh 2a +f (x — t)(u?(t) — v?(t))dt, 
s (13.171) 
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To use the successive approximations method, we first select the zeroth ap- 
proximations uo(x) and vo(a) by 

Uo(x) = vo(x) = 1. (13.172) 
The method of successive approximations admits the use of the iteration 
formulas 


Un41(z) = e* +4 — 5 sinh(22) + [e — t)(u? (t) — v2 (t))dt, 


: (13.173) 
Un4i(@) = e~* + 4 — xe* +f ru? (t)un(t)dt, n> 0. 
0 
Substituting (13.172) into (13.173) we obtain the series 
ug(x) = 1, 
vo (x) — 1, 
=~14 Log tay Lay 
u(z) =14+a gt at + gt 4 , 
1 2 1 
vila) = 10+ 50? — 548 oot, (13.174) 
1 1 1 
ug(a) =1l+e2 Tha Tall a | : 
1 1 1 
va(a) =1l-2« Thal Tal rT ree, 
and so on. Consequently, the solutions u(x) and v(a) are given by 
(u(x), v(a)) = (e”,e-”). (13.175) 


Exercises 13.5.1 


In Exercises 1-4, use the Adomian decomposition method to solve the systems of 
nonlinear Volterra integral equations 


: u(x) = « = 0 | ia ((x — t)?u? (t) — (a — t)v?(t)) dt 
v(x) = x? = mY [ ((x — t)?u?(t) + (@ — t)?v?(t)) dt 
: u(x) = 1+a?-— 23 so" I (atu? (t) + wtv?(t)) dt 
v(o) = 1-2 Sate [ (eu — (@— Hu%(n) at 
. ite) = eee et — 6 he) 4 ia («tu?(t) — atv?(t)) dt 


v(z) = 1 — e® — 4re® + [ (e*~*u? (t) = e*—*y?(t)) dt 
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u(x) = e® — sinh(2x) + [ (u?(t) + v?(t)) dt 
4, . 
v(x) = e~* +1 -— cosh(2z) +f (u(t) os v*(t)) dt 


In Exercises 5-8, use the successive approximations method to solve the systems of 
nonlinear Volterra integral equations 


u(x) = cosx — sina + iA cos(a — t)(u?(t) + v?(t))dt 


5. 
v(x“) = sing +oose— 0+ f sin(a — t)(u?(t) + v?(t))dt 
0 
: u(x) = 1+sina — 3+ 5sin(2n) + [oo +v7(t))dt 
, : 3 24 1. 2 i * 2 2 
v(z) = 1—sing Aan a [ (a — t)(u*(t) + v*(t))dt 
; u(a“) = coshe— a+ f (u“(t) — v“(t))dt 
= Si eer 24 cee u v 
v(x) = sinha 5 h +f (a — t)(u“(t) + v*(t))dt 
u(x) = 1+ cosha — asinhe + [2 —v"(t))dt 
8. ° 


v(x“) = 1 —cosha — 5 sinh(2z) — 3a + [wo +v7(t))dt 


13.5.2 Systems of Nonlinear Volterra Integral 
Equations of the First Kind 


In this section, we will study a specific case of the systems of nonlinear 
Volterra integral equations of the first kind given by 


fi(a) = [ (A(z, u(t) + K(x, Fi(v(d)) dt, 
° (13.176) 


fol) = | ‘ (Ko(w, 1) Fa(u(0)) + Ko(x,t)v(t)) dt, 


where the kernels K;(x,t) and K;(a,t), and the functions f;(x) are given 
real-valued functions, and u(x), and v(x) are the unknown functions that 
will be determined. Recall that the unknown functions u(x) and v(x) appear 
inside the integral sign for the Volterra integral equations of the first kind. 

We first need to convert this system to a system of nonlinear Volterra inte- 
gral equation of the second kind. This can be achieved by differentiating both 
sides of each part of the system. The conversion technique works effectively 
by using Leibnitz rule that was presented in section 1.3. Differentiating both 
sides of each equation in (13.176), and using Leibnitz rule, we obtain 
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fi(z) = ze x)u(x) + Ky(2, 2) Fi (v(2)) 
< i (A. (a, u(t) ‘i By, (a, t)Fi(v(t))) at, 
f3(2) = Kala, «) F2(u(x)) + Ko(z, x)v(2) 
* i (2, (0, 1)Fe(u(t)) + Ko, (x, t)u(t)) at, 


that can be rewritten as 


via) — LL@— Kile. 2)Filvlw)) 
Ky (2, 2) 


(13.177) 


1 x 5 _ 
en | (14, (@, u(t) + Ki, (0,t)Fi(v)) dé 
Ko(x, 2x) 


=o | : (Ke, (e, t)Fy(u(t)) + Ko, (2, t)v(t)) dt. 


It is obvious that the last system is a system of nonlinear Volterra integral 
equations of the second kind. This system can be handled by many distinct 
methods. However, in this section we will use the Adomian decomposition 
method and the successive approximations method for handling the resulting 
system of nonlinear Volterra integral equations of the second kind. Notice that 
other methods can be used as well. The Adomian decomposition method and 
the successive approximations method were introduced before, hence we skip 
details. 
It is important to present the following two remarks: 


1. It is necessary that K,(x,v) #0 and K2(x,x) 4 0 for the system to be 
reduced to a system of Volterra integral equations of the second kind. 
2. If Ky(x,x2) =0 and Ko(x,x) = 0, then we differentiate again. 


(13.178) 
v(x) 


In the following, we will examine four examples, where Adomian method 
will be used in the first two examples, and the successive approximations 
method will be used for the other two examples. 


Example 13.25 


Solve the system of nonlinear Volterra integral equations of the first kind by 
using the Adomian method 


=a at aga" -[ ((a —t + 1)u(t) + (x — t)v?(2)) dt, 


: : ‘ : (13.179) 
rca Tl rT = | ((a — t)u?(t) + (w@ — t + 1)v(t)) dt. 


Differentiating both sides of each equation, and using Leibnitz rule, we find 
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2 32 aa" = ievee / (u(t) + v2(¢))dt, 
: ; Ze (13.180) 
x? + —24 + 2° = (2) +f (u?(t) + v(t)) de. 
4 5 ‘ 
This system can be rewritten as 
u(x) = 2? =! =a" | (u(t) + v(t) dt, 
a (13.181) 
see 4 ee oe / (u2(t) + v(t)) at. 
4° 5 ; 


Using the standard Adomian decomposition method, we set the recurrence 
relations 


. (13.182) 
u(x) = - | (uo(t) + v9 (t)) dt = ae 


wn(e) == f (ub (0) + wold) dt = Ft — Fa hoo 


It is obvious that two noise terms appear between uo(a) and u(x), and two 
other noise terms between vp(a) and v1 (x). Canceling the noise terms in uo(x) 
and vo(x) gives the exact solutions by 


(u(x), v(x)) = (a7, 2°). (13.183) 
Example 13.26 


Solve the system of nonlinear Volterra integral equations of the first kind by 
using the modified Adomian method 


1 1 1 1 1 
sinz + qsin@a) - zon’ a+ ra = 


_ [ (u(t) +(e —t —1)v2(2)) dt, 

2 1 1 (13.184) 
aaa sin x — qcos e+ ra +a+ 7 

=| ((e— P(t) + (@ — £4 10(@) at. 


Differentiating both sides of each equation, and using Leibnitz rule, we find 


1 1 1 1 al 
u(x) = cosx + = cos(2x)—= sin(2x) + =x —= — v?(x) i v*(t)dt, 
2 4 2° 2 A 


(13.185) 


1 1 . 
v(x) = sina — cosa + i sin(2x) + gol | (u?(t) + v(t) dt. 
0 


420 13 Nonlinear Volterra Integral Equations 


To handle this example we select the modified decomposition method, hence 
we set the recurrence relations 
u(x) = cosxz, vo(x) =sing, 


1 1 1 1 . 
u1(x) = . cos(2x) — Z sin(22)4 at 5 ue (a) | ve(t)dt = 0, 
0 


(13.186) 
L. 1 ae 
v(x“) = — cosa + Z sin(2x) + 5% +1—] (ud(t) + vo(t)) dt = 0. 
0 
This in turn gives the exact solutions by 
(u(x), v(a)) = (cos x, sin 2). (13.187) 


Example 13.27 


Solve the system of nonlinear Volterra integral equations of the first kind by 
using the successive approximations method 


Qe” + ze =52-4= i ((a —t + 1)u(t) + (x — t)v?(t)) dt, 
5A (13.188) 
xe +5t— a= ((a — t)u?(t) + (w@ —t + 1)u(t)) dt. 
0 
Differentiating both sides of each equation, and using Leibnitz rule, we find 
u(x) = 2e” — set =o | (u(t) + v(t) dt, 
— (13.189) 
v(£) = al ae -f (u(t) + v(t)) dt. 
0 
To use the successive approximations method, we first select the zeroth ap- 
proximations uo(a) and vo(x) by 
Uo(x) = vo(a) = 1. (13.190) 


The method of successive approximations admits the use of the iteration 
formulas 


1 1 a 
Un+1(2) = 2e7 — ae = 3 = | (un(t) + v2 (t)) dt, 
0 
. (13.191) 
=_ 1 2u 1 2 
Un+1(2) = 5° + cin (u2(t) + Un(t)) dt, n>0. 
0 


Substituting (13.190) into (13.191) we obtain the series 
uo(x)=1, vo(2) =1, 


1 
ui(xz) =1+24+2° — —z4 ‘ 
4 
2 1 
ui(a) = 1-2 a+ 3a ee 
1 1 
ug(a4) =1+2 ha get 
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1 1 
va(a) = 1 —2 + —27 ——o*+.-:, (13.192) 
2 3 
1 1 
u3(z) =14+a4 =-2? 4+ =2° ; 
2 
1 1 1 
u3(") = 1-2 xt a Thal ; 


ua(z) =1+2 Th ta a 
1 1 1 
va(z) =1—2@ al Thal rT 
Consequently, the solutions u(x) and v(x) are given by 
(u(x), v(x)) = (e”,e~*). (13.193) 


Example 13.28 


Solve the system of nonlinear Volterra integral equations of the first kind by 
using the successive approximations method 


1 1 1 
—2cosx + 7sin@z) - ha +5e+2 


(13.194) 


1 1 
2sin az — ri sin(2x) + ha — 3% 


= f° (e=Hue) + we —t+ Nolo) at 


Differentiating both sides of each equation, and using Leibnitz rule, we find 


u(x) = 2sina + 5 cos(22) +at ; - [ (u(t) + v(t) dt, 


(13.195) 


v(x) = 2cosax — 5 cos(22) +2- ; = [ (u(t) + v(t) dt. 


We select the zeroth approximations uo(x%) and v9(x) by uwo(x) = vo(#) = 1. 
We next use the iteration formulas 


1 1 > 
Unti(x) = 2sinx + 5 cos(2x) + a + 7 i (un(t) + v2 (t)) dt, 


1 1 7 
Un41(£) = 2cosx — 5 cos(2x) + 2 -— = — | (u2(t) + un(t)) dt, n>0. 
0 


2 
(13.196) 
Substituting the zeroth selections into (13.196) we obtain the series 
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uo(z) = 1, vo(x) =1, 
1 1 1 
u(x) =1+a2—2? go ae Pee ee 
1 
w(z)=l-a2— Jat +. ; 
1 1 5 1 
=] | ey an) 4 - 5 
u(x) &— pe — ot + oe + oe . 
1 1 5 3 
=4. Eye en 3 4 ew oe 
v2(x) E— pe + aa + 8" — aot ; 
a ae 
u3(z) =1l+2 ao go ae ee (13.197) 
= Cr ee oe ee 
u3(@) = 1-2 gr + ge + aye — ged ; 
1 1 iL 
ug(@) = 142 a rl Til ; 
1 1 1 
va(z) = 1-2 ha ra kal ; 
1 1 1 1 
Us (x) =1+2 ae ral a Gs t Ae ; 
1 1 1 1 
u5(z) = 1-2 kal Thal rk ll + 
This means that the series solutions are given by 
1 1 ih 1 
u(x) = (1 Tal Till -) (« ral ae -) ; 
(13.198) 
i ee Bij ss 
v(z) = [1 me + gt 1 e— ya + ae 
Consequently, the closed form solutions u(x) and v(x) are given by 
(u(z), v(x)) = (cosa + sin x, cos x — sin x). (13.199) 


Exercises 13.5.2 


In Exercises 1-4, use the Adomian decomposition method to solve the following sys- 


tems of Volterra integral equations of the first kind 


; =o 1° =f (u(t) + (w — t+ 1)v2(t)) dt 
so + =o! =[ ((x — t)u?(t) + (w —t + 1)v(t)) dé 

, 7 at a ve =[ t+ 1)u(t) + (@ — t)v?(t)) dt 
5° 3 if a0 =[ ((w — t)u? (t) + (w —t + 1)v(t)) dt 
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1 1 = 
cos x + — cos? x x? 4 Ss | (u(t) — (a — t)v?(t)) dé 
4 4 A ds 
* 1 1 3 e 
sinz — cosx + —cos*a 4+ -a#?+-—= | ((x — t)u?(t) + (w —t + 1)v(t)) dt 
4 4 ci 
Wg, bie : 
sinh « cosh* «+ —-a%* + —-—= (u(t) — (a — t)v?(t)) dt 
4 4 4 Jo 
4. 
5 


4 


In Exercises 5-8, use the successive approximations method to solve the systems of 
Volterra integral equations of the first kind 


cosh x 4 cosh? « | ae i =). ((w — t)u? (t)v(t)) dt 
) 


1—2cosx+ cos? x4 aa = f ((w@ —t + 1)u(t) + v?(t)) dt 
0 


5. 

1 —2sinz — cos? x 4 ae = f (u?(t) + (ew —t + 1)v(t)) dt 

0 
1 1 1 @ 

; =o ria a 8 =| ((a —t + 1)u(t) + v?(t)) dt 
. Eau tn 4e | a = [ (u?(t) + (aw — t+ 1)v(t)) dt 

4 4 2 ‘ 

ee a 1 sf? ‘ 

—e** 4 —7* + "—--—= (( —t+ l)u(t) + v?(t)) dt 
7 2 2 2 0 
Wd ge, dee 1 Bs 

er? + —97* + 3a = (u?(t) + (w@ —t + 1)v(t)) dt 

2 9 e Je 

; 15 54,3 ie 2 

sinz — cosx + —cos* “+ -a2*4+-= ((w@ —t + 1)u(t) + (a — t)v?(t)) dt 

4 4 a 
7 1 5 re 
sing + cosx+—cos? x+—x? + 2x =. ((a — t)u? (t) + (a — t + 1)v(t)) dt 
4 4 co 
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Chapter 14 


Nonlinear Volterra Integro-Differential 
Equations 


14.1 Introduction 


It is well known that linear and nonlinear Volterra integral equations arise in 
many scientific fields such as the population dynamics, spread of epidemics, 
and semi-conductor devices. Volterra started working on integral equations 
in 1884, but his serious study began in 1896. The name integral equation was 
given by du Bois-Reymond in 1888. 

The linear Volterra integro-differential equations were presented in Chap- 
ter 5. It is our goal in this chapter to study the nonlinear Volterra integro- 
differential equations of the first and the second kind. The nonlinear Volterra 
integro-differential equations are characterized by at least one variable limit 
of integration. 

The nonlinear Volterra integro-differential equation of the second kind 
reads 


ul (a a+ K (x,t) F(u(t)) dt, (14.1) 


and the standard form of the nonlinear Volterra integro-differential equation 
[1-3] of the first kind is given by 


[ Ky (a,t)F (uoat + fo K(x, t)u™ (t)dt = f(x), Ko(x,2) £0, (14.2) 


where u(")(x) is the n th derivative of u(x). For these equations, the ker- 
nels K(a,t), Kyi(2,t) and K2(ax,t), and the function f(x) are given real- 
valued functions. The function F'(u(x)) is a nonlinear function of u(a#) such 
as u?(ar),sin(u(a)), and e¥), 
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14.2 Nonlinear Volterra Integro-Differential Equations 
of the Second Kind 


The linear Volterra integro-differential equation [4-6], where both differential 
and integral operators appear together in the same equation, has been studied 
in Chapter 5. In this section, we will extend the work presented in Chapter 
5 to nonlinear Volterra integro-differential equation. The nonlinear Volterra 
integro-differential equation of the second kind reads 


u(x) = f(x) + ‘: K (a, t)F(u(t))dt, (14.3) 
0 
where u (a) = ae and F(u(x)) is a nonlinear function of u(x). Because 


the equation in (14.3) combines the differential operator and the integral 
operator, then it is necessary to define initial conditions for the determination 
of the particular solution u(a) of the nonlinear Volterra integro-differential 
equation. 

The nonlinear Volterra integro-differential equation [7-10] appeared af- 
ter its establishment by Volterra. It appears in many physical applications 
such as glass-forming process, heat transfer, diffusion process in general, neu- 
tron diffusion and biological species coexisting together with increasing and 
decreasing rates of generating. More details about the sources where these 
equations arise can be found in physics, biology and books of engineering 
applications. 

In Chapter 5, we applied many methods to handle the linear Volterra 
integro-differential equations of the second kind. In this section we will use 
only some of these methods. However, the other methods presented in Chap- 
ter 5 can be used as well. In what follows we will apply the combined Laplace 
transform-Adomian decomposition method, the variational iteration method 
(VIM), and the series solution method to handle nonlinear Volterra integro- 
differential equations of the second kind (14.3). 


14.2.1 The Combined Laplace Transform-Adomian 
Decomposition Method 


In this section we will consider the kernel K(a,t) of (14.3) as a difference 
kernel that depends on the difference x — t, such as e*~*, cosh(x — t), and 
sin(a — t). The nonlinear Volterra integro-differential equation (14.3) can 
thus be expressed as 


u) (2) = f(a) + i: ‘ K (a — t)F(u(t)) dt. (14.4) 


To solve the nonlinear Volterra integro-differential equations by using the 
Laplace transform method, it is essential to use the Laplace transforms of 
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the derivatives of u(x). We can easily show that 
L{u (x)} = s*L{u(x)} — s'1u(0) — s*-2u’(0) —--- — uD). (14.5) 
This simply gives 
L{u!(x)} = s£{u(x)} — u(0) = sU(s) — u(0), 
Li{ul"(x)} = pane )} — su(0) — u’(0) 
= s°U(s) — su(0) — w'(0), 
Liu" (a)} = c(t) — s*u(0) — su’(0) — w’(0) (14.6) 
= s°U(s) — s?u(0) — su’(0) — w'"(0), 

L{ul)(x2)} = se) — su(0) — s?u’(0) — su’(0) — wu’ (0) 
*U(s) — s°u(0) — s?u’(0) — su’’(0) — u’”(0), 
and so on for derivatives of higher order, where U(s) = L{u(x)}. 

Applying the Laplace transform to both sides of (14.4) gives 
s'£L{u(x)} — s*-1u(0) — s*-2u!(0) — --- — u@-Y (0) 
=L{f(a)} + L{K(@ — t)}L{F(u(t))}, 

or equivalently 
L{u(x)} = (0) + 5u'(0) 5 ie Sul (0) 
f ' (14.8) 
+ SLL F(a)} + ELK (ae — )}LEF(ult))}. 
To overcome the difficulty of the nonlinear term F'(u(x)), we apply the Ado- 


mian decomposition method for handling (14.8). To achieve this goal, we 
first represent the linear term u(x) at the left side by an infinite series of 


components given by 
=)" tae), (14.9) 
n=0 


where the components u,,(a), > 0 will be recursively determined. However, 
the nonlinear term F'(u(x)) at the right side of (14.8) will be represented by 
an infinite series of the Adomian polynomials A,, in the form 


= 3 Ante An = sae |F (S)] = 0,12 
=0 


n=0 


(14.7) 


(14.10) 
where A,,n > 0 can be obtained for all forms of nonlinearity. 
Substituting (14.9) and (14.10) into (14.8) leads to 
— 1 1 ee 
L£ pe eno} = 5 ul0) ap gt (O) ees oe au (0) 
— (14.11) 
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The Adomian decomposition method admits the use of the following recursive 
relation 


£{uo()} = u(0) + ul(0) +--+ Su) + SLLF(o)}, 


: (14.12) 
L{uxsi(a)} = LAK (w—)}L{Ag(a)}, b> 0. 


The necessary conditions presented in Chapter 1 for Laplace transform 
method concerning the limit as s — oo, should be satisfied here for a suc- 
cessful use of this method. Applying the inverse Laplace transform to the 
first part of (14.12) gives uo(x), that will define Ap. This in turn will lead to 
the complete determination of the components of uz41, & > 0 upon using the 
second part of (14.12). 

The combined Laplace transform Adomian-decomposition method for 
solving nonlinear Volterra integro-differential equations of the second kind 
will be illustrated by studying the following examples. 


Example 14.1 


Solve the nonlinear Volterra integro-differential equation by using the com- 
bined Laplace transform-Adomian decomposition method 


tess 2 ie 3e* jeout | (a —t)u?(t) dt, u(0) = 2. (14.13) 
0 


Notice that the kernel K(x — t) = (a —t). Taking Laplace transform of both 
sides of (14.13) gives 


1 1 
Ela'(a)b=£ {3 a 5 3e* jo }+EL(e-Haw(@)), (14.14) 
so that 
9 5 1 8 1 — 
_ = ee -_ 14.1 
SS at) 4s 257 53 s+1 4(s+2) ” s? Eee | 5) 
or equivalently 
2 9 5 1 3 1 ee 
a aes ed ee ee ese (141 
a) 8 = 4s? 253) st s(s +1) 45(s +2) 7 33 eee) ene) 


Substituting the series assumption for U(s) and the Adomian polynomials 
for u?(a) as given above in (14.9) and (14.10) respectively, and using the 
recursive relation (14.12) we obtain 

2 9 5 uf 3 1 


DN) ae oe A eT) Aaa Oy 


1 
Lfunsa(a)} = wef Ad(a)}, b> 0. 
Recall that the Adomian polynomials for F(u(x)) = u?(a) are given by 


(14.17) 


Ap = uj, Ai = 2uous, 
Ag = 2ugug aa us, (14.18) 


A3 = 2ugUs + 2u Ug. 
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Taking the inverse Laplace transform of both sides of the first part of (14.17), 
and using the recursive relation (14.17) gives 


—_ i — — — 5 
Me) Se er oe a Ge a oa Gage (14.19) 
(x) 23 14 ae ls 
u = i7°- = —2r 4 
i(z) = ga" — Ga’ + aoe 
Using (14.9), the series solution is therefore given by 
1 1 1 1 
u(z) =2-24 Tal Thal rk Ae fees, (14.20) 
that converges to the exact solution 
u(z) =1+e*. (14.21) 


Example 14.2 


Solve the nonlinear Volterra integro-differential equation by using the com- 
bined Laplace transform-Adomian decomposition method 


a (2) = -=0 sin x + sin(2x)) + [ cos(a — t)u?(t)dt, u(0) =1. (14.22) 
0 


Notice that the kernel K(x — t) = cos(# — t). Taking Laplace transform of 
both sides of (14.22) gives 


Liiteor {-30 sin c+ sin(2x))} + L{cos(x —t) *u?(x)}, (14.23) 
so that 


Oe) 2 8 peta), (14.24) 


3(s2+1) 3(s2?+4) | s?4+1 
or equivalently 
1 4 2 1 

~ gs 8s(s?+1) 3s(s? +4) 7 s?+1 
Substituting the series assumption for U(s) and the Adomian polynomials 
for u?(x) as given above in (14.9) and (14.10) respectively, and using the 
recursive relation (14.12) we obtain 

2 9 5 1 3 1 


ee 
o(s) s 4s? 253 st s(s+1) 4s(s+2) 


Lfunsa(a)} = GL Ad(a)}, #20. 


Taking the inverse Laplace transform of both sides of the first part of (14.26), 
and using the recursive relation (14.26) gives 


Liu? (a)}. (14.25) 


(14.26) 


uo(a) =1—a*4 67 aor tO 
1 5 37 

tilt) Se = Se te Ps (14.27) 
1 1 

Ug(x) = al — hal tere, 
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1 
gO es 
u3(x) = 7% fee, 
Using (14.9), the series solution is therefore given by 
1 1 1 
u(x) =1—- Thal + am - am fore, (14.28) 
that converges to the exact solution 
u(x) = cos x. (14.29) 


Example 14.3 


Solve the nonlinear Volterra integro-differential equation by using the com- 
bined Laplace transform-Adomian decomposition method 


a" (a2) = 24+ Qa + x? — we® — 7? + | a? *y? (td, w(0) = 1, w'(0) =2. 


0 

(14.30) 

Notice that the kernel K(a — t) = e*~'. Taking Laplace transform of both 
sides of (14.30) gives 


Liu" (x)} = £{2 + 2a + x? — ge? — e?*} + Lie** x u*(z)}, (14.31) 
so that 


2 2 2 2 1 
2 _ S sagl a ie Se ee —£ 2 
s-U(s) — su(0) — u’(0) r + 2 + = Goes sao + ; {u*(x)}, 
(14.32) 
or equivalently 
1 2 2 ; 2 , 2 2 1 1 2 
Ue)= s s2 58 54 55 52(s—1)8 FG ' Pe—1 Ce 
(14.33) 


Proceeding as before we find 


s>  §2(s—1)8 —_s2(s —2)’ (14.34) 


Lfunsa(2)} = a 


Taking the inverse Laplace transform of both sides of the first part of (14.34), 
and using the recursive relation (14.34) gives 
a oe ee: 


uo(t) =1+2¢+ 52 ra 50° asa 
1 5 1 3 
u(x) = 5° | Til 37 07. free, (14.35) 


il 
ua(z) = sae te. 


Using (14.9), the series solution is therefore given by 


—x 
2! 
that converges to the exact solution 
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u(z) =a +e”. (14.37) 


Example 14.4 


Solve the nonlinear Volterra integro-differential equation by using the com- 
bined Laplace transform-Adomian decomposition method 


1 oo 
u" (x) =-1- 3 (sine + sin(2x)) +2cosa+ i sin(a — t)u?(t)dt, (14.38) 
0 


where u(0) = —1,u’(0) = 1. 
Notice that the kernel K(x — t) = sin(a — t). Taking Laplace transform of 
both sides of (14.38) gives 


Liu'(ajj}=c£ {-1 - 5 (sina + sin(2z)) +2cos o} + L{sin(x — t) * u?(x)}, 


(14.39) 
so that 
1 1 2 2s 1 
2 _ ee ee ee ee ey a ae OY 
ad ace 3241) 3044) Pol PL pgm 
(14.40) 
so that 
1 1 1 2 2 
U = SF OS eee 
(s) 8 = s? §3—382(s2+1) 352(s24+4)  s(s2 +1) 
1 2 
+ : 14.41 
sie) (14.41) 
Proceeding as before we find 
1 1 1 1 1 11 
eee a? ee ee aa) ae yOl 8, 2, i 
unk) er oe 6B” ~ 7a” * 90" * 360° — 5040” 7" 
1 1 1 1 
uy(2) = —at — —25 — — 9° + a" +... (14.42) 


24 60 720 504 
Using (14.9), the series solution is therefore given by 


1 1 1 1 1 1 
ula) = (2— Fat + Ze? a -) (1 ait get aah), 


3! 5! 7! 2! 4! 6! 
(14.43) 
that converges to the exact solution 
u(x) = sina — cosa. (14.44) 


Exercises 14.2.1 


Solve the following nonlinear Volterra integro-differential equations by using the com- 
bined Laplace transform-Adomian decomposition method 


1 1 = 
1. u’(2) = i =e 2x7 — 3e” e2? 4 / (x — t)u?(t)dt, u(0) = 3 
4 ' 2 4 6 
11 3 1 1 ad 
2.u'(x) = ca G ial + e* (5 — 2a) ral (a — t)u?(t)dt, u(0) =1 
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1 if % 
3. u' (a) =1-— a a | e*—tu?(t)dt, u(0) =0 
) 


1 5 1 o 
4. u' (x) = ae + gas cos? a +f sin(a — t)u?(t)dt, u(0) =0 
0 


5. ul (2) = > sins = sin(20) | | cos(x — t)u?(t)dt, u(0) =0, u’(0) =1 
0 


1 1 id 
6. u(x) = cosha — = sinh x — 3 sinh(2x) + | cosh(a — t)u?(t)dt, 
0 


u(0) = 1, u/(0) =0 


1 x 
Tu" (2) = =e" _ ge +f e*—*u3(t)dt, u(0) = u'(0) = u’"(0) = 1 
) 


2 5 4 7 
8. ul’ (a) = —= — — cosa + — cos? « + | cos(x — t)u?(t)dt, 
3. 3 3 0 


u(0) = u’(0) =1, w’(0) = —1 


14.2.2 The Variational Iteration Method 


The variational iteration method was used before in other chapters. The 
method provides rapidly convergent successive approximations of the exact 
solution if such a closed form solution exists, and not components as in Ado- 
mian decomposition method. The variational iteration method handles linear 
and nonlinear problems in the same manner without any need to specific re- 
strictions such as the Adomian polynomials. 

The standard 7 th order nonlinear Volterra integro-differential equation is 
of the form 


u (x a) +f K(e.tF( u(t))dt, (14.45) 


where u(x) = — and F(u(«)) is a nonlinear function of u(x). The initial 
conditions should be prescribed for the complete determination of the exact 
solution. 

The correction functional for the nonlinear integro-differential equation 
(14.45) is 


ra oe | “6 (we (( @-[ K(6,r)F(iin(r Fin(r) ar) dé. 


(14.46) 
The variational iteration method is used by applying two essential steps. It 
is required first to determine the Lagrange multiplier \ that can be identified 
optimally via integration by parts and by using a restricted variation. The 
Lagrange multiplier \ may be a constant or a function. Having \ determined, 
an iteration formula, without restricted variation, should be used for the 
determination of the successive approximations Uy+1(z),n > 0 of the solution 


14.2 Nonlinear Volterra Integro-Differential Equations of the Second Kind 433 


u(a). The zeroth approximation uo can be any selective function. However, 
the initial values u(0),u’(0),... are preferably used for the selective zeroth 
approximation uo. In what follows we summarize the Lagrange multipliers as 
derived in Chapter 3, and the selective zeroth approximations: 


w+ f(u(g),w'(€)) =0, A= —1, uo(z) = u(0), 
wl" + f(u(g), w'(g),u"(E)) =0, A=E—a, uo(w) = u(0) + u'(O)ax 


w+ f(ulé), w(6), uw’, w"(6) =0, A=—F(E-a)’, ee) 


uo(x) = u(0) + u’(O)a + sul (O)2?, 
and so on. Consequently, the solution is given by 
u(x) = Jim Un(2). (14.48) 
The VIM will be illustrated by studying the following examples. 
Example 14.5 


Use the variational iteration method to solve the nonlinear Volterra integro- 
differential equation 


ul (x) = 1+e* — Ire" — 6? 4 | e* ty? (t)dt, u(0) = 2. (14.49) 
0 


The correction functional for this equation is given by 


x t 
Un+i(£) = Un(x) — Vi (un —1—e' + te’ +e? — i eu? (r) ar) dt, 
0 0 
(14.50) 
where we used \ = —1 for first-order integro-differential equation. 
We can use the initial condition to select uo(a) = u(0) = 2. Using this 
selection into the correction functional gives the following successive approx- 
imations 


uo(a) = 2, 
1 1 3 19 
“)— 9 x pt as} ot meee: nes 
u(x) Ot gi — 5m — oo — aa? Se 
_ ae oC re oe (14.51) 
U2(“4) = 242 Tha 312 + ae’ — Be fees, 
1 1 1 
u3(a4) =2+2 kal qe t ge tet 
and so on for other approximations. 
The VIM admits the use of 
u(x) = lim up(a), (14.52) 
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Example 14.6 


Use the variational iteration method to solve the nonlinear Volterra integro- 
differential equation 


u(x) =—ax+secrtanz —tanz4 i (1+ u?(t)) dt,u(0)=1. (14.54) 
0 


The correction functional for this equation is given by 
Unis (2) = ty(z) 
x t 
-{ (uh(t) +t seottant + tant / (14 wh (r))tr) dt, 
0 0 
(14.55) 


where we used \ = —1 for first-order integro-differential equation. 

We can use the initial condition to select uo(#) = u(0) = 1. Using this 
selection into the correction functional gives the following successive approx- 
imations 


uo(a) = 1, 
1 1 1 
=| ine ee for ee 6 
u(x) gt tee t+ Tet F 
1 5 19 (14.56) 
=| a ae ie 2 ie i 
ua(z) 2” " 94" * 240” 


u3(“%) = 1+ -a°4+ —2 
and so on. The VIM admits the use of 
u(x) = lim u,(x), (14.57) 
that gives the exact solution by 
u(x) = sec x. (14.58) 
Example 14.7 


Use the variational iteration method to solve the nonlinear Volterra integro- 
differential equation 


u(x) = 2+cosz— tana + tan? 24 | (sint + u?(t)) dt, u(0) = 0. (14.59) 
0 


The correction functional for this equation is given by 


Unta(z) = Un(x) 


x t 
-| (uno t—cost+ tant — tan? t | (sint + u2(r))dr) dt. 
0 0 
(14.60) 
We can use the initial condition to select uo(#) = u(0) = 0. Using this 
selection into the correction functional gives the following successive approx- 
imations 
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uo(x) = 0, 
1 1 2 1 17 
_ deen Sd Ae ey ee air 
a) = et ge ip ie? ae” aig? ts (14.61) 
1 2 17 
ug(“) = a 37 | i” Pll fives, 
and so on. The VIM admits the use of 
u(x) = lim u,(x), (14.62) 
that gives the exact solution by 
u(a) = tana. (14.63) 


Example 14.8 
Use the variational iteration method to solve the nonlinear Volterra integro- 
differential equation 
5 1 e 
ea) = a sin x + 3 sin(22) +f cos(a — t)u?(t)dt, u(0) = 0, u’(0) = 1. 
0 
(14.64) 
The correction functional for this equation is given by 


Un+1(@) = Un (x) 


Aa 5 1 t 
+f (t— 2) (ue ae sint — 3 sin(2t) — i cos(t — rua (rar) dt. 
0 0 
(14.65) 
We can use the initial condition to select uo(x) = u(0)+ 2u/(0) = a. Using 
this selection into the correction functional gives the following successive 
approximations 


uo(x) = a, 
1 1 1 
= 3 i kT hn dy 
1 1 
ug(“) = 2x Till ae ae ; 
and so on. The VIM gives the exact solution by 
u(a) = sina. (14.67) 


Exercises 14.2.2 


Solve the following nonlinear Volterra integro-differential equations by using the vari- 
ational iteration method 


Lu (2) = we — «#?) —sing — jostet fC —t)(1—u?(t))dt, u(0) =0 


2. u' (a) = ae Qa + 227) —e~* 4 7 [e t)(1 — u?(t))dt, u(0) =1 


3. u(x) =1tu- ne” — 2 [ ate“ (t)dt, u(0) = 0 
) 
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4. u' (2) = sing = sin(2r) : cos(a — t)u?(t)dt, u(0) = 1 
0 


5. ul (2) = -3a —cosx+ zsin(22) + fo _ u?(t))dt, u(0) = 1,u’/(0) =0 


6. u(x) = 1+ e” — e?” +f e*—*(1+ u7(t))dt, u(0) =1,u’(0) =1 
) 


7. u(x) =e*(2—2) - e7? 4 a e*—*(ut u”(t))dt, u(0) =1,u’/(0) =1 


8. ul" (a) = —a2 + tan 2(6sec? « — secx + 1) 4 i (1 — u?(t))dt, 
) 


u(0) = 1, u’(0) =0, w’(0) =1 


14.2.3 The Series Solution Method 


The series solution method [5,7] was effectively used in this text to handle 
integral and integro-differential equations. The method stems mainly from the 
Taylor series for analytic functions. A real function u(x) is called analytic if 
it has derivatives of all orders such that the Taylor series at any point b in 
its domain 
=u () avn 
ur(x) = 5° (2 — 8)", (14.68) 


converges to u(x) in a neighborhood of b. For simplicity, the generic form of 
Taylor series at x = 0 can be written as 


u(x) = > Anx”. (14.69) 
n=0 


The Taylor series method, or simply the series solution method will be used 
in this section for solving nonlinear Volterra integro-differential equations. 
We will assume that the solution u(x) of the nonlinear Volterra integro- 
differential equation 


u™) (2) = f(x) + af K(a, t)F(u(t))dt,u™ (0) = klaz,0 << k < (n—-1), 


(14.70) 
is analytic, and therefore possesses a Taylor series of the form given in (14.69), 
where the coefficients a,, will be determined recurrently. 
The first few coefficients a, can be determined by using the initial condi- 
tions so that 
1 1 
ag = u(0), a1 = u'(0), ag = i u’(0),a3 = zt (9); (14.71) 
and so on. The remaining coefficients a, of (14.69) will be determined by ap- 
plying the series solution method to the nonlinear Volterra integro-differential 
equation (14.70). Substituting (14.69) into both sides of (14.70) gives 
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~ (n) : “ 
(>: at) = T(f(x)) +f K(a,t)F (>: at) dt, (14.72) 
k=0 0 k=0 


where T(f()) is the Taylor series for f(a). The integro-differential equation 
(14.70) will be converted to a traditional integral in (14.72) where instead of 
integrating the unknown function F'(u(x)), terms of the form ¢”, n > 0 will 
be integrated. Notice that because we are seeking series solution, then if f(x) 
includes elementary functions such as trigonometric functions, exponential 
functions, etc., then Taylor expansions for functions involved in f(a) should 
be used. 

We first integrate the right side of the integral in (14.72), and collect the 
coefficients of like powers of «. We next equate the coefficients of like pow- 
ers of x into both sides of the resulting equation to determine a recurrence 
relation in a;,j > 0. Solving the recurrence relation will lead to a complete 
determination of the coefficients a;,7 > 0, where some of these coefficients 
will be used from the initial conditions. Having determined the coefficients 
aj,j = 0, the series solution follows immediately upon substituting the de- 
rived coefficients into (14.69). 


Example 14.9 


Solve the nonlinear Volterra integro-differential equation by using the series 
solution method 


u(x) =1—e* +e + [ e* *(1 — u?(t))dt, u(0) = 1. (14.73) 


Substituting u(x) by the series 
1 (14.74) 
n=0 


into both sides of equation (14.73) leads to 


love) i 7 co 2 
(>. on = T,(1—e* + e?*) +f To(e™*) | 1- (>. ow) dt, 
0 n=0 


n=0 
(14.75) 
where 7; and T> are the Taylor series about « = 0 and about t = 0 respec- 
tively. Evaluating the integral at the right side, using aj = 1, we find 
a1 + 2agx + 3a3x? + dag? + 5a5a* +--- 


3 i ~lL 
=140+(F-a)ar+(Z 3% 3% su)" 


S. deg o 1 1 i F 
ale 8 rm 62 To” 9 %3 12 av 


| ee | Po 0 2 1 i : 
+ | —-—-—a —a —a =a =a aia —a —a1a2) 2 
Oo i Co” wo &° f° 5° i” mw 
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Equating the coefficients of like powers of x in both sides, and solving the 
system of equations we obtain 


1 
an =n > 0. (14.77) 
n! 
This gives the exact solution by 
u(a) =e”. (14.78) 


Example 14.10 


Solve the nonlinear Volterra integro-differential equation by using the series 
solution method 


u'(x) = cosa — > sin + = sin(22) + | cos(x — t)(1 + u?(t))dt, u(0) = 0. 
0 


(14.79) 
Substituting u(x) by the series 


u(a) = > Ant”, (14.80) 
n=0 


into both sides of equation (14.79) leads to 


/ 
= 1 
& ont =T; (cos xr > sin x+ 3 sin(2a) 
n=0 . ns 6 
+f (T2(cos(a — t)) | 1+ (> ot") dt, 
0 n=0 


where 7; and T> are the Taylor series about « = 0 and about t = 0 respec- 
tively. Evaluating the integral at the right side, using ag = 0, and proceeding 
as before we find 


(14.81) 


(-1)* 
n+1 = , Ayn = 0, n ZO. 14.82 
et = oe aay? e aan 
This gives the exact solution by 
u(a) = sina. (14.83) 


Example 14.11 


Solve the nonlinear Volterra integro-differential equation by using the series 
solution method 


ul (x) = 5e—sin X—COS 25 sin(2a)+ f(e—1)(1—u2(e)d u(0) = u'(0) = 1. 


(14.84) 
Substituting u(x) by the series 


u(x) = ba ant”, (14.85) 
n=0 


into both sides of equation (14.84) leads to 
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be ; ” ; . 1. 
at = 7) (Se —sine — cos. - zsin(2z) ) 
n=0 
x co 2 
+f ‘Coe oe ples (>. ot") dt, 
0 n=0 


where T; is the Taylor series about « = 0. Evaluating the integral at the right 
side, using ag = 1, a, = 1, and proceeding as before we find 
ie 2 ee 
a2n = (2n)! »42n+1 = (Qn + bla n 


Consequently, the series solution is given by 


= =i)" 2n — =1)* 2n+1 
u(x) = 2 a an +S" Sean ae (14.88) 


n=0 


(14.86) 


30: (14.87) 


that converges to the exact solution 
u(x) = cosa+ sing. (14.89) 
Example 14.12 


Solve the nonlinear Volterra integro-differential equation by using the series 
solution method 


ul" (2) = 2sec” x(1 + 3tan” x) — tanz 4 | (1 + u?(t))dt, (14.90) 
0 


with initial conditions u(0) = w’(0) = 0, u’/(0) = 1. Substituting u(a) by the 
series 


wa= > aye", (14.91) 
n=0 


into both sides of equation (14.90), evaluating the integral at the right side, 
using dg = a2 = 0,a, = 1, and proceeding as before we find 


1 2 
a, =1, a= Ba ap — Fe 
(14.92) 
ul 0 k>0 
a = a = a ; 
oF oie 
Consequently, the series solution is given by 
1, 2, 17 
= = —7r + — vee 14.93 
u(a) w+ se + 752 + 375% fee, ( ) 
that converges to the exact solution 
u(a) = tana. (14.94) 


Exercises 14.2.3 


Solve the following nonlinear Volterra integro-differential equations by using the series 
solution method 
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1. u(x) = —a2 + tanh x(1 —sech x) 4 | (1 — u?(t))dt, u(0) =1 
) 


1 x 
2. u' (x) = -32 + cosh x + Z sinh(22) +f (1 — u?(t))dt, u(0) =0 
0 
/ 1 p Ls 7 2 
3. u' (x) = oa + cos x +4 z sina) (a — t)(1— u*(t))dt, u(0) = — 
0 


4. u'(x) =1—2coshz +f e* tty? (t)dt, u(0) =1 


5. u(x) =1—-2sinha+ | e?+*u2(#)dt, u(0) =1, w’/(0) =- 


— 
8 


> 


u''(w) = 1+ e"(1— 2x) — e?* 4 a e* tu? (t)dt, u(0) = 2, u’/(0) =1 


el 


ul’ (a) = Qve” + 2” + i. e*—*(1— uP (t))dt, u(0) = 2, u/(0) =u’"(0) = 1 
) 
8.ul" (x) = -32 — 8cos(2a) — 5 sin(4) + [a — u?(t))dt 
u(0) = u’’(0) = 0, u’(0) = 2 


14.3 Nonlinear Volterra Integro-Differential Equations 
of the First Kind 


The standard form of the nonlinear Volterra integro-differential equation [1— 
3] of the first kind is given by 


I, Ky(x,t)F (uioat +f K2(a, thu (t)dt = f(x), (14.95) 


where u)(a) is the i th derivative of u(a). For this equation, the kernels 
Kyi (a,t) and K2(a,t), and the function f(x) are given real-valued functions, 
and F'(u(a)) isa nonlinear function of u(a). For the determination of the exact 
solution, the initial conditions should be prescribed. The nonlinear Volterra 
integro-differential equation of the first kind (14.95) can be converted to a 
nonlinear Volterra integral equation of the second kind by integrating the 
second integral in (14.95) by parts. The nonlinear Volterra integro-differential 
equations of the first kind will be handled in this section by the combined 
Laplace transform-Adomian decomposition method and by converting it to 
a nonlinear Volterra integro-differential equation of the second kind. 


14.3.1 The Combined Laplace Transform-Adomian 
Decomposition Method 


The combined Laplace transform-Adomian decomposition method was used 
in the previous section for solving nonlinear Volterra integro-differential equa- 
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tions of the second kind. The analysis will be focused on equations where the 
kernels Ay (x,t) and Ko(a,t) of (14.95) are difference kernels. This means 
that each kernel depends on the difference (a — t). Recall that the Laplace 
transform of the convolution product (fi * f2)(a) is given by 


L{(fi * fa)(x)} =L {/ file - nploar} = F,(s)F)(s). (14.96) 
Recall that 
L{u™ (x)} = s"L{u(x)} — s"~4u(0) — s"~2u'(0) — --- ul" (0). (14.97) 
Taking Laplace transform of both sides of (14.95) gives 
L{K (a —t) * F(u(2))} + L{Ko(a — t) *u(x)} = L{(F(@)}, (14.98) 
so that 
Ki(s)L{F(u(a))} + Ko(s)L{u (x)} = 4(s), (14.99) 
where 
o(s) = L{f(x)}, Ki(s) = L{Ki(2)}, Ka(s) = L{Ko(2)}- (14.100) 
Using (14.97) and solving for U(s) we find 
(8) + Ko(s)P(s) — Ki(s)L{F(u(@))} 


U(s) = s'K(s) ’ 


(14.101) 


where . | 
I'(s) = s'-tu(0) + s*-2y/ (0) ee ul) (0), 


U(s) = Lf{u(ax)}. 


The combined Laplace transform-Adomian decomposition method can be 
used effectively in (14.101) provided that 


_  Ki(s) 
jim, Sew 7° (14.103) 
To overcome the difficulty of the nonlinear term F'(u(a)), we apply the 
Adomian decomposition method for handling (14.101). To achieve this goal, 
we first represent the linear term u(a) at the left side by an infinite series of 
components given by 


(14.102) 


u(a) = S> un(2), (14.104) 
n=0 


where the components u,(a), > 0 will be recursively determined. However, 
the nonlinear term F'(u(x)) at the right side of (14.101) will be represented 
by an infinite series of the Adomian polynomials A,, in the form 


F(u(z)) = >> An(2), (14.105) 
n=0 


where the Adomian polynomials A,,,n > 0 are given by 


La ae 
arc [ (x ui) ona one (14.106) 
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Substituting (14.104) and (14.105) into (14.101) leads to 


£ 2 ence} = <u(0) + ul(0) +--+ Su) + Sos) 


- 20 3 auto) 
= (14.107) 


The Adomian decomposition method admits the use of the following re- 
cursive relation 


Uo(s) = ~u(0) + Sw/(0) +--+ + su-Y0) + + — 418), 
8 8 8 8'K2(s) (14.108) 
K1(s) ‘ 
Lftipgi(e)} = ~FKa(y ae k > 0, 
provided that 
Ris). 2%, (14.109) 


ca 8'K2(s) 


For example if K2(x,t) = cosh(# — t), Ky(a#,t) = « —t , and the equation 
includes u’(), then 


62 


lim 
8—Oo s2 — 1 


=1. (14.110) 


In such a problem, the combined Laplace transform-Adomian decomposition 
method cannot be used. Instead another approach should be used to handle 
this case. 

Applying the inverse Laplace transform to the first part of (14.108) gives 
uo(x), that will define Ap. This in turn will lead to the complete determi- 
nation of the components of uz, & > 0. The analysis presented above will be 
illustrated by the following examples. 


Example 14.13 


Solve the following nonlinear Volterra integro-differential equation of the first 
kind by the combined Laplace transform-Adomian decomposition method 


7 ? fe 1 
/ (o—tu(nae+ f (x —t)u'(t)dt = A + ae —cosx+ 3 cos(2x), u(0) = 0. 
0 0 
(14.111) 
Taking Laplace transforms of both sides gives 
1 1 6 1 8 8 
Liu? + (sU(s) — u(0)) = — + — - =—— + — — , (14.112 
s? eau s? ets) 8) 8s 7 253s? +1 us 8(s2 +4)’ ( ) 


where by using the given initial condition and solving for U(s) we obtain 
t 1 s? s? 
8732 BHI” B44) 
Substituting the series assumption for U(s) and the Adomian polynomials 
for u?(x), and using the recursive relation (14.108) we obtain 


U(s) = - ~£{u?}(s). (14.113) 
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Uo(s) 7 * 1 s? i s? 
o(s) = =+=>5-—3——— + > 
8 2s? s?4+1  8(s2+4) (14.114) 


Lfunsa(o)} = Lf A(a)}, b> 0. 


Taking the inverse Laplace transform of both sides of the first part of (14.114), 
and using the recursive relation (14.114) gives 


7 
ug(z) = x + saY — Tow? + ; 
1 1 
u(x) = =e — EB” fee, (14.115) 


2 
ua(z) = Fear te: 


The series solution is therefore given by 


1 1 
u(x) =u — qt tae : (14.116) 
that converges to the exact solution 
u(a) = sina. (14.117) 


Example 14.14 


Solve the following nonlinear Volterra integro-differential equation of the first 
kind by the combined Laplace transform-Adomian decomposition method 


mA 2 1 1 1 
| (a — t)u?(t)dt +f e* tu! (t)dt = —— — =a + ze” + —e”", u(0) = 
: ; 4 2 4 
(14.118) 
Taking Laplace transforms of both sides gives 
1 a 1 1 8 1 
—Lfu7V(: U(s) — u(0)) = —— — — + ——— + ———_ 
pee) s OU) tO) ae ae ae) 
(14.119) 
where by using the given initial condition and solving for U(s) we obtain 
1 s-1l 1 1 8 1 s—1 
U(s)=- es yg) 
(s) 8 = 8 ( 4s 2s? a (s— 1) * A(s — 5) 38? 1 He) 
(14.120) 


Substituting the series assumption for U(s) and the Adomian polynomials 
for u?(ax), and using the recursive relation (14.108) we obtain 


1 s—l 1 1 Ss 1 
a= 3 (-h-ss+ ptm): (4.121) 
L{ursa()} =-S-L{Ai(@)}, 20. 


Taking the inverse Laplace transform of both sides of the first part of (14.121), 
and using the recursive relation (14.121) gives 
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1 1 1 
u(t) =1+at+a?+oa% + oat + 2° 4 ; 
1 1 1 1 
uy(“) = st ru ae Dp” free, (14.122) 
Deg te 
ua(x) = 75% + 592 fore. 
The series solution is therefore given by 
1 1 1 
ula) =1l+a+27 4 Thal az Tl pose, (14.123) 
that converges to the exact solution 
u(x) =e”. (14.124) 


Example 14.15 


Solve the following nonlinear Volterra integro-differential equation of the first 
kind by the combined Laplace transform-Adomian decomposition method 
| (a — t)u?(t)dt + : (x — t)u’(t)dt = — + re, + cos(2x) — = cos? (22), 
0 0 16 4 16 
(14.125) 
where u(0) = 1, u’/(0) = 0. Taking Laplace transforms of both sides and using 
the initial conditions we obtain 


U(s)== c{ = ae +cos(2x) — oon) -— Shu Hs) (14.126) 


16 4 
Proceeding as before leads to 


3 1 4 
uo(x) = 1— <2? + set + aS +... , 


2 3 45 
1 1 7 
ui(x) = ha | rh mt | ; 
(14.127) 
ug(%) = at + Eee 
12 15 
1 
= —— ei tn. 
us(x) _ 7" ai ’ 
The series solution is therefore given by 
1 1 1 
u(x) =1—- 5 22)” ~ qen) - an)” fee, (14.128) 
that converges to the exact solution 
u(x) = cos(22). (14.129) 


Example 14.16 


Solve the following nonlinear Volterra integro-differential equation of the first 
kind by the combined Laplace transform-Adomian decomposition method 

sg i 1 1 1 
| (x — tur(eyat+ f (x —t)u'(t)dt = -- — 324 rial + 3sinha+ ri cosh? x, 
0 0 


4 
(14.130) 
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where u(0) = 1, u’/(0) = 1. Taking Laplace transforms of both sides and using 
the initial conditions we obtain 


1 1 1 1 1 1 
U(s)=-+5+L{-= — 324+ —2? +3sinhz + — cosh? x} — —L{u?}(s). 
ss? 4 4 4 s? 
(14.131) 
Proceeding as before leads to 
1 1 1 1 
uo(z) =1+a+ 5a? + 52° + at + Ta" 4 ; 
1 1 1 1 
uy(“) = st zr al to” free, (14.132) 
ee ce 
U2(x) = wy® tye te: 
The series solution is therefore given by 
1 1 
that converges to the exact solution 
u(z) = 1+ sinha. (14.134) 


Exercises 14.3.1 


Solve the following nonlinear Volterra integro-differential equations of the first kind 
by using the combined Laplace transform-Adomian decomposition method 


° : ° —t)u’ = peer eee Epon i = 
1. [(@e— ou (a+ [Ce t)u’ (t)dt : : F (2x), u(0) =1 


4 


e 2 1 1 1 
2. f (wt ar+ | (a — t)u’ (t)dt = —~ — 2 + a2? + sinha + —cosh(2z), 
‘ . 8 4 8 


u(0) = 1 


w 


= a 1 1 1 
: | (x — uae + | (a — t)u’ (t)dt = 1 — 2 + —x? + sina — cosx — — sin(2z), 
" " a 8 4 
u(0) = 1 


> 


‘ e® tu? (t)dt +f e*— tu! (t)dt = —1 + 3re” + e?”, u(0) = 2 
0 0 


5. | e* tu? (t)dt +f e* tu!’ (t)dt = —4 + 3e” + 5are” + e?”, u(0) = 3, u’/(0) = 1 
0 0 
. 2 ad vt 1 1 2 * 

6. (a — t)u*(t)dt + (a — t)u’’(t)dt = 2x + —x* + sin(2x) 


1 
eT cos? x, u(0) = 0, u/(0) = 2 


% 2 7 ” — a u = au! = 
id [ (x — t)u? (t)dt 4 [ (2 —t)u' (t)dt =a 5G ® u(0) =0, u’(0) =0 


oe & 1 4 1 
8. / (a — t)u3(t)dt + | (x — t)u’’(t)dt = a —a2 +e" + 3”, 
6 , 9 3 9 


u(0) =1, u/(0) =1 
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14.3.2 Conversion to Nonlinear Volterra Equation of 
the Second Kind 


In this section we will convert the nonlinear Volterra integro-differential equa- 
tion [1-3] of the first kind 


a Ky(a,t)F (uio)ae+ Ko(z, t)u\ (t)dt = f(x), Ko(x,x) 40, 


(14.135) 
to a nonlinear Volterra integral equation of the second kind or nonlinear 
Volterra integro-differential equation of the second kind. Without loss of gen- 
erality, we will study the cases of the first and second order derivatives of the 
form 


a Ki(a2,t)F (u(oae+ Ko(a,t)u' (t)dt = f(x), Ko(a,x) 40, (14.136) 
and 
[ Ki (a2, t)F (uioaes [ Ko(a,t)u"(t)dt = f(a), Ko(a,x) 40. (14.137) 


However, equations of higher order can be handled in a similar manner. 
Integrating the second integral in (14.136) by parts gives the nonlinear 
Volterra integral equation 
” OKo(a,t 
he Ki (a, t)F(u(t))dt + Ko(a,x)u(x) — Ko(x,0)u(0) — ee) 


u(t)dt 
a ao 


or equivalently 
= f(z) K2(x,0) 0 Oe) (a, t)) 
“= eat Res men h uae 


-zeaf Kyi(a,t)F(u(t))dt, Ko(x,x) £0. 


Equation (14.139) is the nonlinear Volterra integral equation of the second 
kind that was handled in this chapter by distinct methods. 

In a like manner, we integrate the second integral in (14.137) by parts to 
obtain the nonlinear Volterra integro-differential equation of the second kind 


[wu Kile DP Oi) dit Ke Bulle) — K(@,yut(0) 


(14.139) 


—_ (14.140) 
~ le gar K2(2,2) #0. 
(0) 


or equivalently 
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f(z), K2(a,0) 
Ko(a,x) Ko(x,2) 


1 ax 
Tea) | Ki(o,t)F(u(t))dt, Ko(x,2) £0. 


It is important to notice that if the nonlinear Volterra integral equation of 
the first kind contains the first derivative of u(x), then the conversion process 
will give a nonlinear Volterra integral equation of the second kind as shown 
by (14.139). However, if the nonlinear Volterra integral equation of the first 
kind contains u“(2x),i > 2, then integrating the second integral once will 
give a nonlinear Volterra integro-differential equation of the second kind as 
shown by (14.141). Both types of equations were examined before. 

In what follows, the first two illustrative examples will be handled by the 
modified decomposition method and the other two examples will be handled 
by using the variational iteration method. Other methods can be used as 
well. 


Example 14.17 


! = ! 1 7 O(Ko(a, t)) / 


(14.141) 


Convert the nonlinear Volterra integro-differential equation of the first kind 
| (o—tuP(eaee f e” *u! (t)dt = pete PL Be: u(0) = 1, (14.142) 

0 0 4 4 2 

to a nonlinear Volterra integral equation of the second kind and solve it. 
Integrating the second integral by parts, using the initial condition, and 

solving for u(a) we find 

ae | (a—t)u?(t) at— | e*‘u(t) dt. (14.143) 

4 4 2 0 0 

We select the modified decomposition method, therefore we use the recurrence 

relation approximations 


uo(a) = e* + we”, 


1 1 1 “ eee 
ui(x) = —e?® ——-— =a | (a — t)ua(t)dt -f e*—*u9(t)dt, (14.144) 
4 12° J. 
= — per pare, 
Canceling the noise term xe” from uo(x) gives the exact solution 


u(x) =e”. (14.145) 
Example 14.18 
Convert the nonlinear Volterra integro-differential equation of the first kind 
[ u?(t) ars [ (e141) u’(t) dt = sinz+cos att sin(22)—1—S2, u(0) = 1, 


(14.146) 
to a nonlinear Volterra integral equation of the second kind and solve it. 
Integrating the second integral by parts, using the initial condition, and 
solving for u(a) we find 
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1 1 x x 
u(x) = sinxz + cosa + a sin(2xr) + 52 / u?(t) dt — | u(t) dt. (14.147) 
0 0 


We again select the modified decomposition method, therefore we use the 
recurrence relation approximations 


uo(x) = sina + cosa, 
1 . x x 
ur(x) = qsnz) +=-2 -| ua(t)dt a uo(t)dt, (14.148) 


=—sing+::-. 
Canceling the noise term sina from uo(x) gives the exact solution 
u(x) = cosa. (14.149) 
Example 14.19 


Convert the nonlinear Volterra integro-differential equation of the first kind 
| wpe | (x—t+1)u" (t)dt = sin 2—cos—7 sin(2x)+1+ 52, (14.150) 
0 0 


with u(0) = u’(0) = 1, to a nonlinear Volterra integro-differential equation 
of the second kind and solve it. 

Integrating the second integral by parts, using the initial conditions, and 
solving for u(a) we find 


1 x x 
u(r) = 24 se + sin z—cos & sina) — w(tae— f u'(t)dt. (14.151) 
0 0 


This equation will be solved by using the variational iteration method. The 
correction functional for this equation is given by 


Un+1(2) = Un (x) 
: / 3 <3 | | LA ‘ / 2 
- | (“00 2 at sint+ cost 4 singe) +f (uh(r) + u2(r))dr) dt. 
(14.152) 


We can use the initial conditions to select uo(x) = 1+a. Using this selection 
into the correction functional gives the following successive approximations 


uo(x) =1+ 2, 
1 1 
u(“) =1+2 a? a ial Fetetitiy 
1 1 (14.153) 
ug(a) =1l+2 rll ar 
1 1 
u3(z) =14+a Tal ge 
and so on. The VIM gives the exact solution by 
u(z) =1+sinz. (14.154) 


Example 14.20 


Convert the nonlinear Volterra integro-differential equation of the first kind 
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x xz 3 1 
| (t? — u?(t)) dt +f e* fu" (t) dt = -— + e7 (2-2) ae (14.155) 
0 0 

with u(0) = 1, u’(0) = 2, to a nonlinear Volterra integro-differential equation 
of the second kind and solve it. 

Integrating the second integral by parts, using the initial equation, and 
solving for u(a) we find 

3 1 x x 
u(x) = 5 te" (4—z) 5° | (t?-u?(t)) arf e” ul (t) dt. (14.156) 
0 0 

This equation will be solved by using the variational iteration method. The 
correction functional for this equation is given by 


Un+1(2) = Un(z) . 
-f (wc : e'(4—t)4 so ce u2(r) + ef Tul (r ))r aie 
(14.157) 


Using the initial conditions to select uo(#) = u(0) + xu’(0) = 1+ 22, we 
obtain the following successive approximations 


uo(“) = 1+ 22, 
1 1 1 
ui(“z) = 14 2a ka Thal a free, 
Lo its t is 
1 1 1 
u3(v) = 14 22 Tl Theil Tal mee, 
1 1 1 1 
ua(a) = 1+ 2x Thal Thal a ee 
and so on. The VIM gives the exact solution by 
u(z) =a+e". (14.159) 


Exercises 14.3.2 


In Exercises 1—4, convert nonlinear Volterra integro-differential equations of the first 
kind to nonlinear Volterra integral equations of the second kind and solve the resulting 
equations by any method 


Hi xz 1 
1: [ (cosh? ¢ — u?(t))dt +/ cosh(x — t)u’(t)dt = —x — 2sinha + Cla sinha, u(0) = 2 


1 
2. (cos? t — u? wars f° cos(x — t)u’ (t)dt = —x — 2sinx — gz aing, u(O) = 2 
) 


2 42 * j-th! _ 5 L et x 1 (oe u — 
3. ia (t wae | (t)dt = —> + €*(3— 2) — 5e*, u(0) = 1 


4. | a-we@par+ [ cos(x — t)u’ (t)dt = 9 tine(2sine +2 + 1) + gt cose, 
0 0 


u(0) = — 
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In Exercises 5-8, convert nonlinear Volterra integro-differential equations of the first 
kind to a nonlinear Volterra integro-differential equations of the second kind and solve 
the resulting equations by any method 


5. / (u?(t) — 1)dt + | cos(a — t)u’’ (t)dt = 5 sina(2sina — a —1)— gt cose, 
0 0 


u(0) =1, w’(0) =1 
6. | (sin? t — u?(t))dt +f cos(x — t)u’’(t)dt = — 5x8 - xC + 4)sinz 
) 0 


+2xcosx, u(0) =0, u’/(0) = 2 


7 | eo? *tu? (t)dt +f e®~2!y"’ (t)dt = Sze”, u(0) = 1, u’(0) =2 
0 0 


= 2 * — ty” __i 2 
8. [ (a — t)u war [ cosh(x — t)u’’ (t)dt ra ) 


al 1 
+5 esinh« + Z cosh? x, u(0) = 0, u’(0) =1 


14.4 Systems of Nonlinear Volterra Integro-Differential 
Equations 


In this section, we will study systems of nonlinear Volterra integro-differential 
equations of the second kind given by 


u(e) = filo) + f ( Kila.) Fi(u(d) + Bile, (o(8)) at 
: (14.160) 


(a) = fale) + f° (Kalast)Fa(u(t)) + Rale,t)Fa(o() at 


The nonlinear functions Fj, F;,i = 1,2 of the unknown functions u(x), v(x) 
occur inside the integral sign whereas the derivatives of u(x), u(x) appear 
mostly outside the integral sign. The kernels K;(a,t) and K;(z,t), and the 
functions f;(x),i = 1,2 are given real-valued functions. To determine the 
exact solutions for the system (14.160), the initial conditions w¥~!)(0) and 
vI-)(0),1 <j <i should be prescribed. 

There is a variety of numerical and analytical methods that are usually 
used for solving the systems of nonlinear Volterra integro-differential equa- 
tions (14.160). However, in this section, we will concern ourselves with two 
methods, namely the variational iteration method and the combined Laplace 
transform-Adomian method. 
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14.4.1 The Variational Iteration Method 


The variational iteration method (VIM) was used to handle Volterra integral 
equations and Volterra integro-differential equations. The method provides 
rapidly convergent successive approximations of the exact solution if such a 
closed form solution exists, and not components as in Adomian decomposi- 
tion method. The variational iteration method handles linear and nonlinear 
problems in the same manner without any need to specific restrictions such as 
the so called Adomian polynomials that we need to express nonlinear terms. 

The correction functionals for the Volterra system of integro-differential 
equations (14.160) are given by 


uinsala) = unl) + fA (Wo - 1 f “ntt.ridr) at, 


7 (14.161) 
Vv. 1( 0) = Un\ x py — J2 = 2 Yr )ar . 
nea(e) =ente) + [XO (oH - 0 — frelnar) a 
where 
nalts7) = Ka(tsr)Fa(Gn(r)) + Balt) Fi(@a(r)), on 
Y2(t,r) = Ko(t,r)Fo(tin(r)) + Ko(t,r)Fo(On(r)). 


The variational iteration method is used by applying two essential steps. It 
is required first to determine the Lagrange multiplier \ that can be identified 
optimally via integration by parts and by using a restricted variation. Having 
determined, an iteration formula, without restricted variation, should be 
used for the determination of the successive approximations un+1(x),n > 0 
and Un+1(2),n > 0 of the solutions u(a) and v(x). The zeroth approximations 
uo(x) and vo(a) can be any selective functions. However, using the initial 
conditions are preferably used for the selective zeroth approximations ug and 
vo(a) as will be seen later. Consequently, the solutions are given by 


u(z) = lim up(x), v(x) = lim vp(x). (14.163) 
The VIM will be illustrated by studying the following systems of nonlinear 
Volterra integro-differential equations of the second kind. 


Example 14.21 


Use the VIM to solve the system of nonlinear Volterra integro-differential 
equations 


u (#2) =1—24 52? a fe — t)u?(t) + v?(t))dt, 
; : oe (14.164) 
u(x) =—-l-« ae a / (u(t) + (a — t)v?(t))dt, 


where u(0) = 1, (0) = 1. The correction functionals for this system are 
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(14.166) 


and \ = —1 for first order integro-differential equation. 
Selecting wo(x) = u(0) = 1 and vo(x) = v(0) = 1 gives the successive 
approximations 


uo(z)=1, (rz) =1, 

ui(z) =1l+a4 3° a! at" 

n(2) =1-2—50°— Za ; 

Ug(@) =1+a €a 50°) (; P =) =o ; 
vg(z) = 1-2 €a 50°) Ca z0') =o , 
w(e) <1 (Ta Ta?) be, 


1 1 
u3(a) = 1l-a+ (G°- a") fore, 


and so on. It is obvious that the noise terms appear in each approximation, 
hence the exact solutions are given by 


(u(x), o(@)) = (14+a,1—2). (14.167) 
Example 14.22 


Use the VIM to solve the system of Volterra integro-differential equations 


1 1 3 . 
u! (x) = e® — =e**® — =r4 +24 —-4 | ((a — t)u? (t) + (a — t)v?(t))dt, 
2 6 rae A 
vu'(x) = Te” — 4xe® — 4a —7+ , ((a — t)u? (t) — (a — t)u?(4)) dt, 
0 
(14.168) 
where u(0) = 1,v(0) = —1. The correction functionals for this system are 


given by 
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ss a 1 3 
Un4i(L) = Un(2x) -f (“00 eg Spe ni) dt, 
- 5 6 2 
Un41(Z) = Un(x) — | (vj, (t) — Te’ + 4te’ + 4t + 7 — I2(t)) dt, 
0 
(14.169) 
where ‘ 
n(t) = f (t= nuk() + = nek), 
i (14.170) 
in(t) = f (t= nub (v) = = nek (r)ar, 
0 
and \ = —1 for first-order integro-differential equations. 

We can use the initial conditions to select uo(#) = u(0) = 1 and 
vo(a) = v(0) = —1. Using this selection into the correction functionals gives 
the following successive approximations 

uo(z) =1, vo(x%) = —1, 
eT Se ae ee 
u(t) =1+2e+ > @ ror a 720” IP ee 
1 1 5 3 
= 1 ae ee: pt ye fe iieed 
va(z) a BI aa a9" 
1 1 1 1 
uo(z) = 1+ 224 Thal ae a ae 
1 1 1 1 
vo(x) = —(1+ Thal oF Thal + ae oF Ae +++), 
and so on. The exact solutions are therefore given by 
(u(x), v(a)) = (aw +e”, x — e”). (14.171) 


Example 14.23 


Use the VIM to solve the system of nonlinear Volterra integro-differential 
equations 


1 1 1 
u(x) = coshz — 5 sinh? x — gu — =x 


+[@ — t)u*(t) + (@ — t)v?(t))dt, u(0) =1, w'(0) =1, 
0 
v(x) = —(14+ 42) coshaz + 8sinha — 4a 


+ [Ca — t)u?(t) — (a — t)v?(t))dt, v(0) = —1, v'(0) = 1. 
0 


(14.172) 
The correction functionals for this system are given by 
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tin a(@) = tin (@) 


sf 1 1 1 ‘ 
+f (¢— 2) ( u(t) — cosht + =sinh?¢+ =¢4 + =? -f I,(t,r)dr } } dt, 
. 3 6° 2 . 


Unti(L) = Un(2) (14.173) 
x t 
+f (( —2) (mo + (14 4t) cosht — 8sinht + 4¢ — | In(t, rar) ) dt, 
0 0) 
where 


I(t,r) = (t-—r)u?(r) + (t—r)v7(r), 
In(t,r) = (t—r)u2(r) — (t— r)v?(r). 


and \ =¢t—« for second-order integro-differential equation. 
Using uo(x) = 1+ and vo(x) = —1+-2@ gives the successive approximations 


(14.174) 


u(x) =1l+2, vo(a) =—-l+a, 


1 1 
ui(a) = 1 B+ Sa + oa" —— 78 aes, 


2 ie 
a” A” ~ 797 7 
1 


1 1 
w(x) = 2+ (2 Thal rita Am o), 


ui(a) = -l+2 


1 1 1 
v2(“) = x (1 Thal rk Am ~), 


and so on. The exact solutions are therefore given by 
(u(x), v(a)) = (a + cosh a,x — cosh). (14.175) 
Example 14.24 


Use the variational iteration method to solve the following system 
22 4a 
3 
ul" (v2) =e" + =( —1)+ (82 —1)+ giz t 1) 


+ [Ce — 2t)u?(t) + (x — 4t)v(t))dt, u(0) =1, u’(0) = 1, 
0 
cot 


6 
+[@ — At)v?(t) + (a — 6t)w?(t))dt, v(0) =1, v’(0) = 2, 
0 


(5a —1)+ DiGi 1) 


Aa 
vl (x) = 4e27 + > (32 —1)+ 7) 


7 - ez eo 2 
w(x) = 9e +a @-)+ | be-)+g@+)) 


+f — 6t)w?(t) + (a — 2t)u?(t))dt, w(0)=1, w'(0) = 3. 
(14.176) 


We select the zeroth approximations as u(x) = 1+ x, vo(a) = 1+ 2a” and 
wWo(a) = 1+ 3a. Proceeding as before, we obtain 


14.4 Systems of Nonlinear Volterra Integro-Differential Equations 455 


Uo(a) =1+a, vole) =1+22, wo(x) =1+4 32, 
1 1 1 1 

u(x) =1+a+ Thal | Thal | az | Ala frre, 

1 1 1 1 
vi(a) = 1+ 2a 5 2)” + 322) + qen)" + 5 (20) free, 

1 1 1 1 
wi(“%) = 1432 5 8a)” + 382)" + q ee)" + 7 32)” fee, 

The exact solutions are therefore given by 
(u(x), v(2), w(2)) = (€*, ee), (14.177) 


Exercises 14.4.1 


Use the variational iteration method to solve the following systems of nonlinear 
Volterra integro-differential equations 


/ = | ae | 2 w® 4 ° x wu VU 
ee ee 2t)(u2(t) + v(¢))at 
1 , 7 al _ 2 aes iy - - pe 
v' (x) = —2x ral rig aa [ (x — 2t)(u(t) + v*(t))dt 
u(0) = 1, v(0) = 


u' (x) = 14 3a? 37 28 | [e 2t)(u?(t) + v?(t)) dt 


v(x) = 2? + —7% 4 ; x u2(t) — v2 
eeiss [ (a — 2t)(u?(t) — v?(t))at 
u(0) = 0, v(0) =0 


= et 2c 424 | e*—*(u2 (t) + v7 (t))dt 
0 


ul (x — 

3. v' (x) = —e® — 4re” * ent u(t) — v2 

( aver + fe "(u2) — v*(0))at 
u(0) = 2 v(0) =0 

| u/(v) = 1+ 7 sina — - sin(2”) — 4a + a cos(a — t)(u(t) + v?(t))dt 


v'(x@) = 1+(2—2%)sine—ceose+ [ sin(a — t)(u?(t) — v?(t))dt 


u(0) =1, v(0)=-1 


Me = ae? x 24 { ee u(t) — v7 
ul (a) = 2-2 2x3 = 7k t+1)(u?(t) (t))dt 


ie) =—34 = =a! [fe 2t)(u2 (t) — v2(¢))dt 


u(0) = u’(0) = 1, v(0) =1, v’(0) = —-1 
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u(r) = ; sing 4 : sin(2x) — 4a 4 i. cos(a — t)(u?(t) + v(t))dt 
vu" (“) = 


(1—2)sing +2? cosx + I sin(a — t)(u?(t) — v?(t))dt 


u(0) = 0, u’(0) = 2, v(0) = v’(0) =0 


u(x) = (1 — 2x)e” © en—2t u? v 
(x) = (1 = 2n)e* + [ (u2(t) + v(2))dt 
yl! 2) = e2r — Qre® + ‘ et 4tyy2 et —3tay d 

(2) = de — ane + f (et tte (t) + eS u(d) at 
w(x) = ede — Wet + = er — Stay? er —ty 

ioe [ ( (t) + (t)) at 

(0) = u'(0) =1, v0) =1, 0'(0) =2, (0) <1, wid) =3 
uw (a) = e* 4 S (w— 1) + e4*(8e — 1) + 5(@ +1) 


+ - (a — 2t)u2(t) + (w — 4t)v2(t)) at 
0 


3eS* 5 
5a —1)- 
2 ( )4 2 


+ [ ((x — 4t)v?(t) + (a — 6t)w?(t)) dt 
0 


v(x) = Be2r } 


x 6a 
wa) = 27e8® +(e 1) 4 3 ee 1) 42(@ +) 
2 2 


+ [ ((a — 6t)w?(t) + (a — 2t)u?(t)) at 
0 


u(0) = u’(0) = 1, v(0) = 1, v’(0) = 4, w(0) = 1, w’(0) =9 


14.4.2 The Combined Laplace Transform-Adomian 


Decomposition Method 


The combined Laplace transform-Adomian decomposition method was used 
in this chapter to handle nonlinear Volterra integral equations where it 
worked effectively. We will use the combined Laplace transform-Adomian de- 
composition method to study systems of nonlinear Volterra integro-differential 


equations of the second kind 


u(0) = fle) + fale. OR (ud) 4 


| Ki (x,t) Fi(v(t))) de, 


(a) = fale) + [Kale )Falut))- 


+ Ko(a, t) Fo(v(t)))dt. 


(14.178) 


The nonlinear functions F;, F;,i = 1,2 of the unknown functions u(x), v(x) 
occur inside the integral sign whereas the derivatives of u(a) and v(a) appear 
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mostly outside the integral sign. The kernels A; (x,t) and K; (a, t), and the 
functions f;(x),i = 1,2 are given real-valued functions. 

We will consider the kernels K;(x,t) and Kj(x,t) as difference kernels 
where each kernel depends on the difference x — t. To determine the ex- 
act solutions for the system (14.178), the initial conditions u/—)(0) and 
vJ-Y(0),1 < j <i should be prescribed. 

To use the combined-Laplace transform-Adomian decomposition method, 
recall that the Laplace transforms of the derivatives of u(x) are given by 


L{u (x)} = s*L{u(x)} — s*-!u(0) — s*-2u/(0) —--- — ul" (0). (14.179) 
Applying the Laplace transforms to both sides of (14.178) gives 
s'L{u(x)} — s*-tu(0) — s*-2u’(0) —--- - w—9(0) 7 

= L{Ale)) + Ke Ful) + Bale) AON 4 190) 

s'L{v(x)} — s*~1v(0) — s*-2u’(0) — + = uf )(0) 7 

= Lt f(a) } + L{Ko(a — t) * Fo(u(t)) + Ko(a — t) * Fo(v(t))}, 


or ani 


£{u(2)} = <u(0) + ul(0) +--+ SuY(0) + SL{ Ala} 
sige —t) *« F\(u(t)) + Ky (x — t) « Fy(v(t))}, 
1 s 1 1. l (14.181) 
L{vu(x)} = m0) + a2 (0) +.--+—v =) + wht he(x)} 


st 


1 ~ ws 
+ Gt Kale —t) * Fo(u(t)) + Ko(x —t) * Fo(v(t))}. 
To overcome the difficulty of the nonlinear terms F;(u(a)),i = 1,2, we apply 
the Adomian decomposition method for handling (14.181). To achieve this 
goal, we first represent the linear terms u(a) and v(a) at the left side by an 
infinite series of components given by 


u(x) = 7 un(a aaa Un (a (14.182) 


n=0 n=0 
and the nonlinear terms ae at. the right side of (14.181) by 


= Agta), An = < SS = ,n=0,1,2,--- ; 
n=0 y=0 


(14.183) 
where the Adomian polynomials A,,,n > 0 can be obtained for all forms of 
nonlinearity. 

Substituting (14.182) and (14.183) into (14.181) leads to 
1 1 ep 1 
é {Sounter} = <u(0) + Gu'(0) +--+ Su (0) + SLL fila} 
8 8 8 


Ss 


+oL{ Kala _— t)kL > auto) 


n=0 
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+o Bila _— t)}L > Auto| ’ 


n=0 


L > eto} = ~v(0) + =v'(0) feet Sv-0(0) + S Lt folo)} 
n=0 


+L Kala ae »» nate) 
n=0 

+e Rola a es {> auto) 
n=0 


(14.184) 
The Adomian decomposition method admits the use of the following recursive 
relations 


£{uo(2)} = <u(0) + Gu'(0) +--+ uO) + SLAC} 


£{upsr(0)} = {Ka (a — 1) Lf An(a)} + SLR (a — HC Ae(0)}, 
and 


£{v9(2)} = =0(0) + o'(O) +--+ GUO) + SLE fo), 


L{vvyi(2)} = GLE Kole — )}L{Bu(x)} + SL Role — )}L{Bu(2)} 
(14.185) 

for k > 0. The necessary conditions presented in Chapter 1 for Laplace trans- 
form method concerning the limit as s — oo, should be satisfied here for a 
successful use of this method. Applying the inverse Laplace transform to the 
first part of (14.185) gives uo(a) and vo(x), that will define Ao, Ao, Bo, Bo- 
This in turn will lead to the complete determination of the components of 
Uk+1; Uk+1(2, k > 0 upon using the second part of (14.185). 

The combined Laplace transform Adomian-decomposition method for 
solving systems of nonlinear Volterra integro-differential equations of the sec- 
ond kind will be illustrated by studying the following examples. 


Example 14.25 


Solve the system of nonlinear Volterra integro-differential equation by using 
the combined Laplace transform-Adomian decomposition method 


ul (a) = e® — 2c? +24 i: e** (u7(t) + u7(t)) dé, u(0) = 2, 
. (14.186) 


v(x) = —e* —4ve* + 24 [ e*—* (u?(t) — v7(#)) dt, v(0) =0. 


Notice that the four kernels are K(x —t) = e’~‘. Taking Laplace transforms 
of both sides of (14.186) gives 
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L{u'(x)} = L{e® — 2c?” +2} + L{et™* x (u?(x) + v?(z))}, 
L{v'(x)} = L{-e® — 4xe"} + L{e®—* « (u?(x) — v?(z))}, vane 
so that 
1 a Sa ae : 
sU(s) = u(0) => g—41 = q_—2 3 cia soi flu (x) + Uv (x)}, 
; , ; (14.188) 
aig) =e) Gare sophie (2) — ve), 
or equivalently 
2 1 2 2 1 A cee 
re ee (a) + (x)}, 
V(s) = [Goh sai F FC a ala un (a)}: 
(14.189) 


Substituting the series assumption for U(s) and V(s), and the Adomian poly- 
nomials for u?(x) and v?(x) as given above in (14.182) and (14.183) respec- 
tively, and using the recursive relation (14.185) we obtain 


2 1 2 2 
U SA 
a(s) S 7 s(s—1) 7 s2 s(s—2)’ 
1 
Ur+i(s) = ae a1) ote) + Br(x)}, 
and j rl 
Vo(s) =-—+ 4+ 
: ie seo) (14.190) 
Viti (8) = wa — By(x)}- 
Recall that the Adomian polynomials for u?(x) and v?(a) are given by 
A(x) = U9, Bo(x) = v9, 
1(@) = 2uou, 1(x) = 2v0%1, ; (14.191) 
Ao(x) = 2uoue2 + uj, Bo(a) = 2uove + v7, 


A3(x) = 2ugUus ial 2u1U2, B3(x) _ 29 U3 ar 2U U2. 


Taking the inverse Laplace transform of both sides of (14.190), and using the 
recursive relation (14.190) gives 


4 2 
ui(x) = 2x? + 37 _— EB Se (14.192) 


2 2 
ua(z) = gah tee te, 


and 
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7 Se oe Ty Ie 
le aaa 2 4° DO 
4 1 2 
v1 (x) = 2a? + rl - ae - 30 tee, (14.193) 


2 4 
ar i 


Using (14.182) gives the series solutions by 


1 1 1 1 
u(x) = 14 (1 e+ —2? + —23 + —244+ =2° ~)), 
2! 3! 4! 5! 
(14.194) 
i 4 Vis Dae © 
u(x) =1—- l+a+ 52 a ey i 
Consequently, the exact solutions are given by 
(u(x), v(a)) = (1+ e*,1-e”*). (14.195) 


Example 14.26 


Solve the system of nonlinear Volterra integro-differential equation by using 
the combined Laplace transform-Adomian decomposition method 


“a)= nr ae x) —Agx : s(a — t)(u? vu 
u(x) 1+ 38 35 (27) —4 +f cos(x — t)(u“(t) + v*(t))dt, 


u(#) =1—T7sna+4ecos¢+ 4a+ i (x — t)(u?(t) — v?(t))dt, 
0 


(14.196) 
Taking Laplace transforms of both sides of (14.196) gives 
2 
L{u'(x)} =L {1 + sine —3 sin(2a) — 1} 
+L£L{cos(x — t) * (u(x) + v*(z))}, (14.197) 
L{v'(x)} = L{1 — Tsinaw + 4x cosa + 4x} 
+£{(a — t) « (u*(x) — v?(x))}, 
so that 
oot 7 4 4 $s 2 5 
sU(s) — u(0) = ; + 3241) ae ty @ + a petu (a) + v*(a)}, 
ae 7 A(s?-1) 4 1 9 . 
sV(s) = v(0) 3 = aed (s? + 12 + ee + zL{u (x) = 0 (x)}, 
(14.198) 
or equivalently 
ae oe! T 4 4 3 ‘ 
ue) s = 82 ~ 3s(s?+1) 3s(s2?+4) 53 3 gt ee (x) +o" (@)}, 
= oe 7 4s(s?—1) 4 1 ‘5 7 
Visas 2 ep ea Ss ao (x) — v*(a)} 


(14.199) 
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Substituting the series assumption for U(s) and V(s), and the Adomian poly- 
nomials for u?(a) and v?(x) as given above in (14.182) and (14.183) respec- 
tively, and using the recursive relation (14.185) we obtain 
1 1 7 4 4 
SAC ee ee 
o(s) 8 oo 3s(s* +1) 38(s2+4) 58’ 


1 
Ur+1(s) = eet Aelz) + Buy, 
and 
1 1 7 4s(s? — 1) 1 
Vo(s) = --= 4+ 4 > a tT a ta 
0(s) ss? s(s?+1) - (s?+1)? — 83’ (14.200) 


Vase= SE Au(2) ays 


Using the Adomian polynomials, and taking the inverse Laplace transform 
of both sides of the first part of (14.190), and using the recursive relation 
(14.200) gives 


3 1 19 
=14 Ae A essen 3) 
uo(x) @— 5a + 3a" — root | 
1 Al 
us(z) = 2 — -e*— a + oS + ..., 
4 10 | 360 (14.201) 
Ug(x) = rae | 28 4 6 | 
. q * ip ge 
2 
u3(x) = EB" + 5 
= 1g Big 18 
=-l+24 <2? 4+ 28 
v0(x) B+ pe — sae + zoe tee, 
a ae 
a ee a 14.202 
we) = Gg" an” ago ( 
1 1 
ee eee 
v2(x) = 307 + 507 
This in turn gives the series solutions by 
1 1 1 
u(“) = a4 (1 Thal Tal ae --) ‘ 
(14.203) 
er eae ae 
via) =a 1 me tage ge td: 
Consequently, the exact solutions are given by 
(u(x), u(x)) = (w+ cosa, x — cos 2). (14.204) 


Example 14.27 


Solve the system of nonlinear Volterra integro-differential equation by using 
the combined Laplace transform-Adomian decomposition method 
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xz 
u' (a) = cosa — sina — 2a +f (u?(t) + v?(t))dt, u(0) =1, v(0) = 1, 
0 


u' (x) = —cosx — sinx + 2cos? #—2+ [eo — v*(t))dt. 
° (14.205) 
Taking Laplace transforms of both sides of (14.205) gives 
L{ul(x)} = L{cosx — sing — 2x} + L{1 * (u2(x) + v?(z))}, 
L{v'(x)} = L{—cosz — sinx + 2cos? x — 2} + L{1 * (u?(x) — v?(z))}, 


(14.206) 
so that 
1 —1 2 1 
U(s) = = + SS - 4+ Se{v(a) + v(2)}, 
se ee (14.207) 
oe a. a eee ; 
Ye) s  s(s? +1) os s2(s24+4) 5? = a a) wey 
Proceeding as in the previous two examples we find 
= \ 3 2 1 34 1 4 1 5 
uo(z) =1l+2 52 a + 548" + Toph 4 F 
1 
uy (2) = 2? — eat — Efe, 
als 
U2(@) = -a* 4+ =a? +---, 
and 1 
vo(z) =1—a2— 5a? —Sa*+ Sat + oa? + ; 
2 1 1 
v1 (a) = 37 _ ae _ at mee (14.208) 
a ee 
v9(x“) = ra + 352 + 


u(x) = (1 5 Za -) | (« ao aa? a), 
(14.209) 


Consequently, the exact solutions are given by 
(u(x), v(a)) = (cosa + sin z, cosa — sin 2). (14.210) 


Example 14.28 


Solve the system of nonlinear Volterra integro-differential equation by using 
the combined Laplace transform-Adomian decomposition method 
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1 x 
u(x) = =e” — e?* — ae + | e** (u?(t) + u7(2)) dt, 
0 


2 i - 
v(x) = ae + 3e77 + ae + i e*—' (u(t) — v?(t)) dt, 
0 


u(0) = 1, u/(0) =1, v(0) =1, v’(0) =2. 
Taking Laplace transforms of both sides of (14.211) gives 
7 
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(14.211) 


Lf{u" (a)} = c{ te ee seul + L{er—* « (u2 (x) + v?(2z))}, 


Lf" (2)} =L {pe + 3e2” + sen + L{et* « (u? (x) — v2(x))}, 


so that 


1 2 2 
or equivalently 
1’. a 7 1 1 
ue) = at 8 = 3s2(s—1) s2(s—2) 352(s —4) 
1 2 2 
tiga (x) +u (a)}, 
V(s) = = at = e : 


ea Get) ee=), osm 
1 
Bin —q32 
726 = Wade (a) — v*(a)}. 
Proceeding as before we obtain 


1 1 7 
ui(a) = 5234+ sa4*+ =a? +--, 


3 3 30 
ae a re) 
=1+2r+ 22? + <3 + —24 + —2° 4 
vo(x) + 24 + 2a ge tg + ae : 
= 1 4 7 5 
v(a) = —F58" — Gr 


Using (14.182) gives the series solutions by 


(14.212) 


(14.214) 


(14.215) 
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1 1 1 1 
u(z) =1+2+ 507+ 934+ —2t4+ Sa +.-., 
2! 3! 4! 5! 
1 1 1 1 (14.216) 
v(v) =142a4+ ay (22)? + 32)” + gee)" + Bee)” foes, 
Consequently, the exact solutions are given by 
(u(x), v(x)) = (e*,€?"). (14.217) 


Exercises 14.4.2 


Use the combined Laplace transform-Adomian decomposition method to solve the 
following systems of nonlinear Volterra integro-differential equations by 


u' (x) = 2a — x? fe "te u v2 
(x) =2 fe t)(u? (t) + v?(t))dt 


ul (x) = 3x? — =-x23 — —2° 4 [fe t)? (u?(t) + v?(t))dt 


v(x) = —3a? — =a" 4 : (a — t)?(u?(t) — v?(t))dt 


u(0) = 1, v(0) =1 


u’(a) = —2 — 3a — 2sinz+3cosa +f (u? (t) + v?(t))dt 
) 


u = + sina +2cosa-+ Si x) + y u(t) — v? 
v" 2) = —2+sina + 2eosx+ Fsin(20) + [(u2(e) — v® (eat 
u(0) = 1,v(0) =2 


cosx — 3sina + . cos(a — t)(u?(t) + v?(t))dt 


u(0) = 1, v(0) = —-1 


Aa 


ul(x) = —e® + 2c?” e 


eS? [ e®—*(u?(t) + v?(t))dt 


ete } 


1 
3 
1 
3 


vu! (x) = —e® + 33” 
15 


u(0) = 1, v(0)=1 


e&? [ e®—*(u?(t) — v2 (t))dt 


u’(«) = —sing — cosa + i’ cos(a + t)(u?(t) + v?(t))dt 


v(x) = —sina 5 sin(2r) - [oo — v?(t))dt 


u(0) = 1, u’(0) =0, v(0) =0, v’/(0) =1 


u’ (2) = 
= f = sinz+cosz 4 ‘ sin(2a ac 7 bn u(t) — v? 
: (2) = sine +eosa+ 5 sin(2e)— a+ [Ce —1(u®(@ ~ vat 
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1 xz 
u(x) = 3 oe + —e—* — e2® 4 f) e*—*(u?(t) + v(t))dt 
te —_ 1 l gy —@ | 1 —22 ‘ a—t 2. 
v(x) qv + 3x)e™ +e ae e”~* (u(t) + v*(t))dt 
0 
u(0) = 1, u’(0) =1, v(0) =1, v’(0) =—-1 
2 xa 
ul (x%) = —2a — 2a ail | (u?(t) + v?(t))dt 
0 
2 1 ss 
Pe v'' (2) = az? 2 4 | (a — t)(u?(t) — v?(t))dt 
3 5 0 
u(0) = u’(0) = 1, u’’(0) = 2, v(0) = —v’(0) = 1, v’’(0) = 2 
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Chapter 15 
Nonlinear Fredholm Integral Equations 


15.1 Introduction 


It was stated in Chapter 4 that Fredholm integral equations arise in many sci- 
entific applications. It was also shown that Fredholm integral equations can 
be derived from boundary value problems. Erik Ivar Fredholm (1866-1927) 
is best remembered for his work on integral equations and spectral theory. 
Fredholm was a Swedish mathematician who established the theory of inte- 
gral equations and his 1903 paper in Acta Mathematica played a major role 
in the establishment of operator theory. The linear Fredholm integral equa- 
tions and the linear Fredholm integro-differential equations were presented 
in Chapters 4 and 6 respectively. It is our goal in this chapter to study the 
nonlinear Fredholm integral equations of the second kind and systems of 
nonlinear Fredholm integral equations of the second kind. 

The nonlinear Fredholm integral equations of the second kind are charac- 
terized by fixed limits of integration of the form 


u(x) saya fi K(a, t)F(u(t))dt. (15.1) 


where the unknown function u(a) occurs inside and outside the integral sign, 
A is a parameter, and a and b are constants. For this type of equations, 
the kernel K (x,t) and the function f(a) are given real-valued functions, and 
F(u(a)) is a nonlinear function of u(a) such as u?(a), sin(u(2)), and e@( 

In this chapter, we will mostly use degenerate or separable kernels. A de- 
generate or a separable kernel is a function that can be expressed as the sum 
of product of two functions each depends only on one variable. Such a kernel 
can be expressed in the form 


t)= g(a) fi(t). (15.2) 


Several analytic and numerical methods have been used to handle the 
nonlinear Fredholm integral equations. In this text we will use the direct 
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computation method, the Adomian decomposition method (ADM) combined 
with the modified decomposition method (mADM), and the successive sub- 
stitution method to handle these equations. Systems of nonlinear Fredholm 
integral equations will be examined as well. For each type of equations we 
will select the proper methods that facilitate the computational work. The 
emphasis in this text will be on the use of these methods rather than proving 
theoretical concepts of convergence and existence. The theorems of existence, 
uniqueness, and convergence are important and can be found in the litera- 
ture. The concern will be on the determination of the solutions u(x) of the 
nonlinear Fredholm integral equations and systems of these equations. 


15.2 Existence of the Solution for Nonlinear Fredholm 
Integral Equations 


In this section we will present an existence theorem for the solution of nonlin- 
ear Fredholm integral equations. The proof of this theorem can be found in 
[1-2] among other references. The criteria is similar to the criteria presented 
in Chapter 13 for nonlinear Volterra integral equations. We first rewrite the 
nonlinear Fredholm integral equation of the second kind by 


b 
u(x) = f(x) + | G(a,t, u(t)) dt. (15.3) 


The specific conditions under which a solution exists for the nonlinear Fred- 
holm integral equation are: 


(i) The function f(a) is bounded, |f(#)|< R,ina<a<b. 
(ii) The function G(x, t, u(t)) is integrable and bounded where 
IG(x, t,u(t))| < K, (15.4) 
ina<a,t<b. 
(iii) The function G(a,t, u(t)) satisfies the Lipschitz condition 
|G(a,t, z) — G(z,t, 2’)| < M|z— 2’. (15.5) 


Using the successive approximations method, it is proved in [1] that the series 
obtained by this method converges uniformly for all values of 2 for 
1 


where k; is the larger of the two numbers K (1 + nics) and M. 
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15.2.1 Bifurcation Points and Singular Points 


When the nonlinear Fredholm integral equation includes a parameter 4, it is 
then obvious that the solution of the equation depends on X. It is possible that 
has a bifurcation point. The bifurcation point is a value of the parameter 
A, say Ao, such that when A changes through Xo, then the number of real 
solutions will be changed. To illustrates this phenomenon, we consider the 
nonlinear Fredholm integral equation 


u(a) =3+ af u*(t) dt. (15.7) 


The solution of this equation is 


u(a) = is ee Dr 1 aN (15.8) 
The bifurcation point in this problem is Ag = or For A < + the nonlinear 
Fredholm equation has two real solutions, but has no real solutions for \ > =: 
This change of \ through the bifurcation point Ap = - caused a change in 
the number and structure of solutions. 
However, for 4 = 0, we obtain u(x) = 3 by substituting this value of 
A in the integral equation itself, whereas u(x) is undefined by substituting 
A = 0 into (15.8). Accordingly, the point A = 0 is called a singular point. More 
examples will be presented in the next section to address the two phenomena. 
The following conclusions can be made for nonlinear Fredholm integral 
equations: 


(i) The solution of the nonlinear equation may not be unique, there may 
be more than one solution. 

(ii) Concerning the bifurcation point, there may be one ore more bifurca- 
tion points. This will be seen in the forthcoming examples. 


15.3 Nonlinear Fredholm Integral Equations of the 
Second Kind 


We begin our study on nonlinear Fredholm integral equations of the second 
kind of the form 


b 
u(a) = f(x) + af K (a, t) F(u(t))dt, (15.9) 


where the kernel A(z, t) and the function f(a) are given real-valued functions, 
and F(u(a)) is a nonlinear function of u(x). The unknown function u(x), 
that will be determined, occurs inside and outside the integral sign. In what 
follows we will employ four distinct methods, namely the direct computation 
method, the series solution method, the Adomian decomposition method, and 
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the successive approximations method to handle Eq. (15.9). Other methods 
can be found in this text and in the literature. 


15.3.1 The Direct Computation Method 


In this section, the direct computational method will be applied to solve 
the nonlinear Fredholm integral equations. The method was used before in 
Chapters 4 and 6. It approaches nonlinear Fredholm integral equations in a 
direct manner and gives the solution in an exact form and not in a series form. 
It is important to point out that this method will be applied for equations 
where the kernels are degenerate or separable of the form 


K(a,t) = SS ait: (15.10) 
k=1 


Examples of separable kernels are x — t, xt?, x? — t?, et* + at, ete. 
The direct computation method can be applied as follows: 


1. We first substitute (15.10) into the nonlinear Fredholm integral equation 


b 
u(x) = f(x) + | K (a, t) F(u(t))dt. (15.11) 
2. This substitution gives 


u(x) = f(a) 


b b 
hee) / ha (t) F(u(t))dt + Ago(x) / ho(t) F(u(t))dt + -- 


b 
+an(2) f hn(t) Flu(t))at 
. (15.12) 
3. Each integral at the right side of (15.12) depends only on the variable 
t with constant limits of integration for t. This means that each integral is 
equivalent to a constant. Based on this, Equation (15.12) becomes 
u(x) = f(x) + Aa gi (x) + Aa2ga(x) +--+ + AQngn(Zz), (15.13) 
where 


b 
a= f h(t) ult)dt, <i<n. (15.14) 


4. Substituting (15.13) into (15.14) gives a system of n algebraic equations 
that can be solved to determine the constants a;,1 < i < n. Using the 
obtained numerical values of a; into (15.13), the solution u(x) of the nonlinear 
Fredholm integral equation (15.11) follows immediately. 


It is interesting to point out that we may get more than one value for one 
or more of a;,1 <i< n. This is normal because the equation is nonlinear 
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and the solution u(a) is not necessarily unique for nonlinear problems. Linear 
Fredholm integral equations give unique solutions under the existence condi- 
tions presented above. In what follows we present some examples to illustrate 
the use of this method. 


Example 15.1 


Use the direct computation method to solve the nonlinear Fredholm integral 
equation 


1 
u(a) =a+ af u*(t)dt,a > 0. (15.15) 

0 
The integral at the right side of (15.15) is equivalent to a constant because 


it depends only on a function of the variable ¢ with constant limits of inte- 
gration. Consequently, we rewrite (15.15) as 


u(x) = a+ da, (15.16) 


where ‘ 
a= | u?(t)dt. (15.17) 
0 
To determine a, we substitute (15.16) into (15.17) to obtain 


1 
a= | (a+ Aa) dt, (15.18) 
0 
where by integrating the right side we find 
Ma? — (1 —2drAa)a + a? = 0. (15.19) 
Solving the quadratic equation (15.19) for a gives 


(= 9ari4ef1— aan 


— eee Soe eee 15.2 
a 2 (15.20) 
Substituting (15.20) into (15.16) leads to the exact solutions: 
1+ V1-—4a\ 
u(x) = ——. (15.21) 


The following conclusions can be made here: 


1. Using \ = 0 into (15.15) gives the exact solution u(x) = a. However, 
u(a) is undefined by using \ = 0 into (15.21). The point \ = 0 is called the 
singular point of Equation (15.15). 

2. For \ = 4, Equation (15.21) gives only one solution u(x) = 2a. The 
point A = _ is called the bifurcation point of the equation. This shows that 
for A < 4, then Equation (15.15) gives two real solutions, but has no real 
solutions for A> 4. 


3. For A < 4, Equation (15.21) gives two exact real solutions. 


Example 15.2 


Use the direct computation method to solve the nonlinear Fredholm integral 
equation 
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u(z) = 2+ Me xtu*(t)dt. (15.22) 


The integral at the right side of (15.22) is equivalent to a constant because 
it depends only on a function of the variable t with constant limits of inte- 
gration. Consequently, we rewrite (15.22) as 


u(x) = (14+ Aa)a, (15.23) 
where ; 
a= | tu?(t)dt. (15.24) 
0 
To determine a, we substitute (15.23) into (15.24) to obtain 
1 
a ay, (1 + Aa)*#3 dt, (15.25) 
0 
where by integrating the right side and solving the resulting equation for a 
we obtain 
_ (4—2A)+4V1—A 
= D2 ; (15.26) 
Substituting (15.26) into (15.23) leads to the exact solutions 
2+2V/1—A 
u(a“) = a) x. (15.27) 


We next consider the following three cases: 


1. Using \ = 0 into (15.22) gives the exact solution u(x) = x. However, 
u(a) is undefined by using A = 0 into (15.27). Hence, A = 0 is called the 
singular point of Equation (15.22). 

2. For \ = 1, Equation (15.27) gives only one solution u(a) = 2”. There- 
fore, the point \ = 1 is called the bifurcation point of the equation. 

3. For A < 1, Equation (15.27) gives two exact real solutions. This is 
normal for nonlinear equations. 


Example 15.3 


Use the direct computation method to solve the nonlinear Fredholm integral 
equation 


u(a) = - + ue xu*(t)dt. (15.28) 
Proceeding as before, we rewrite (15.28) as 
u(x) = a + raz, (15.29) 
where ; 
a= [eee (15.30) 


To determine a, we substitute (15.29) into (15.30) to obtain 
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2 
1 
a= i (4 + wt) dt, (15.31) 
nah 


where by integrating the right side and solving the resulting equation for a 


we obtain 
6+2V9— \2 
a= —— (15.32) 


Substituting (15.32) into (15.29) leads to the exact solutions 


ay V3 4 pe , 


u (15.33) 


12 8A 
We consider the following three cases: 


1. Using \ = 0 into (15.28) gives the exact solution u(x) = v3 However, 
u(a) is undefined by using A = 0 into (15.33). Hence, A = 0 is called the 


singular point of equation (15.28). 

2. For \ = +3, Equation (15.33) gives two solutions u(x) = v3 + $2. Con- 
sequently, there are two bifurcation points, namely +3 for this equation. This 
shows that for —3 < \ < 3, then equation (15.15) gives two real solutions, 
but has no real solutions for \ > 3 or A < —3. 


3. For —3 < \ < 3, Equation (15.33) gives two exact real solutions. 
Example 15.4 


Use the direct computation method to solve the nonlinear Fredholm integral 
equation 


1p 
u(a) = 2s + ;/ at? u?(t)dt. (15.34) 
5 3 Jy 
Proceeding as before, we rewrite (15.34) as 
9 1 
u(a) = (2 + 52) aie (15.35) 
where ‘ 
a= / Pu? (t)dt. (15.36) 
-1 
To determine a, we substitute (15.35) into (15.36) to obtain 
1 2 
9 1 
a= / (2+ 52) t*dt, (15.37) 
1 \5 3 


where by integrating the right side and solving the resulting equation for a 
we obtain 


18 81 
= —, —, 15. 
e= Sip (15.38) 
Substituting (15.38) into (15.35) leads to the two exact solutions 
9 
u(x) = 3a, —2. (15.39) 


2 
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Example 15.5 


Use the direct computation method to solve the nonlinear Fredholm integral 
equation 


1 
= a+ of 2u3(t)dt. (15.40) 
0 
Proceeding as before, we rewrite (15.40) as 
5 
u(x“) = (3 + a) £; (15.41) 
where ‘ 
a= | Pu? (t)dt. (15.42) 
0 
To determine a, we substitute (15.41) into (15.42) to obtain 
1 3 
5 
a= (Z+a) tat (15.43) 
o \6 
where by integrating the right side and solving the resulting equation for a 
we obtain 
1 4, v2i 
=-+,->st—. 15.44 
a= -gt5 (15.44) 
Substituting (15.44) into (15.41) leads to the three exact solutions 
1 1 
u(x“) = 2, ~50 —v2l1)q, —501 + V21)a. (15.45) 


Example 15.6 


Use the direct computation method to solve the nonlinear Fredholm integral 
equation 


th. : 
u(x) = —2 + 2? +f (xt? + x t)u?(t)dt. (15.46) 
35 5 “1 
Proceeding as before, we rewrite (15.46) as 
ist 1 . 
= ({— ; = 15.4 
u(a) (eea)e+ (S45) 0% (15.47) 
where 
1 1 
a= ; Pur(t)dt, B= / tu?(t)dt. (15.48) 
| -1 


To determine a and (3, we substitute (15.47) into (15.48) and integrate the 
right side to find 


2/11 =. Pi - 4 11 1 
7 (3 a) = (3 3) B =(Ete) (5 +8) Cee 
Solving (15.49) for a and 6 we obtain 


@.a=(4.4),(8 S) (eB fe), (15.50 


70’ 5 
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Substituting (15.50) into (15.47) leads to the four exact solutions 


ee 


3 
u(x) =a+a7,=2 — 


: + ~,?. (15.51) 


Example 15.7 


Use the direct computation method to solve the nonlinear Fredholm integral 
equation 


2 83 50, : ae 
= —-— — —¢7+ —27" 4 1+at4 t t) dt. 15.52 
ua)=—sg— get get [ G+atb ade. (15.52) 
We rewrite (15.52) as 
>, 83 (50, 7 
u(x) = ( 1B a) (= 3) zr (= 7) x, (15.53) 


where 


1 1 1 
_ 2 _ 2 _ 2,2 
a -{ u'(t)dt, 6 -{ tu“(t)dt, - | tus (t)dt. (15.54) 


To determine a,3 and y, we substitute (15.53) into (15.54), integrate the 
right side of the resulting equations, and by solving the resulting system we 
obtain 


17 23 13 
ae 15. 
(a, B,) Gara (15.55) 
Substituting (15.55) into (15.53) leads to the exact solutions 
u(x) =1—22+32". (15.56) 


Example 15.8 


Use the direct computation method to solve the nonlinear Fredholm integral 
equation 


u(@) = 555 ~ 330" ~ 20 
We rewrite (15.57) as 


131 691 17 
u(x) = (= a) G 1) x (= 3) a? — 2°, (15.58) 
where 
1 1 1 
a= | u?(t)dt, a= | tu?(t)dt, v= f t?u?(t)dt. (15.59) 


To determine a,3 and y, we substitute (15.58) into (15.59), integrate the 
right side of the resulting equations, and by solving the resulting system we 
obtain 


131 691 eg : 
—2" — x +/ (1+ 27t + at”)u?(t) dt. (15.57) 
0 


79 17 61 
) , (15.60) 


(a, 8,7) = (sr 720’ 630 
Substituting (15.60) into (15.58) leads to the exact solutions 
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u(x) =1-a2-2°. (15.61) 


Exercises 15.3.1 


In Exercises 1—6, use the direct computation method to solve the following nonlinear 
Fredholm integral equations. Find the singular point and the bifurcation point for 
each equation: 


1. u(~) =4+4+ rf tu? (t)dt 2. u(w) =2+ af t?u?(t)dt 
) 

3. u(o) 14a t?u? (t)dt 4. u(x) y= Barf’ ru 

5. u(x) = 3 — ee tu? (t)dt 6. u(x) = ve + a t?u? (t)dt 
) 0 


In Exercises 7—12, use the direct computation method so solve the following nonlinear 
Fredholm integral equations: 


7. u(x) =1— wa? + xu (t)dt 8. u(a) = 1— a + i x(u?(t) + u3(t))dt 
14 437 5, f? 242 aga 
9. u(x) = Ti a0” [ (at + xt) (u(t) (t))dt 


10. u(x) = 7 sing + | cos(a + t)u?(t)dt 
0 


11 16 : 
11. u(x) = : L a 2 i (1 + at + 27t?)u? (t)dt 
15) 15 105 a4 


i. T ~ . 2 
12. u(x) = sot 5t [ (1 + sin(a + t))u* (#)dt 


15.3.2 The Series Solution Method 


In this section, the series solution method will be applied to handle nonlinear 
Fredholm integral equations. Recall that the generic form of Taylor series at 


xz = 0 can be written as 
loc) 


a= >> aa”. (15.62) 
n=0 


We will assume that the solution u(a) of the nonlinear Fredholm integral 
equation 


Oe one ‘| K (a, t)F(u(t))dt, (15.63) 


exists and is analytic, and therefore possesses a Taylor series of the form 
given in (15.62), where the coefficients a, will be determined recurrently. 
Substituting (15.62) into both sides of (15.63) gives 
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y dn” = T(f(2)) + [ K (a, t)F & ot") dt, (15.64) 
n=0 0 


n=0 


or for simplicity we use 
1 
agta,xtagz7+.--= r(s(a)+ f K(x, t)F(ap+a,t+agt?+---)dt, (15.65) 
0 


where T(f(a)) is the Taylor series for f(a). The integral equation (15.63) will 
be converted to a traditional integral in (15.64) or (15.65), where instead of 
integrating the nonlinear term F'(u(x)), terms of the form t”, n > 0 will be 
integrated. Notice that because we are seeking series solution, then if f(x) 
includes elementary functions such as trigonometric functions, exponential 
functions, etc., then Taylor expansions for functions involved in f(a) should 
be used. 

Proceeding as in previous chapters, we first integrate the right side of the 
integral in (15.64) or (15.65), and collect the coefficients of like powers of 
xz. We next equate the coefficients of like powers of x in both sides of the 
resulting equation to obtain a recurrence relation in a;,j > 0. Solving the 
recurrence relation will lead to a complete determination of the coefficients 
aj,j = 0. Having determined the coefficients a;,7 > 0, the series solution 
follows immediately upon substituting the derived coefficients into (15.62). 
The exact solution may be obtained if such an exact solution exists. If an exact 
solution is not obtainable, then the obtained series can be used for numerical 
purposes. In this case, the more terms we determine, the higher accuracy 
level we achieve. Recall that the series solution method works effectively if 
the solution u(z) is a polynomial. However, if u(a) is not a polynomial, then 
approximations to the coefficients a;,j > 0 will be used. 


Example 15.9 


Solve the nonlinear Fredholm integral equation by using the series solution 
method 
7159 2309 ar i 
=14+ 504+ -—74+5 t? — xt)u?(t)dt. 1b; 
u(x) + reen® + are0" + 36 : (a xt)u*(t)d (15.66) 
Using the series form (15.62) into both sides of (15.66) gives 
7159 2309 


7500" | 2160" 
1 


+35 | (at? — 2°t) (ao + ait + ant? +-- -) dt, 
0 


(15.67) 
where by integrating the right side, collecting the like powers of x, and equat- 
ing the coefficients of like powers of « in both sides yields 

ao = 1,1, a, = 1,3611.190273, 
ag = 1, —4848.332424, a, =0, forn > 3. 
The exact solutions are given by 


dg + ayx+agz27 +++» =1+ 


(15.68) 
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u(x) =1+a+ x, 1+ 3611.1902732 — 4848.33242427. (15.69) 


Example 15.10 


Solve the nonlinear Fredholm integral equation by using the series solution 
method 


Al es a 1 i Ce 
sy) = 2-— —2+ — ay eat t— 2° t)dt. 15.70 
u(@) eB top? “+B La at” )u"(t) (15.70) 
Using the series form (15.62) into both sides of (15.70) gives 
Al 76 
do + a1@ + aor? +++» =2— mor og? 


1 1 
+5 / (at — 274?) (ap + ayt + agt? +--+)” dt, 
-1 


15.71 
where by integrating the right side, collecting the like powers of x, ee 
ing the coefficients of like powers of x in both sides yields 

ao = 2,2, a, = —1,0.2924553739, 
a2 = 0, -173.6222619, a3 = -—1,-1, (15.72) 
Gn = 0, for n > 4. 
The exact solutions are given by 
u(x) = 2— 2 — 2,2 + 0.29245537392 — 173.62226192? — 2°. = (15.73) 


Example 15.11 


Solve the nonlinear Fredholm integral equation by using the series solution 
method 


1 ae 
u(x) = e* + —(3—e?) + if (a — t)u?(t)dt. (15.74) 
16 a) 
Substituting the series (15.62) into both sides of (15.74) gives 
ay + a,2 + agx? + a3x? 4 
1 ir . (15.75) 
=e + 5G-e) +5 f (x — t) (ao + ait + agt? +--+) dt. 
16 4 Jo 
Proceeding as before we find 
1 
adg9=1, a =1, a Tk 
4 ad ; 4 (15.76) 
ee aye = an oe oy ic aa 
This gives the solution in a series form 
1 1 1 
u(x) =1l+a+ ao tae tae : (15.77) 


Consequently, the exact solution is given by 
u(x) =e”. (15.78) 
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Example 15.12 


We next consider the nonlinear Fredholm integral equation 
T 


, T ee oe 2 
u(x) = cosa — sina 50 7 729 + 7) 4 aL (a — thu’ (t)dt. 


Substituting the series (15.62) into both sides of (15.79) gives 


ao t+ aya + age? +a3xz° + asa* fees 


T T 
= cos i a7 + = (14 
cosz — sin — — 120! Tt) 
1 Tv 
+— | (a-t) (deat ape fae<) ae, 
60 Jo 
Proceeding as before we find 
1 
ao = 1, a =—la=—5, 
=! =! ff 
a3 = a? 94 = aT =o 


and so on. The solution in a series form is given by 


1 1 1 1 


that converges to the exact solution 


u(x) = cosa — sina. 


Exercises 15.3.2 


479 


(15.79) 


(15.80) 


(15.81) 


(15.82) 


(15.83) 


Solve the following nonlinear Fredholm integral equations by using the series solution 


method 
241 1091 1 1 
1. u(w) = —— — ——a2- 2? 4 ‘| (a — t)u? (t)dt 
240 1080 36 Jo 
7537 ~=-119 1091 1 ft 
2. ula) = —— — 2 — ——2? + = | (a — t)?u? (t)dt 
7560 120 1080 36 Jo 
28 22 1 a 
3. u(x) = 1 B x a | (at? — x? t)u? (t)dt 
945 216 36 Jo 
23 a fe 
A. =1-—a24+2? =/ t? — x7 t)u? (t)dt 
u(x ao + rT ae x t)u* (t) 
2 2 1 7 
5. u(a) = auf t a g—2?—234 | (a — t)u3(t)dt 
2310 945 18 Jo 
ula) =e + FU -Pet SOFAS fe ura 
u(x) =e" 4 e )x t e~) 4 x U 
" 16 32 ' 8 Jo 


1 ll. 
7. u(x) = e* — Price +e7)a+ ul atu? (t)dt 
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1 1 
8. u(x) = cosa — as u?(t)dt 


lia’ 56 5 


15.8.3 The Adomian Decomposition Method 


The Adomian decomposition method has been outlined before in previous 
chapters and has been applied to a wide class of linear Fredholm integral 
equations and linear Fredholm integro-differential equations. The method 
usually decomposes the unknown function u(x) into an infinite sum of com- 
ponents that will be determined recursively through iterations as discussed 
before. The Adomian decomposition method will be applied in this chapter 
to handle nonlinear Fredholm integral equations. 

Although the linear term u(x) is represented by an infinite sum of compo- 
nents, the nonlinear terms such as u?,u?,u*,sin u, e“, etc. that appear in the 
equation, should be expressed by a special representation, called the Adomian 
polynomials A,,,n > 0. Adomian introduced a formal algorithm to establish 
a reliable representation for all forms of nonlinear terms. The Adomian poly- 
nomials were introduced in Chapter 13. 

In what follows we present a brief outline for using the Adomian decom- 
position method for solving the nonlinear Fredholm integral equation 


b 
u(x) = f(a) + rf K(a,t)F(u(t))dt, (15.84) 


where F'(u(#)) is a nonlinear function of u(). The nonlinear Fredholm inte- 
gral equation (15.84) contains the linear term u(x) and the nonlinear function 
F(u(x)). The linear term u(a) of (15.84) can be represented normally by the 
decomposition series 


u(a) = x Un(2), (15.85) 
n=0 


where the components u,(a), n > 0 can be easily computed in a recursive 
manner as discussed before. However, the nonlinear term F'(u(a)) of (15.84) 
should be represented by the so-called Adomian polynomials A, by using the 


algorithm 
,n=0,1,2,---. (15.86) 


1 d % : 
A, = = =~ F "Uj 
nl dv” (32) ss 


Substituting (15.85) and (15.86) into (15.84) gives 


oo b oe) 
SY ule) =f@) +r K(a,t) (> ant) dt. (15.87) 
n=0 7 n=0 


To determine the components uo(x), ui(x),..., we use the following recur- 
rence relation 
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uo(x) = f(z), 
b 
ui(x) = af K(a,t)Ao(t)dt 
a 


b 
ug(x) = af K (a, t)A1(t)dt, (15.88) 


b 
Unti(x£) = af K(a,t)An(t)dt,n > 0. 


Recall that in the modified decomposition method, a modified recurrence 
relation is usually used, where f(x) is decomposed into two components f)(x) 
and fo(#), such that f(a) = fi(a)+fo(«). In this case the modified recurrence 
relation becomes in the form 


uo(x) = fix), 


ef K (x,t) Ax (t)dt, (15.89) 


b 
Unti(x) = | K(a,t)An(t)dt,n > 0 


Having determined the components, the solution in a series form is readily 

obtained. The obtained series solution may converge to the exact solution if 

such a solution exists, otherwise the series can be used for numerical purposes. 
The following remarks can be observed: 


(i) The convergence of the decomposition method has been examined in 
the literature by many authors. 

(ii) The decomposition method always gives one solution, although the 
solution of the nonlinear Fredholm equation is not unique. The decomposition 
method does not address the existence and uniqueness concepts. 

(iii) The modified decomposition method and the noise terms phenomenon 
can be used to accelerate the convergence of the solution. 


Generally speaking, the Adomian decomposition method is reliable and 
effective to handle differential and integral equations. This will be illustrated 
by using the following examples. 


Example 15.13 


Use the Adomian decomposition method to solve the nonlinear Fredholm 
integral equation 
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u(“z) =a+ af u*(t)dt,a > 0. (15.90) 


The Adomian polynomials for the nonlinear term u?(a) are given by 
A(x) = ua(2), 
A(x) = 2uo(x)ui (x), (15.91) 
A2(x) = 2uo(x)u2(x) + ut(z), 
and so on. Substituting the series (15.85) and the Adomian polynomials 
(15.91) into the left side and the right side of (15.90) respectively we find 


3 Un(xz) =at af 3 An (t)dt. (15.92) 
n=0 9 n=0 


Using the Adomian decomposition method we set 


1 
Ug(“) =a, Upgi(L) = af A,(t)dt,k > 0. (15.93) 
0 


This in turn gives 


uo(x) = a, 


u(x) =X] wa(t)dt = ra?, 


u(x) =r | (2uo(t)u1(t))dt = 2703, 


; (15.94) 
u3(2) = A | (2uo(t)u2(t) + uf (t))dt = 5A3a1, 
0 
ua(x) = | (2uo(t)u3(t) + 2ur(t)ue(t))dt = 14A40°, 
0 
The solution in a series form is given by 
u(x) = a+ Aa* + 270° + SAF at + 14\40® +--., (15.95) 
that converges to the exact solution 
1—v1-— 4a 1 
ee ——. 
u(x) Dh <A i (15.96) 


It is clear that only one solution was obtained by using the Adomian de- 
composition method. However, by using the direct computation method we 
obtained two solutions for this nonlinear problem as shown in Example 1 that 
was presented before. 


Example 15.14 


Use the Adomian decomposition method to solve the nonlinear Fredholm 
integral equation 


u() =14+ fia — u(t) + u?(t))dt. (15.97) 
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This equation can be rewritten as 


u(a) = a1trta fu 2(t))dt. (15.98) 


Substituting the series assumption for u(a) and the Adomian polynomials for 
u*(x) into the left side and the right side of (15.98) we find 


one aitata fl eeu + ant) dt. (15.99) 
n=0 0 n=0 


n=0 
Using the Adomian decomposition method we set 


R= hy, ag at af (—ug(t) + Ag(t))dt,k > 0. (15.100) 


This in turn gives 
u(x) =1 + A, 


z) = af (—uo(t) + u2(t))dt = 7 + d3, 
2) = rf (—uz(t) + 2uo(t)u1(t))dt = A2 + 3A4 + 22°, 
0 


z) = af (—ug(t) + 2uo(t)u2(t) + u2(t))dt = A4 +6d° + 10A° + 5)’, 


zr) =A i: (—u3(t) + 2uo(t)ug(t) + 2ur(t)ue(t))dt = »° + 10° + 


The solution in a series form is given by 
ug) = 1+ A+? +20? 4044 ON? oes, (15.102) 
that converges to the exact solution 


Pee eral A eee See) — nas (15.103) 


It is clear again that only one hes was or by using the Adomian 

decomposition method. However, by using the direct computation method 
we can easily derive two solutions given by 

_il+aAz (1 — 3A)(1 4+ A) 

Cn an 

It is worth noting that two bifurcation points appear at A = —1 and A = 5 


Example 15.15 


(15.104) 


Use the modified Adomian decomposition method to solve the nonlinear Fred- 
holm integral equation 


1 — ett 1 
0 
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Substituting the series (15.85) and the Adomian polynomials (15.86) into the 
left side and the right side of (15.105) respectively we find 


=. x 1—e*t3 ‘ at — 
2, w(2) =e + +f e d, An(t)at (15.106) 


where A, are the Adomian polynomials for u?(x) as shown above. Using the 
modified decomposition method we set 


uo(x) = e*, 
1 — et+3 t 
ui (x) — re a +f e** Ao(t)dt, 
1—ett3 1 : (15.107) 
gra +f e*'ua(t)dt = 0, 


1 
Uk+1(L) = | e™' A, (t)dt = O,k = 1. 
0 


This in turn gives the exact solution 
u(x) =e”, (15.108) 
that satisfies the integral equation. It is worth noting that we did not use the 


Adomian polynomials. This is due to the fact that the modified decomposition 
method accelerates the convergence of the solution. 


Example 15.16 


Use the modified Adomian decomposition method to solve the nonlinear Fred- 
holm integral equation 


1 
u(x) = seca — 2” + | 2x(u?(t) — tan?(t))dt. (15.109) 

0 
Substituting the series (15.85) and the Adomian polynomials (15.86) into the 
left side and the right side of (15.109) respectively we find 


‘ Un(x) = seca — 2a + [ xt (>. A,(t) — wt) dt. (15.110) 
n=0 0 n=0 


Using the modified decomposition method we set 
uo(x) = seca, 
il (15.111) 
uy(x“) = —2x +f at(Ao(t) — tan?(t))dt = 0. 
Consequently, the exact aiuto is given by 
u(a) = sec x. (15.112) 
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Exercises 15.3.3 


In Exercises 1-6, solve the following nonlinear Fredholm integral equations by using 
the Adomian decomposition method 


1. u(2) = 44+ rf tu? (t)dt 2. u(x) = 24+ ah t?u? (t)dt 
0 

3. u(x) = 1+ af t?u? (t)dt 4. u(x) = — ix Fan [" cu? 

5. u(x) =3— rf tu? (t)dt 6. u(x) = ve + rf t?u?(t)dt 
0 0 


In Exercises 7-12, solve the nonlinear Fredholm integral equations by using the mod- 
ified Adomian decomposition method 


ae i i a ee 1+ f ae ey 
. u(x) = tana + UB) = ai = —___~ 
2 ie) 1+ u?(t) 0 14+ u?(t) 


zc 


9. u(x) = seca + (F = 1) v+ [ a(u2(t) — 1)dt 


1 1 
10. u(x) = cosh 4 5 _ (a — t)(u? — sinh? t)dt 
0 


1 1 2 
11. u(a) = Ina — 2a 17 [ (a — t)u* (t)dt 


12. u(x) = Ina —4¢4+14 [e t)(1 — u(t) + u? (t))dt 


15.3.4 The Successive Approximations Method 


The successive approximations method or the Picard iteration method was 
introduced before in Chapter 3. The method provides a scheme that can be 
used for solving initial value problems or integral equations. This method 
solves any problem by finding successive approximations to the solution by 
starting with an initial guess as uo(x), called the zeroth approximation. As 
will be seen, the zeroth approximation is any selective real-valued function 
that will be used in a recurrence relation to determine the other approxi- 
mations. The most commonly used values for the zeroth approximations are 
0,1, or x. Of course, other real values can be selected as well. 
Given Fredholm integral equation of the second kind 


u(2) = Fay +r fo KC K (a, t)F(u(t))dt, (15.113) 


where u(a) is the unknown function to be determined, K (x,t) is the kernel, 
F(u(t)) is a nonlinear function of u(t), and A is a parameter. The successive 
approximations method introduces the recurrence relation 
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ug(x) = any selective real valued function, 

b 
Un+i(@) = f(a) + af K(a,t)un(t)dt,n > 0. 

a 


The question of convergence of u,(a) for linear equation is justified by The- 
orem 1 presented in Chapter 3. However, for nonlinear Fredholm integral 
equation, it was proved in [1] that 


(15.114) 


1 


where & is the larger of the two numbers K (1 + si) and M as shown 
above. At the limit, the solution is determined by using the limit 
u(x) = lim Un+4i(2). (15.116) 


The successive approximations method, or the Picard iteration method 
will be illustrated by studying the following examples. 


Example 15.17 


Use the successive approximations method to solve the nonlinear Fredholm 
integral equation 
2 1 Tw 


w 2 
= cosx — — + — tu*(t)dt. 15.11 
u(x) = cosa B + 1D J u’(t) (15.117) 
For the zeroth approximation uo(x), we can select 
ug(z) = 1. (15.118) 


The method of successive approximations admits the use of the iteration 
formula 


‘id 1 [5 
= ee ee > 0. . 
Un+i(£) = cos x B + val tus (t)dt,n > 0 (15.119) 
Substituting (15.118) into (15.119) we obtain 
2 1 Tw 
ui(xz) = cost———+— | tu2(t)dt = cos(x) + 0.2056167584, 
48 12 Jy 
qn 1 [" 5 
ug(x) = cosa — — + — tu; (t)dt = cos(x) — 0.05115268549, 
48 12 Jy 
(x) = cos Lao 2(t)dt = cos(x) + 0.01812692764 
u3(x) = cosxz — — + — u = cos(x ; ; 
48 12Jo (15.120) 
2 1 Tw 
ua(x) = cosa — aera tu3(t)dt = cos(«) — 0.005907183842, 
48 12 J, 
ee Ay” ve 
Us(x) = cosa — —+— | tu4(t)dt = cos(x) + 0.001983411200, 
48 12 Jy 


and so on. Consequently, the solution u(a) of (15.117) 
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u(x) = lim un41(x) = cosa. (15.121) 


Unlike the direct computation method where we may get more than a so- 
lution, the successive substitution method gives only one solution for the 
nonlinear Fredholm problem. However, using the direct computation method 
gives the two solutions 


32 
u(x) = cos x, cosx + —. (15.122) 
T 


Example 15.18 


Use the successive approximations method to solve the nonlinear Fredholm 
integral equation 


1 
x ae ee 1 2 
t) =e" —- — 1 — tus (t)dt. 15.12 
u(z) =e et ++ a f ama (15.123) 
For the zeroth approximation uo(x), we can select 
uo(x) = 1. (15.124) 


The method of successive approximations admits the use of the iteration 
formula 
1 
x aaa ee: 1 2 
is = e* — —_ 1+ — tu (t)dt,n > 0. 15.125 
tner(t) =e — EE +I) + Ff ntun(eatsn (15.125) 


Substituting (15.124) into (15.125) we obtain 


_p«_ 2 (2 i a a 
u(x) =e TH 1) ee atug(t)dt = e” — 0.033276333832, 


a ee oe ee 2 (t)dt =e? — 
U2(x) =e 192 (e* +1) a, xtuj(t)dt = e* — 0.0009901404827z, 


v2 1 2 2 
= e* — — 1 — tus(t)dt = e* — 0. 2962822 ; 
u3(z) =e 199 (e ) a xtu5(t)dt = e” — 0.00002962822377z, 


1 
ua(x) = e* — —-(e? +1) + i atu3(t)dt = e* — 0.0000008867210052, 
0 


192 "48 
(15.126) 
and so on. Consequently, the solution u(x) of (15.123) is given by 
u(z) = lim un4i(x) =e”. (15.127) 


It is worth noting that the direct computation method gives an additional 
solution to this equation given by 


u(x) = e* + (208 — 8e)z. (15.128) 
Example 15.19 


Use the successive approximations method to solve the nonlinear Fredholm 
integral equation 
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51? 1 /* 
u(x) =sine +1 = “al ! =f t(u(t) + u2(t)) dt. (15.129) 
For the zeroth approximation uo(x), we can select 
uo(x) = 1. (15.130) 


The method of successive approximations admits the use of the iteration 
formula 

i oe: Lf 214)\¢ 

12 144" xf t(un(t) + us (t))dt,n > 0. (15.131) 
Substituting (15.130) into (15.131), and proceeding as before we obtain the 
approximations 


Un+1(2) =sinz+1 


u1(x) = sin x + 0.6696616927, 
u2(a) = sin x + 0.8214573046, 
u3(a) = sin + 0.8997853785, (15.132) 
ua(a) = sin x + 0.9426743063, 


us (x) = sin x + 0.9668710030, 


and so on. Consequently, the solution u(x) of (15.129) is given by 
u(z) = lim Unyi(z) = 1+sinz. (15.133) 


The direct computation method gives an additional solution to this equation 
given by 


u(x) =sina —2— - (1 = =) ; (15.134) 


T 


Example 15.20 


Use the successive approximations method to solve the nonlinear Fredholm 
integral equation 


148: 1. f* 
= —+— | tu?(é)dt. ih 
u(x) na+ iat ag f u’(t)d (15.135) 
For the zeroth approximation uo(x), we can select 
uo(x) = 1. (15.136) 


The method of successive approximations admits the use of the iteration 
formula 


143,01 f? 
Unqi(®) =Inax+ rer + xf tu? (t)dt,n > 0. (15.137) 


Substituting (15.136) into (15.137), and proceeding as before we obtain the 
approximations 
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ui(x) = Ina + 1.006944444, 
u2(x) = Ina + 1.000097120, 
u3(x) = Ina + 1.000001349, 
us(x) = nx + 1.000000019, PPts8) 
us(«) = nx + 1.000000000, 
and so on. Consequently, the solution u(x) of (15.135) 
u(x) = Jim Unqi(“z) = 1+ Ina. (15.139) 


It is worth noting that the direct computation method gives an additional 
solution to this equation given by 


u(z) = 72+ Ing. (15.140) 


Exercises 15.3.4 


Use the successive approximations method to solve the following nonlinear Fredholm 
integral equations: 


. t(1 + u?(t))dt 


1. u(a) = sine ~ 7 + 
. u(x) = sing — — + — 
64 ' 48 Jy 
5 1 f* 
2. u(x) = sina +1 = (1 =) ral t(u + u?(t))dt 
7 5x2 1 [7 2 
3. = --—+— t t))dt 
u(x) cosa + — a 36d, (u+u*(t)) 
4. u(x) = e® : (127 — e?) 4 : a t(u + u?(t))dt 
144 " 36 Jo 
1 
5. u(x) =e” + (131 —e?)+ = | t(1 + u?(t))dt 
144 - 


1 dl 1 
6. = xe” — —~(3 +e? = | tu? (t)dt 
u(x) = ve vr +e ere ; atu’ (t) 


i. 1 x 
7. u(x) =e” + ——(1—e?)a 4 [eed 
384 96 Jo 
8 ue)=e tee) +a f wnat 
-u(x@) =e” + e)+— u 
288 " 96 Jo 


9 
9. u(2) : af 3 (t)dt 
-» UX) = COS X — —2B = ru 
144 96 Jo 


10. u(x) = Ina — ia” Ta i ep 36 seh (a — t)u? (t)dt 


10279 
11. =a«l es _ 7 2 (t)dt 
u(x) = alna+ iaee e+ u(t) 
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5 1 L 
12. = Ina — —~+— / tu?(t)dt 
u(x) =a«+ Ine ae + 36 J, (t) 


15.4 Homogeneous Nonlinear Fredholm Integral 
Equations 


Substituting f(a) = 0 into the nonlinear Fredholm integral equation of the 
second kind 


b 
u(x) = f(x) + / K(x, t)F(u(t))dt, (15.141) 


gives the homogeneous nonlinear Fredholm integral equation of the second 
kind given by 


b 
u(a“) = | K(a,t)F(u(t))dt. (15.142) 


In this section we will focus our study on the homogeneous nonlinear Fred- 
holm integral equation (15.142) for the specific case where the kernel K(x, t) 
is separable. The main goal for studying the homogeneous nonlinear Fredholm 
equation is to find nontrivial solution, because the trivial solution u(x) = 0 is 
a solution of this equation. Moreover, the Adomian decomposition method is 
not applicable here because it depends mainly on assigning a non-zero value 
for the zeroth component uo(x), and f(x) = 0 in this kind of equations. The 
direct computation method will be appropriate to be employed here to handle 
this kind of equations. 


15.4.1 The Direct Computation Method 


The direct computation method was used before in this chapter. This method 
replaces the homogeneous nonlinear Fredholm integral equations by a single 
algebraic equation or by a system of simultaneous algebraic equations de- 
pending on the number of terms of the separable kernel K (z,t). 

As stated before, the direct computation method handles Fredholm in- 
tegral equations, homogeneous or nonhomogeneous, in a direct manner and 
gives the solution in an exact form and not in a series form. 

The direct computation method will be applied in this section for the 
degenerate or separable kernels of the form 


K(z,t) = Sue: (15.143) 
k=1 
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The direct computation method can be applied as follows: 


1. We first substitute (15.143) into the homogeneous nonlinear Fredholm 
integral equation the form 


b 
u(x) =r / K(a,t) F(u(t))dt. (15.144) 


2. This substitution leads to 
b 


b 
u(x) = dga(e) f halt) Fu(t))at + Agee) f halt) Fu(t))de + 


a a 
b 


+an(a) f hn(t) Plu(t)at 
: (15.145) 
3. Each integral at the right side depends only on the variable t with 
constant limits of integration for t. This means that each integral is equivalent 
to a constant. Consequently, Equation (15.145) becomes 
u(x) = Aargi(x) + AQ2g2(x) +--+ + AAngn(2), (15.146) 
where 


a = i hi(t) F(u(t))dt, 1 <i<n. (15.147) 


4. Substituting (15.146) into (15.147) gives a system of n simultaneous 
algebraic equations that can be solved to determine the constants a;,1 <7< 
n. Using the obtained numerical values of a; into (15.146), the solution u(x) 
of the homogeneous nonlinear Fredholm integral equation (15.142) follows 
immediately. 


Example 15.21 


Solve the homogeneous nonlinear Fredholm integral equation by using the 
direct computation method 


u(x) = af cos x sin tu?(t)dt. (15.148) 
0 
This equation can be rewritten as 
u(x) = adcos a, (15.149) 
where 7 
a= in sin tu?(t)dt. (15.150) 
0 
Substituting (15.149) into (15.150) gives 
5 
a= a2? | sin t cos” tdt, (15.151) 
0 
that gives 
1 
a= zu (15.152) 


Recall that a = 0 gives the trivial solution. For a 4 0, we find that 
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a= =~ (15.153) 


This in turn gives the eigenfunction u(a) by 

u(a“) = = cos Ls (15.154) 
Notice that \ = 0 is a singular point. 
Example 15.22 


Solve the homogeneous nonlinear Fredholm integral equation by using the 
direct computation method 


1 
u(x) = af e* tu? (t)dt. (15.155) 
0 
This equation can be rewritten as 
u(a) = ade”, (15.156) 
where : 
a= | e ‘u?(t)dt. (15.157) 
0 
Substituting (15.156) into (15.157) gives 
1 
= 2x? | e‘dt, (15.158) 
0 
that gives 
a=a*d(e-1). (15.159) 
Recall that a = 0 gives the trivial solution. For a 4 0, we find that 
1 
=>. 15.1 
a Ble —1) (15.160) 
This in turn gives the eigenfunction u(a) by 
1 
= ———_¢", 15.161 
ua) = ye (15.161) 


Example 15.23 


Solve the homogeneous nonlinear Fredholm integral equation by using the 
direct computation method 


u(x) = oe sin(a — 2t)u?(t)dt. (15.162) 


Notice that the kernel sin(a — 2t) = sinxcos2t — cosxsin2t is separable. 
Equation (15.162) can be rewritten as 

u(x) = adsinx — BrACcos 2, (15.163) 
where 


—_ I cos2tu2(t)dt, = i sin 2tu2(t)dt. (15.164) 
0 0 


Substituting (15.163) into (15.164) and proceeding as before we obtain 
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MT 9 2 ” 2 2 
oO — 6°), B= ——-(aBn — 20 — 26°). (15.165) 
Solving this system for a and / gives 
87 32 
Ss = = ——____, 15.1 
O=—TaGqe 16)? ° Ge — 16) rede) 
This in turn gives the eigenfunction u(x) by 
8 
u(a) = a ce a = 4 cos x). (15.167) 


Example 15.24 


Solve the homogeneous nonlinear Fredholm integral equation by using the 
direct computation method 


u(x) = e (at + t?)(u(t) + u?(t))dt. (15.168) 


<4 
Equation (15.168) can be rewritten as 
u(x) = adr + BA, (15.169) 
where 
1 1 
a= / t(u(t) + u(t))dt, B= i: t?(u(t) + u?(t))dt. (15.170) 
= 0 

Proceeding as before we find 


5 f2A\-3 2A\-3 2\-3 
a= 0/3 (35°), ay rm vente 


This in turn gives the exact solutions 
_2A—3 (2A —3)(vV 152 — 3) 


u(e) = - =, (15.172) 


Exercises 15.4.1 


Use the direct computation method to solve the homogeneous nonlinear Fredholm 
integral equations 


1. u(a) = ae sin x cos tu? (t)dt 2. u(x) = fe sin x cos t(u(t) + u?(t))dt 
3. u(x) = af" cos «cos t(t + u?(t))dt 4. u(x) = af e*—* (u(t) + u?(t))dt 

5. u(x) = af e*—**u3 (t)dt 6. u(x) = af e®—2#(3t? + eu? (t))dt 
7. u(a) = af cos(a — 2t)u? (t)dt 8. u(x) = af sin(a + t)u?(t)dt 


Ne) 


u(x) = a |" cos(a + 2t)(1 + u?(t))dt 10. u(x) = rf (at + t?)u? (t)dt 
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11. u(x) = [et + 07 t?)u? (t)dt 12. u(x) = » [et — at?)u? (t)dt 


15.5 Nonlinear Fredholm Integral Equations of the First 
Kind 


The standard form of the nonlinear Fredholm integral equations of the first 
kind is given by 


b 
f(z) = / K(a,t)F(u(t))dt, (15.173) 


where the kernel K (a, t) and the function f(«) are given real-valued functions, 
and F(u(a)) is a nonlinear function of u(x). The linear Fredholm integral 
equation of the first kind is presented in Chapter 4 where the homotopy 
perturbation method was used for handling this type of equations. 

To determine a solution for the nonlinear Fredholm integral equation of the 
first kind (15.173), we first convert it to a linear Fredholm integral equation 
of the first kind of the form 


b 
(oa / K (a, t)v(t)dt,z € D (15.174) 
by using the transformation 
v(x) = F(u(x)). (15.175) 
We assume that F(u()) is invertible, then we can set 
u(t) = F~*(v(x)). (15.176) 


The linear Fredholm integral equation of the first kind has been investi- 
gated in Chapter 4. An important remark has been reported in [3] and other 
references concerning the data function f(x). The function f(2) must lie in 
the range of the kernel AK (a, t) [3]. For example, if we set the kernel by 

K(a,t) =e* sint. (15.177) 
Then if we substitute any integrable function F(u(a)) in (15.173), and we 
evaluate the integral, the resulting f(a) must clearly be a multiple of e® [3]. 
This means that if f(x) is not a multiple of the z component of the kernel, 
then a solution for (15.173) does not exist. This necessary condition on f(x) 
can be generalized. In other words, the data function f(x) must contain 
components which are matched by the corresponding x components of the 
kernel K (x, t) 

Nonlinear Fredholm integral equation of the first kind is considered ill- 
posed problem because it does not satisfy the following three properties: 


1. Existence of a solution. 
2. Uniqueness of a solution. 
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3. Continuous dependence of the solution u(x) on the data f(x). This 
property means that small errors in the data f(a) should cause small errors 
[4] in the solution u(#). The three properties were postulated by Hadamard 
[5]. Any problem that satisfies the three aforementioned properties is called 
well-posed problem. For any ill-posed problem, a very small change on the 
data f(x) can give a large change in the solution u(x). This means that 
nonlinear Fredholm integral equation of the first kind may lead to a lot of 
difficulties. 


Several methods have been used to handle the linear and the nonlinear 
Fredholm integral equations of the first kind. The Legendre wavelets, the 
augmented Galerkin method, and the collocation method are examples of 
the methods used to handle this equation. The methods that we used so 
far in this text cannot handle this kind of equations independently if it is 
expressed in its standard form (15.174). 

However, in this text, we will first apply the method of regularization that 
received a considerable amount of interest, especially in solving first order 
integral equations. We will second apply the homotopy perturbation method 
[6] to handle specific cases of the Fredholm integral equations where the kernel 
K(a,t) is separable. 

In what follows we will present a brief summary of the method of regular- 
ization and the homotopy perturbation method that will be used to handle 
the Fredholm integral equations of the first kind. 


15.5.1 The Method of Regularization 


The method of regularization was established independently by Phillips [7] 
and Tikhonov [8]. The method of regularization consists of replacing ill-posed 
problem by well-posed problem. The method of regularization transforms the 
linear Fredholm integral equation of the first kind 


b 
f(x) = , K (a, t)v(t)dt,a € D, (15.178) 
to the approximation Fredholm integral equation 
b 
pv, (x) = f(x) -f K(a,t)v,(t)dt,x € D, (15.179) 


where ju is a small positive parameter. It is clear that (15.179) is a Fredholm 
integral equation of the second kind that can be rewritten 


1 a bi 
Up (x) = nt) - =f K (a, t)v,(t) dt, x € D. (15.180) 
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Moreover, it was proved in [1,3,9] that the solution v, of Equation (15.180) 
converges to the solution v(x) of (15.178) as 4 — 0 according to the following 
Lemma [10]: 


Lemma 15.1 


Suppose that the integral operator of (15.178) is continuous and coercive in 
the Hilbert space where f(x),u(x), and v,(x) are defined, then: 


1. |v,,| is bounded independently of 1, and 
2. |u,(x) — v(x)| - 0 when p 0. 


The proof of this lemma can be found in [3,9-10]. 

In summary, by combining the method of regulariztion with any of the 
methods used before for solving Fredholm integral equation of the second 
kind, we can solve Fredholm integral equation of the first kind (15.178). 
The method of regulariztion transforms the first kind equation to a second 
kind equation. The resulting integral equation (15.180) can be solved by any 
method that was presented before in this chapter. The exact solution v(a) of 
(15.178) can thus be obtained by 


v(a“) = en vy, (x). (15.181) 


In what follows we will present four illustrative examples where we will use 
the method of regulariztion to transform the first kind integral equation to a 
second kind integral equation. The resulting equation will be solved by any 
appropriate method that we used before. 


Example 15.25 


Combine the method of regulariztion and the direct computation method to 


solve the nonlinear Fredholm integral equation of the first kind 
iL. 


ef = i Det My2(t) dt. (15.182) 
0 
We first set 
v(x) = u?(x), u(x) = +/v(2), (15.183) 
to carry out (15.182) into 
1 
e = [ Qe*—“ty(t)dt. (15.184) 
0 
Using the method of regularization, Equation (15.184) can be transformed to 
1 
1 1 [? 
Up(x%) = —e” — ~ | Qe? “ty, (t) dt. (15.185) 
ML EK Jo 


To use the direct computation method, Equation (15.185) can be written as 


vy(2) = (+ = <) e, (15.186) 


where 
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1 


2 
a= | 2e~*tu,,(t) dt. (15.187) 
0 
To determine a, we substitute (15.186) into (15.187) to find 
1 
1 2 
a= (+ - =) | De dt, (15.188) 
MKS Jo 
Integrating the right side and solve to find that 
2(1—e2 
sa. (15.189) 
2— (2+ p)e2 
This in turn gives 
1 2(1 —e? 
v(t) =—[(1- ae) ae (15.190) 
Lb 2— (2+ pez 
The exact solution v(x) of (15.185) can be obtained by 
ert2 
v(v) = lim v, (2) = —~——. 15.191 
(2) = Bm m2) = (15.191) 
Using (15.183) gives the exact solution of (15.182) by 
(x) ak (15.192) 
u(x) = +,/ —,——_.. : 
2(e? — 1) 
Two more solutions to Equation (15.182) are given by 
u(x) = +e?*. (15.193) 


Example 15.26 


Combine the method of regulariztion and the direct computation method to 
solve the nonlinear Fredholm integral equation of the first kind 


< sing = i sin(x — t)u2(t)dt. (15.194) 
We first set 
v(x) = u?(x), u(x) = +./v(z2), (15.195) 
to carry out (15.194) into 
< sina = [ sin(a — t)u(t)dt. (15.196) 
Using the method of regularization, Equation (15.196) can be transformed to 
vy(x) = ne = -[ sin(x — t)v,,(t) dt. (15.197) 


The resulting Fredholm integral equation of the second kind will be solved 
by the direct computation method. Equation (15.197) can be written as 
vy(x) = (= = =) sire dea (15.198) 
2 LL 
where 
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a= | cost v,,(t) dt, p= f sin t u,(t) dt. (15.199) 
0 0 


To determine a and £3, we substitute (15.198) into (15.199), integrate the 
resulting integral and solve to find that 


x 7 

= —>——— = >—_. 15.200 
2(7? + 4:7)’ ! nm? + 4p? ( ) 

Substituting this result into (15.198) gives the approximate solution 

27 . ‘id 
Up (x) = Pas sin v + +a COs z. (15.201) 
The exact solution v(x) of (15.197) can be obtained by 
v(x) = lim, vy, (a) = cos x. (15.202) 
Uo 


Using (15.195) gives the exact solution of (15.194) by 
u(x) = + cosa. (15.203) 


Example 15.27 


Combine the method of regulariztion and the Adomian decomposition method 
to solve the nonlinear Fredholm integral equation of the first kind 


64 Od 
r= atu (t)dt. (15.204) 
15 4 
We first set 
v(x) = u4(x), u(x) = £*/v(a), (15.205) 
to carry out (15.204) into 
64 ' 
—t = xtu(t)dt. (15.206) 
15 = 
Using the method of regularization, Equation (15.206) can be transformed to 
64. 1 [ 
vy, (£2) = ——“- xtvu,,(t) dt. 15.207 
la) = Fee 2 | atug(t (15.207) 


The resulting Fredholm integral equation of the second kind will be solved 
by the Adomian decomposition method, where we first set 


ole) = >, Up, (2), (15.208) 
n=0 
and the recurrence relation 
64 it of 
Vu (Z) = ea” Ving (L) = ere ar xtv,, (t) dt, k > 0. (15.209) 
This in turn gives the components 
i= 64 oe 128 
Vp (L) = ba” Vp, (x) = 52 


256 512 (15.210) 


Vy (2) = 135p3°” Vug (2) = ~ 405 p4 
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and so on. Substituting this result into (15.208) gives the approximate solu- 
tion 


64 
=> 15.211 
The exact solution v(a) of (15.207) can be obtained by 
: 32 
v(x“) = rea Up(x) = 3 (15.212) 


Using (15.205) gives the exact solution 


u(a) =+ 7 Se, (15.213) 


It is interesting to point out that there are two more solutions to this equation 
given by 


u(a~) = +(14+ 2). (15.214) 


Example 15.28 


Combine the method of regulariztion and the successive approximations 
method to solve the nonlinear Fredholm integral equation of the first kind 


1 1 
ze =} atu?(t)dt. (15.215) 
0 
We first set 
v(x) = u3 (x), u(x) = +4/0(a), (15.216) 
to carry out (15.215) into 
1 1 
gt i: xtu(t)dt. (15.217) 
0 
Using the method of regularization, Equation (15.215) can be transformed to 
fl 1 a 
Upc) = =—-2- xt v,,(t) dt. 15.218 
pa) = oa f ate(t (15.218) 


To use the successive approximations method, we first select u,,(z) = 0. 
Consequently, we obtain the following approximations 


1 
VYpo(L) = 0, Vp, (2) = Bae 
(2) 1 ik 
Vaal h) = 2k = = eM; 
ap 8H (15.219) 
Gi 1 iL 1 
Uys (@) = se te rR 
és) 1 1 1 1 
U SS. SSS ES Se ll oOo 
He Ba 5p? bps 13a” 
and so on. Based on this we obtain the approximate solution 
3 
= ———_2. 15.220 


The exact solution v(x) of (15.218) can be obtained by 
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v(x) = lim u,(#) = Po (15.221) 
0 5 


Using (15.216) the exact solution is given by 


u(a) = ‘ES (15.222) 


Another solution to this equation is given by 
u(a) = a. (15.223) 


Exercises 15.5.1 


Combine the regularization method with any method to solve the nonlinear Fredholm 
integral equations of the first kind 


1 
te? -| e2%—3ty3 (t)dt 2.-e 7 = i: et? u3 (t)dt 
0 3 0 
ih 1 
3. - i = xt? u3 (t)dt 4. == | atu? (t)dt 
27 32 
29 1 32 ? 
5. —2@ = atu? (t)dt 6. 2? al xt? u?(t)dt 
36 0 63 i 
466 : 8 
7. ——2" =| at? u? (t)dt 8. —2 -/ atu? (t)dt 
315 -1 35 4 
x * 2 I aa * 2 
9. — cosa = cos(a — t)u*(t)dt 10. — sing = cos(a — t)u*(t)dt 
2 ) 2 0 
bs 22 709 I 
11. — Lcosz = sin(a —t)u?(t)dt 12. a2 — —— =) cos(a — t)u3 (t)dt 
2 0 3 720 0 


15.5.2 The Homotopy Perturbation Method 


In what follows we present the homotopy perturbation method for handling 
the nonlinear Fredholm integral equations of the first kind of the form 


f(z) = [ K (a, t)v(t)dt. (15.224) 
We first define the operator : 
L(u) = f(a) - [ K(a,t)u(t)dt = 0. (15.225) 
We next construct a convex kotadiepy of the form 
H(u,p) = (1 — p)u(a) + pL(u)(x) = 0. (15.226) 


The embedding parameter p monotonically increases from 0 to 1. The homo- 
topy perturbation method admits the use of the expansion 
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us YP tits (15.227) 
n=0 
and consequently 
v(x) = lim dX pUn(a). (15.228) 


The series (15.228) converges to the exact solution if such a solution exists. 
Substituting (15.227) into (15.226), and proceeding as in Chapter 4 we 
obtain the recurrence relation 
u(r) =0, w(x) = f(x), 
b (15.229) 
Un+i(L) = Un(x) -| K(a,t)un(t)dt,n > 1. 


If the kernel is separable, i.e. K (x,t) = g(x)A(t), then the following condition 


b 
1- | K(t, t)dt 


must be justified for convergence. We will concern ourselves only on the 
case where K (x,t) = g(x)h(t). The HPM will be used to solve the following 
nonlinear Fredholm integral equations of the first kind. 


Example 15.29 


<1, (15.230) 


Use the homotopy perturbation method to solve the nonlinear Fredholm in- 
tegral equation of the first kind 


ev = a e* 7? (t) dt. (15.231) 
We first set : 
v(x) = u? (a), u(x) = +/v(z), (15.232) 
to carry out (15.231) into 
e = [er tetoae (15.233) 
Notice that ‘ ° 
r =i (stat = 0.3678 < 1. (15.234) 


Using the recurrence relation (15.229) we find 
vo(z) = 0, v1 (x) = Ee, 
1 (15.235) 
Unt1(£) = Un(x) -f eee 1, 
) 


This in turn gives 
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vo(xz) =0, v1 (x) = e”, 
a 
3 


v2( e* **y, (t)dt = e*", 


I 
i 


L) = v4(x) — 
u3(a) = va(a) — 
XL) = v3(x) — 


1 
2 x—2t xz—2 
e v2(t)dt =e" *, 
, a(t) (15.236) 
3 
v4( | a ys(tdt =e", 
0 
3 
Us(a) = v4(a) — ; ew (at =e, 
0 
and so on. Consequently, the approximate solution is given by 
viz) =e"(lte t+e7+e %4--:), (15.237) 
that converges to 
ettl 
u(x“) = : (15.238) 
e-—1 
Using (15.232) gives the exact solution 
ettl 
u(z) =+ : (15.239) 
e-—1 
It is worthnoting that there are two more solutions to this equation given by 
u(a) = te”. (15.240) 


The reason that the solution is not unique is due to the fact that the problem 
is nonlinear and ill-posed as well. 


Example 15.30 


Use the homotopy perturbation method to solve the nonlinear Fredholm in- 
tegral equation of the first kind 


1 
if 2 
ao — | e' 7 u?(t)dt. (15.241) 
0 
We first set 
u(x) = u*(z), u(x) = + r(z), (15.242) 
to carry out (15.241) into 
1 2 
se i ef y()dE. (15.243) 
0 


Notice that 


ie [ K(t,t)dt| =0.5 <1. (15.244) 
0 


Using the recurrence relation (15.229) we find 
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1 
vo(x) = 0, vi(a@) = ae 
‘ (15.245) 
Un41(L) = Un (x) -f e'* un (t)dt,n > 1. 
0 
This in turn gives 
vo(x) =0, vi(%) = =e*, 
uf 
re 1 
v2(x) = v1 (x) -f e'*u,(t)dt = rae (15.246) 
: 1 
> x—2t 1 —x 
u3(x) = vo(z) -| e" “ua (t)dt = go 
0 
and so on. Consequently, the approximate solution is given by 
1 1 1 A 
oT ak ae ee ae ae eee 15.24 
u(x) =e (G+i+i+st ). (15.247) 
that converges to 
v(x) =e”. (15.248) 
Using (15.242) gives the exact solution 
u(x) = te7?”. (15.249) 


Example 15.31 


Use the homotopy perturbation method to solve the nonlinear Fredholm in- 
tegral equation of the first kind 


3 1 
—3t= / atu®(t)dt. (15.250) 
0 
We first set : 
v(x) = u3(x), u(x) = v3 (a), (15.251) 
to carry out (15.250) into 
3 1 
-<5= | xtu(t)dt. (15.252) 
8 0 
Notice that : 
2 
h -f (t,t =5<1 (15.253) 
0 
Using the recurrence relation (15.229) we find 
3 
vo(a) =0, ui(a) = — gh 


1 (15.254) 
Un41(L) = Un (x) -f rtp (t)dt,n > 1. 
0 


This in turn gives 
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3 
vo(x) = 0, v1 (x) = 3% 
: i 
vo(x) = v1 (x) -f at v1 (t)dt = —qe 
- (15.255) 
1 
v3 (x) — v9(x) -f at vo(t)dt = —gm 
0 
: il 
va(x) = v3 (x) -f at u3(t)dt = = 
0 
and so on. Consequently, the approximate solution is given by 
3 2 4 8 
=-s@{l+s5t+-4+5+°::: 15.2 
we 5 ( 379° ). (15.256) 
that converges to 
9 
v(a) = — 3a. (15.257) 


Using (15.251) gives the exact solution 


u(a) = Y ~4o. (15.258) 


It is interesting to point out that there is one more solution to this equation 
given by 

u(z) = Inw. (15.259) 
The reason that the solution is not unique is due to the fact that the problem 
is nonlinear and ill-posed as well. 


Example 15.32 


Use the homotopy perturbation method to solve the nonlinear Fredholm in- 
tegral equation of the first kind 


127 5 * 2.22 
350° - | x tus (t)dt. (15.260) 
We first set 
v(x) = u?(x), u(x) = V/v(2), (15.261) 
to carry out (15.260) into 
127 » * aye 
—r = t°u(t)dt. 15.262 
=e [ Peewee (15.262) 
Notice that , 
2 
h -f[ K(t.Oat =i<1. (15.263) 
0 


Using the recurrence relation (15.229) and proceeding as before we find 
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127 5 
vo(z) =0, v1(z) 352” , 
1 
127 
v9(x) = v4 (x) -{ atv, (t)dt = aee 
15.264 
ws(2) = vx(a) — f° atra(at = ie — 
3 =U : 2 = 1575 ’ 
1 
2032 4 
= — | xtv3(t)dt = —— 
va(x) = u3(x) ; atu3(t)d 7a757 
and so on. Consequently, the approximate solution is given by 
127 5 4 16 64 
= — 1+24+—+—+-:: 15.2 
u(x) 559” ( tet oe t toe + ). (15.265) 
that converges to 
635 4 
=—z2r". 15.2 
v(x) apa” (15.266) 
Using (15.261) gives the exact solution 
635 
= +,/—z. 15.2 
u(a) 4/ The (15.267) 


It is interesting to point out that there 
given by 


u(a) =4 


are two more solutions to this equation 


(a? + x). (15.268) 


The reason that the solution is not unique is due to the fact that the problem 


is nonlinear and ill-posed as well. 


Exercises 15.5.2 


Use the homotopy perturbation method 
equations of the first kind 


1 
ler -| e2%—3t y3 (t) dt 2 
0 
1 1 
3. - ae =i xt? u3(t) dt 4. 
27 0 
29 # 
5. =a = at u?(t) dt 6 
36 5 
466 2 
7. ——2" aa xt? u(t) dt 8. 
315 -1 


to solve the nonlinear Fredholm integral 


1 a 
.-e* =. et u(t) dt 
3 0 


1 1 2 
—“r= at u*(t) dt 
32 6 
32 
2? ay xt? u? (t) dt 
63 <4 
8 1 
a= / at u(t) dt 
35 _ 


15.6 Systems of Nonlinear Fredholm Integral Equations 


In this section, we will study systems of nonlinear Fredholm integral equations 


of the second kind given by 
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b 
ule) = file) + [ (Kilest)Fi (u(t) + Kale. F(v(O)) a 
a (15.269) 


b 
v(a) = fala) + f (Kale.t)Fa(ult)) + Bale, t)Fa(u(0)) a 


The unknown functions u(x) and v(x), that will be determined, occur inside 
and outside the integral sign. The kernels K;(a,t) and K;(2,t), and the func- 
tion f;(x) are given real-valued functions, for i = 1,2. The functions F; and 
F,, for i = 1,2 are nonlinear functions of u(x) and v(z). 

Systems of linear Fredholm integral equations were presented in Chapter 
11. In this chapter, the system of nonlinear Fredholm integral equations can 
be handled by four distinct methods, namely the direct computation method, 
the modified Adomian method, the successive approximations method, and 
the series solution method. Although the aforementioned methods work ef- 
fectively for handling the systems of nonlinear Fredholm integral equations, 
but only the first two methods will be used in this section. 


15.6.1 The Direct Computation Method 


The direct computation method will be applied to solve the systems of nonlin- 
ear Fredholm integral equations of the second kind. The method approaches 
Fredholm integral equations in a direct manner and gives the solution in an 
exact form and not in a series form. In what follows we summarize the neces- 
sary steps needed to apply this method. The method will be applied for the 
degenerate or separable kernels of the form 


Ky(@,t) = So ge(a)ha(t),  Ki(o,t) = S~Ge(a)ha(d), 
k=1. 


= neg (15.270) 
Ko(x,t) = So re(x)se(t), Ko(a,t) = S~ Fe (x) 3x (t). 
k=1 k=1 


The direct computation method can be applied as follows: 


1. We first substitute (15.270) into the system (15.269) to obtain 


i 7 (15.271) 
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2. Each integral at the right side depends only on the variable ¢ with 
constant limits of integration for t. This means that each integral is equivalent 
to a constant. Based on this, Equation (15.271) becomes 


u(x) = file) + argi(@) +++ + Ongn(®) + B191 (a) + +++ + BnGn(2), 


u(x) = folx) +yiri(a) +++ + Yta(x) + bifi(e) +--+ + bnFn(z), 
(15.272) 


where i 
& =| he(t) Fi (u(#)) dt, 1 <i<n, 


b ~ ~ 
i (15.273) 


he - a Fata Se Sa 


3. Substituting (15.272) into (15.273) gives a system of n algebraic equa- 
tions that can be solved to determine the constants a;,3;,7;, and 6;. To 
facilitate the computational work, we can use the computer symbolic sys- 
tems such as Maple and Mathematica. Using the obtained numerical values 
of these constants into (15.272), the solutions u(x) and vu(a) of the system 
of nonlinear Fredholm integral equations (15.269) follow immediately. The 
analysis presented above can be explained by studying the following exam- 
ples. 


Example 15.33 


Solve the following system of nonlinear Fredholm integral equations by using 
the direct computation method 


u(x) = sinx + (1 — 27) cosa + a cos x(u?(t) + v?(t)) dt, 
0 


4 (15.274) 
v(x) = sin x — cosa + | (u(t) — v?(t)) dt. 
0 

This system can be rewritten as 

u(a) = sina + (1-227 +a+4+)cosa, 

u(a“) = sina — cosa + (a — f), tet) 
where 2 - 

a= | u(t)dt, B= / v?(t) dt. (15.276) 

0 0 


To determine a, and 3, we substitute (15.275) into (15.276), and solving the 
resulting system, we obtain 


a=7, P=. (15.277) 
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Substituting this result into (15.275) leads to the exact solutions 


(u(x), v(a)) = (sin xz + cosa, sin xz — cos 2). (15.278) 
Example 15.34 


Solve the following system of nonlinear Fredholm integral equations by using 
the direct computation method 


u(x) = “seca —tang+ [ (tan # u?(t) + sec x v?(t)) dt, 
: (15.279) 


z 
v(x) = (1 = *) sec a + | (tan x u?(t) — seca v?(t)) dt. 
0 
Following the analysis presented above this system can be rewritten as 
u(x) = (+ 7 B) secx + (a — 1) tana, 
(15.280) 
T 
v(x) = (1 a os ) secaz+atan 2, 
where 


A i ue _ 7 vy 
a= | (t) dt, a- | (t) dt. (15.281) 


To determine a and {, we substitute (15.280) into (15.281) and solve the 
resulting system, we find 


a =1, B=1-<. (15.282) 
Substituting (15.282) into (15.280) leads to the exact solutions 
(u(x), v(a)) = (sec x, tan x). (15.283) 


Example 15.35 


Solve the following system of nonlinear Fredholm integral equations by using 
the direct computation method 


u() = 1— aetine + x(u?(t) + v(t) dt, 


(15.284) 
v(x) = 1+ 42? —Inz +f x” (u?(t) — v?(t)) dt. 
O+ 
Proceeding as before, this system can be rewritten as 
uz) =1+(a+6-—6)a+Inga, 
v(z) =1+(4+a- B)x? —Inz, p28) 
where 
1 1 
a= | ur(t)dt, B= v*(t) dt. (15.286) 
ot+ o+ 


To determine a, and (, we substitute (15.285) into (15.286), and proceeding 
as before to obtain 
a=1,6=5. (15.287) 
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This in turn gives the exact solutions 

(u(x), v(@)) = (1+Inz,1—Inz). (15.288) 
Example 15.36 
Solve the following system of nonlinear Fredholm integral equations by using 


the direct computation method 


u(x) = 27 + sec? x + [ 35(v?(t) — w?(t)) dt, 
0 


v(x) = 115 — sec? w+ i 35(w?(t) — u?(t)) dt, (15.289) 
0 


rc ae eee | * (u2(t) — v2(¢)) dt. 


Proceeding as before, this system can be rewritten as 
u(x) = 27 + sec? x + 35(8 — 9), 
v(x) = 115 — sec? x + 35(7 — a), (15.290) 
w(x) = —3—sec*z+a— 8, 


where 


_ a 2 _ a 2 2 4 2 
a= | u2(t) de, a= | v2(t) dt, v= | w(t)dt. (15.291) 


To determine a, 3, and y, we substitute (15.290) into (15.291) and by solving 
the resulting system we find 


az 10 nr 2 7 8 
eg a 43° 1727 Tos ee) 
These results lead to the exact solutions 
(u(x), v(x), w(x)) = (1 + sec? x, 1 — sec” x, 1 — sec* x). (15.293) 


Exercises 15.6.1 


Use the direct computation method to solve the following systems of nonlinear Fred- 
holm integral equations 


4 1 
u(x“) = 2— 7 +f t (u?(t) + v7(t)) dt 


-1 


v(x) = a? +294 : + t (u?(t) — v(t) dt 


1 
=1 


u(a) = 22+ ne | Int (u? (t) +v7(t)) dt 
ty) 


+ 


v(x) = -14—- Inet Int (u?(t) — v?(t)) dt 
or 
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1 
u(x) = 22—11lna +f In(at) (u?(t) + v7(t)) dt 
ot 


vo(a) = -144+- 7lne+ ie In(at) (u(t) — v?(2)) dé 


x 
2 


u(x) = sina + cos x — Tet fe t (uw u?(t) + v?(t)) dt 


v(x) = sinx — cosx — <0 + i at (u?(t) — v?(t)) dt 
0 


a on Qn? a 
u(x) = «+sin* x ri - aac ?(t) +. v7(t)) dt 


ot [fe t) (u?(t) — v?()) dt 
u(x) = seca — 2/3 + F (tan? tu?(t) + sec? tv?(t)) dt 

v(x) = tang — 2V3 + ; + ik (sec? t u?(t) — tan? tv2(t)) de 
ula) = at fo = 0) (+ w4() at 


v(x) = 27 — a+ i (x — 2t) (w?(t) + u?(t)) dt 


Or 
LO COC hVvmDO-——O—i— ee OOS OO 
= 
8 
cay 
II 
8 
Q 
fe) 
a 
N 
8 
a 


w(x) = 23 — ue + i (x — 3t) (u(t) + v7(¢)) dt 
u(x) = secxetang —2+ “ fn (v?(t) — w?(t)) dt 


8. 4 v(x) = sec? +1— “ + is (w?(t) — u?(t)) dt 


w(x) = sec? a + I (u Att) v7(t)) dt 


15.6.2 The modified Adomian Decomposition Method 


The modified Adomian decomposition method [11-12] was frequently and 
thoroughly used in this text. The method decomposes the linear terms u(x) 
and v(x) by an infinite sum of components of the form 


u(x) = > Un(x), v(x) = x Un(2), (15.294) 
n=0 n=0 


where the components u,(a#) and v,(a) will be determined recurrently. The 
method can be used in its standard form, or combined with the noise terms 
phenomenon. 
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However, the nonlinear functions F; and F;, for i = 1,2, in (15.269) should 
be replaced by the Adomian polynomials A,, defined by 
, BH 001 x, (15.295) 


1 d” n ; 
= vo,. 
ey re > Ui 
i=0 d=0 
Substituting the aforementioned assumptions for the linear and the nonlin- 
ear terms into the system (15.269) and using the recurrence relations we can 


determine the components u,(#) and v,(x). Having determined these com- 
ponents, the series solutions and the exact solutions are readily obtained. 


Example 15.37 


Use the modified Adomian decomposition method to solve the following sys- 
tem of nonlinear Fredholm integral equations 


u(“) = sing — 7 +f ((1 + wt)u?(t) + (1 — xt)v?(t)) dt, 
Se (15.296) 
v(x) = cosa + 2 +f ((1 — wt)u?(t) — (1+ xt)v?(¢)) dt. 
0 
Substituting the linear terms u(x) and v(x) and the nonlinear terms u?(«) 


and v?(a) from (15.294) and (15.295) respectively into (15.296) gives 


CO 


‘> Un(x) = sina — 7 
n=0 
+f (0 +at)S~ An(t)+(1— at) 5° nat) dt, 
0 


2 2 


T 
Un(x) = cosa + a? 


n=0 
+f (0 —at)S~ A,(t)-(1+2t) S> a.to) dt. 
v n=0 n=0 


(15.297) 
The modified decomposition method will be used here, hence we set the 
recursive relation 
uo(x) =sina, vo(x) = cosa, 


u(x) = —4+ A ((1 + vt)ug(t) + (1 — xt)v6(t)) dt = 0, 


(15.298) 
2 Tw 
v4(x“) = = +f ((1 — wt)ug(t) — (1 + xt)ug(t)) dt = 0. 
0 
This in turn gives the exact solutions 
(u(x), v(a)) = (sin x, cos x). (15.299) 


Example 15.38 


Use the modified Adomian decomposition method to solve the following sys- 
tem of Fredholm integral equations 
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2 8 om 2 2 
u(x) = 2+ sec? x a og (u?(t) + v°(t)) dt, 
ae (15.300) 
z 
v(x) = x —sec?2x—a7+2In24 | (u?(t) — v?(t)) dt. 
0 
Proceeding as before we obtain 
D7 tin(x) = @ + see Gms og, pa nl) + D7 Balt) t, 
n=0 n=0 n=0 
ye Un(x) = 2 —sec*x—7+2In24 in (>. An(t) = Se a.to) dt. 
n=0 0 n=0 n=0 
(15.301) 


For simplicity, the modified decomposition method will be used again, there- 
fore we set the recursive relation 
uo(x) = x2+sec*z, v(x) = x — sec’ a, 


g af t 5 9 
oC a er +f (ug(t) + vo(t)) dt =0, (15.302) 


us 


vy(“) = —7+21n2+ I (ug (t) + vg(t)) dt = 0. 


Consequently, the other components (u;,v;) = (0,0),7 > 2. As a result, the 
exact solutions are given by 


(u(x), v(x)) = (a + sec? a, x — sec? x). (15.303) 
Example 15.39 


Use the modified Adomian decomposition method to solve the following sys- 
tem of nonlinear Fredholm integral equations 


2 il: 
u(x) = e® — 5 sinh(a + 2) + | (e*'u?(t) +e~*'v*(t)) dt, 
x 
(15.304) 


9 1 
v(“) =e"? — 5 sinh(a — 2) + | (e~**u?(t) + e*v?(t)) dt. 
tie 0 
Proceeding as before and using the modified decomposition method, we find 
the recursive relation 


uo(az) =e", vo(a) =e*, 


2 : at, 2 —at, 2 
us(x) = = sinh(x + 2) +f (e ug(t) +e vo (t)) dt = 0, (15.305) 


+2 


2 1 
; sinh(a — 2) + | (e~**ug(t) + e*vg(t)) dt = 0. 
0 


v1(“) = — 


The exact solutions are given by 
(u(x), v(x)) = (e*,e~*). (15.306) 
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Example 15.40 


Use the modified Adomian decomposition method to solve the following sys- 
tem of nonlinear Fredholm integral equations 


1 
u(x) = e? — et +1 +f (e* y(t) + e7 w(t) dt, 
0 


1 
u(a) = e?* — 2e™ + | (e? Sw? (t) + e? u(t) dt, (15.307) 
0 


1 
w(x) = e3* — Qe” +f (ce? ~7#u? (t) + e® “v7 (t)) dt. 
0 
Using the modified decomposition method, we set the recurrence relation 


uo(x) =e”, vo(x) = e** 


(15.308) 
1 
ah = es | (c?-Sw2(t) + e® u(t) dé =0, 
0 
1 
w(x) = —2e* +f (e7 Fu? (t) + e* y(t) dt = 0. 
0 
Consequently, the exact solutions are given by 
(u(x), v(x), w(x)) = (e*, e**, e**). (15.309) 


Exercises 15.6.2 


Use the modified Adomian decomposition method to solve the following systems of 
nonlinear Fredholm integral equations 


u(x) = 2 — : +f wo + v7(t)) dt 


1. 
2 4 ‘. 2 
ofa) =artae4 of t(ut® v8) a 
u(x) = ai (u?(t) + v?(t)) dt 
2. a 
v(x) = sina —cose— ne [at ( at (u?(t) — v?(t)) dt 
u(x) = x+sina + (4-27) 4 re (u?(t) — v?(t)) dt 
3, 0 


v(vz) = x—coszr-+ T a? t uz —v? 
(2) (8—4n—2n?) +f 4(u2@® — 0%) at 
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u(x) = seca + “— +f (u?(t) + v(t) dt 
0 


v(x) = tang — te+ [ ax (u7(t) —v?(t)) dt 


u(x) = seca — z+ (u?(t) — v(t) dt 


z 


e 
8 
II 


tan x — to+ f° ax (u?(t) — v?(t)) dt 


zr 


= v3 5/2 2 
u(x = secrtane ++ f (u(t) — v7(t)) dt 


27 uve e+ ‘ az (u?(t) + v?(t)) dt 
) 


4 


; | u(x) = seca — “— a (u?(t) + u(t)u(t)) dt 


v(x) = sec 


nm—A 2 
v(x) = cosa + a +f (u(t) — u(t)v(t)) dé 


u(x) = tana + “2 + I (u?(t) + u(t)v?(t)) dt 


nm—3 vara 2 
v(x) = cosa + a +f (u(t) — u(t)v7(t)) dt 


UL) = seczr ubeta ‘ v2 w 
(x) = seca =P + f* (v®(H) + w2(H) at 


1 
v(a) = tana — “ : 


+ 
0 


4 


mt—8 2 2 
w(x) = cose HT 4 [ (u(t) + v7(t)) dt 


— 107? = 
u(x) = 1+ 77sec? «+ ae ; = +f" (v?(t) + w(t)) dt 
) 
2 z 
10. ¢ v(x) = 1—7sec? x — a. +f" (w?(t) + u?(t)) dt 
0 
167? a 
w(x) = 1+ 5 sec? @ — a +f (u?(t) + v?(t)) dt 
) 


u(x) = seca — ; + oe (u(t) w(t)) dt 
11. 2 v(2) = tang + “ mn I (w(t)u(t)) dt 


w(x“) = cosx—1+ - (u(t)v(t)) dt 
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es 
4 


2 = u(t)w 
u(x) = sec? x + ; +f (v(t)w(t)) dt 


12. 4 v(x) = —sec? x — : + if (w(t)u(t)) dt 
0 
7, ft 
w(x) = tan? 2 — z +f (u(t)v(t)) dt 
ty) 
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Chapter 16 


Nonlinear Fredholm Integro-Differential 
Equations 


16.1 Introduction 


The linear Fredholm integral equations and the linear Fredholm integro- 
differential equations were presented in Chapters 4 and 6 respectively. In 
Chapter 15, the nonlinear Fredholm integral equations were examined. It is 
our goal in this chapter to study the nonlinear Fredholm integro-differential 
equations [1-7] and the systems of nonlinear Fredholm integro-differential 
equations. 

The nonlinear Fredholm integro-differential equations of the second kind 
is of the form 


ub (x) = f(x) + af K(a,t)F(u(t)) dt, (16.1) 


where u)(a) is the nth derivative of u(a). The kernel K(2,t) and the func- 
tion f(x) are given real-valued functions, and F'(u(x)) is a nonlinear function 
of u(x). 

In this chapter, we will mostly use degenerate or separable kernels. A 
degenerate or a separable kernel is a function that can be expressed as the 
sum of product of two functions each depends only on one variable. Such a 
kernel can be expressed in the form 


K(a,t) = de 9i(e) h;(t). (16.2) 


Several analytic and numerical methods have been used to handle the non- 
linear Fredholm integro-differential equations. In this text we will apply three 
of the methods used in this text, namely, the direct computation method, the 
variational iteration method (VIM), and the Taylor series solution method to 
handle the nonlinear Fredholm integro-differential equations. The emphasis 
in this text will be on the use of these methods rather than proving theo- 
retical concepts of convergence and existence. The theorems of uniqueness, 
existence, and convergence are important and can be found in the literature. 
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The concern will be on the determination of the solutions u(x) of nonlinear 
Fredholm integro-differential equations of the second kind. 


16.2 Nonlinear Fredholm Integro- Differential Equations 


The linear Fredholm integro-differential equation, where both differential and 
integral operators appear together in the same equation, has been studied in 
Chapter 6. In this section, the nonlinear Fredholm integro-differential equa- 
tion will be examined. The standard form of the nonlinear Fredholm integro- 
differential equations of reads 


u (a) fo) +a K(a,t)F(u(t))de, (16.3) 
where u(x) = £*, and F(u(z)) is a nonlinear function of u(x) such as 
u?(x),sin(u(a)), and e““), Because the equation in (16.3) combines the dif 
ferential operator and the integral operator, then it is necessary to define 
initial conditions u(0),u'(0),..., w“~(0) for the determination of the par- 
ticular solution u(x) of this equation. 

In Chapter 6, we applied four methods to handle the linear Fredholm 
integro-differential equations of the second kind. In this section we will use 
only three of the methods that we used in Chapter 6. However, the other 
methods presented in Chapter 6 can be used as well. 

In what follows we will apply the direct computation method, the vari- 
ational iteration method (VIM), and the series solution method to handle 
nonlinear Fredholm integro-differential equations of the second kind (16.3). 


16.2.1 The Direct Computation Method 


The direct computation method has been extensively introduced in this text. 
Without loss of generality, we may assume a standard form to the Fredholm 
integro-differential equation given by 


uO (a +f K (a, t) F(u(t))dt, u (0) = bk, O< k < (n—1), (16.4) 


where ne indicates the n th derivative of u() with respect to 7, F(u(#)) is 
a nonlinear function of u(x), and by are the initial conditions. It is important 
to point out that this method will be applied for equations where the kernels 
are degenerate or separable of the form 


t) = D2 g(a) (2) (16.5) 
k=1 
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Substituting (16.5) into the nonlinear Fredholm integro-differential equation 
(16.4) leads to 
b 
u(a) = Fle) + (a) f ha(t) Pulte 
fo b 
+o0(z) [ ho(t) F(u(t))dt +--+ + on(e) | h,(t) F(u(t))dt. 

: ‘ (16.6) 
Each integral at the right side of (16.6) depends only on the variable ¢ with 
constant limits of integration for t. This means that each integral is equivalent 
to a constant. Based on this, Equation (16.6) becomes 


ul”) (2) = f(x) +aigi(%) + aego(z) +--+ + Qngn(2), (16.7) 
where 


b 
A; = i; hj(t) F(u(t))dt, 1 <i<n. (16.8) 
Integrating both sides of (16.7) n times, using the initial conditions, we obtain 


u(2) = w(0) + ew'(0) + 500"(0) ++ papa tue sa 


+L" (f(x) + argi(a) + a2go(x) +++ + Ongn(2)); 


where L~! is the n-fold integral operator. Substituting (16.9) into (16.8) gives 
a system of n algebraic equations that can be solved to determine the con- 
stants a;,1 <i <n. Using the obtained numerical values of a; into (16.7), the 
solution u(x) of the nonlinear Fredholm integro-differential equation (16.4) 
is readily obtained. 

It is interesting to point out that we may get more than one value for one 
or more of a;,1 <7 <n. This is normal because the equation is nonlinear and 
the solution u(x) may not be unique for nonlinear problems. In what follows 
we present some examples to illustrate the use of the direct computation 
method. 


Example 16.1 


Solve the nonlinear Fredholm integro-differential equation by using the direct 
computation method 


u'(x) = cos a — ws + A atu? (t) dt, u(0) = 0. (16.10) 
This equation may be written as : 
ul(x) = cosx + (0 - =) x, u(0) = 0, (16.11) 
where 
a= 7 tu?(t) dt. (16.12) 


Integrating both sides of (16.11) from 0 to x, and using the initial condition, 
we find 


520 16 Nonlinear Fredholm Integro-Differential Equations 


2 
u(a) = sina + oo bat, (16.13) 
2 8 
Substituting (16.13) into (16.12), evaluating the resulting integral, and solv- 
ing the resulting equation for a we obtain 


mn? n® — 9673 + 5767 + 96 


= — 16.14 
oe 4n6 ae 
Consequently, the exact solutions are given by 
: ; 12 72 12\ 4 
u(x) = sina, sina — is + a + +) ; (16.15) 


Example 16.2 


Solve the nonlinear Fredholm integro-differential equation by using the direct 
computation method 


ul (xz) = e® + — “2+ f vu?(t) dt, u(0) = 1. (16.16) 
This equation may be written as ° 
A ee aes 20 5 t=, (16.17) 
where i 
a= i u?(t) dt. (16.18) 


Integrating both sides of (16.17) from 0 to a, and by using the initial condi- 


tions we obtain 
1—e?+2a 4 
—_——__—<¥<\2". 


u(x) =e" + Z (16.19) 
Substituting (16.19) into (16.18) and proceeding as before we get 
e?—1 e?—40e+ 119 
= SSS 16.2 
a a ; (16.20) 
The exact solutions are therefore given by 
u(x) = e*, e* + (30 — 10e)z”. (16.21) 


Example 16.3 
Solve the nonlinear Fredholm integro-differential equation by using the direct 


computation method 


u" (2) = ate ryt | (at-+a7t?) (u(t)—u?(t)) dt, u(0) = 1,u/(0) = 1. 


15 | 35 
(16.22) 


This equation may be written as 


1 11 1 19 
” = + — = iid 2 _ ! _ 
u’(2)=2+ (G0+ =) x+ (50+ =) x”, u(0) =1,u'(0) =1, (16.23) 


obtained by setting 
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‘ =| t(u(t)— w(t) dt, B= [. 2(u(t)—w2()) dt. (16.24) 


-1 
Integrating both sides of (16.23) two times from 0 to x, and by using the 
given initial conditions we find 


u(x) =1+a2+274 (se a) a+ (578+ a) (16.25) 


90 420 
Substituting (16.25) into (16.24), evaluating the integrals, and solving the 
resulting equations we find 


29 38 
ea= popes 16.2 
Pee Pa 1820) 
The exact solution is given by 
uz) =1l+a+2". (16.27) 


Example 16.4 


Solve the nonlinear Fredholm integro-differential equation by using the direct 
computation method 


2 Lf 
w(x) = =sinag + >| cos(a — t) u(t) dt, 
0 


3 (16.28) 
u(0) = 1, u’(0) = 0, u”(0) = -1. 
This equation may be written as 
2 1 1 
(x) = =sinz+=acosz+—(sinz, 
US 2 3° (16.29) 


obtained by setting 
a= f cos tu?(t) dt, p= sin tu°(t) dt. (16.30) 
0 0 


Integrating both sides of (16.29) three times from 0 to x, and by using the 
given initial conditions we obtain 


u(a) = (5 +59) cos x 4 5a sin x) 4 (40 z) x 8 | - (16.31) 


Proceeding as in the previous examples gives 


2 
a=0, p= a (16.32) 
The exact solution is therefore given by 
u(x) = cos x. (16.33) 


Exercises 16.2.1 


Solve the following nonlinear Fredholm integro-differential equations by using the 
direct computation method 
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1. u/(x) =1 set sf wtu(t at (0) =1 
. Slo — - > U = 
247° 2 Jo 
149 if? 
2. u(x) = 1+ 22 — —z? ;/ 2tu?(t) dt, u(0) = 1 
u’ (x) + 2x aie u(0) 


1 z 
3. u' (x) = cosx — a+ a atu? (t) dt, u(0) =1 


wld 


4. u(x) =sing + alr +8)a+ . is xt(u(t) — u?(t)) dt, u(0) =0 


5. u!(e) = 1-+e (; pes =e 7 ff eu + wroyar, u(0) = 1 


6. u’ (x) =e” 4 z= (3+ €?)x4 5 ff at tu -@yar, u(0) = 2 


7. u(x) = —sing 724 iaien = [edu eat u(0) = 0,u’/(0) = 1 
; 7 16 | 32° 8 Jo , — ~ 


al us 
8.u"' (x) = cose + “sina + >| sin(a — t)u?(t) dt, u(0) = 0, u’(0) =0 
0 


1 cee 
9. u"(w) = se" + ;/ e* Fu? (t) dt, u(0) = 1,u’(0) =1 
(0) 


1 
10. u!!"(x) = =e" + ;/ e* ~3#y3(t) dt, u(0) = u’ (0) = u/"(0) = 1 
) 


1 1 1 
11. wu’’’ (x) = 8e?* — —e*7 + — e?—4tu? (t) dt, u(0) = 1, u’(0) = 2,u’’(0) = 4 
16 16 Jo 


12. uw!’ (@) = sina + _ + : [wo — u(t)) dt, u(0) = —u’’(0) = 1, u’(0) =0 


16.2.2 The Variational Iteration Method 


The variational iteration method [8-10] was used before in previous chap- 
ters. The method handles linear and nonlinear problems in a straightforward 
manner. Unlike the Adomian decomposition method where we determine dis- 
tinct components of the exact solution, the variational iteration method gives 
rapidly convergent successive approximations of the exact solution if such a 
closed form solution exists. 

The standard 7th order nonlinear Fredholm integro-differential equation is 
of the form 


u(x) = f(a) + | K (a, t)F(u(t))de, (16.34) 


where u(x) = car and F(u(«)) is a nonlinear function of u(x). The initial 
conditions should be prescribed for the complete determination of the exact 
solution. 
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The correction functional for the nonlinear integro-differential equation 
(16.34) is 


1 t 
Un+i(Z) = Un(2) +f A(t) (wo — f(t) -f K(t,r) F(tin(r)) ar) dt. 
0 0 
(16.35) 
To apply this method in an effective way, we should follow two essential steps: 


(i) It is required first to determine the Lagrange multiplier \ that can 
be identified optimally via integration by parts and by using a restricted 
variation. The Lagrange multiplier 4 may be a constant or a function. 

(ii) Having determined, an iteration formula, without restricted varia- 
tion, should be used for the determination of the successive approximations 
Un+i(x),n > 0 of the solution u(x). The zeroth approximation ug can be 
any selective function. However, the initial values are preferably used for the 
selective zeroth approximation up. Consequently, the solution is given by 


u(x) = lim un(x). (16.36) 
The VIM will be illustrated by studying the following examples. 
Example 16.5 


Use the variational iteration method to solve the nonlinear Fredholm integro- 


differential equation 
Tv 


1 
u!(z) = cosa — = ove! cu? (t) dt, u(0) = 0. (16.37) 


The correction functional for this equation is given by 
Tv 


® 1 
Unti(Z) = Un(x) — i ul (t) — cost + as tu2(r)dr } dt, (16.38) 
5 48 24 fy 


where we used \ = —1 for first-order integro-differential equation. 

We can use the initial condition to select uo(#) = u(0) = 0. Using this 
selection into the correction functional gives the following successive approx- 
imations 


uo(x) = 0, 
ui(x) = sina — 0.03272492349x?, 
u(x) = sin x — 0.0066379198327, (16.39) 
u3(x) = sin x — 0.0015672325127, 
u(x) = sin x — 0.0003801612527, 
and so on. Using (16.36) gives the exact solution by 


u(a) = sina. (16.40) 
Example 16.6 


Use the variational iteration method to solve the nonlinear Fredholm integro- 
differential equation 
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2 wT 
u(x) = cosx — xsinaz — ar +9), + a | atu*(t) dt,u(0) = 0. (16.41) 


The correction functional for this equation is given by 


Un+i(#) = Un(x) 


© 2 1 Tv 
-{ ul (t) — cost + tsint 4 vai — tru2(r) dr ) dt. 
(16.42) 


We next select uo(a) = 0 to find the successive approximations 
uo(x) = 

u1(x) = xcosx — 0.0394834518127, 

u2(x) = xcosx + 0.010170264962?, (16.43) 

(x) = cos 7 — 0.0024184666592?, 

(x) = xcosx + 0.000587237401 27, 

and so on. Proceeding as before, the exact solution is given by 


u(x) = xcos@. (16.44) 


U3\ 2 


U4|& 


Example 16.7 


Use the variational iteration method to solve the nonlinear Fredholm integro- 
differential equation 


u(x) = —cosx Lan : =| ru*(t)dt,u(0) = 2,u/(0)=0. (16.45) 
0 


128° ' 64 


The correction functional for this equation is given by 
Tv 


e re 37 1 5 
Unti(L) = Un(2) +f (t-— 2) (une + cost + Tat — af tu; (r) ar) dt. 
(16.46) 
We can use the initial condition to select uo(a) = u(0) + xu’(0) = 2. Using 
this selection into the correction functional gives the following successive 
approximations 


uo(x) = 2, 
ui(x) = 1+cosz + 0.020453077182°, 
u2(x) = 1+cosz + 0.001188399312°, (16.47) 
u3(x) = 1+ cosa + 0.0000433260723, 
ua(x) = 1+cosx + 0.000001523822°, 
and so on. The VIM gives the exact solution by 


u(a) = 1+ cosa. (16.48) 


Example 16.8 


Use the variational iteration method to solve the nonlinear Fredholm integro- 
differential equation 
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1079 1 
ul" (av) = ve” +—e* + 


1 
— x—2t 2 (+ Et = 4 =1 ie = 
Daag fe PW at,u(0) = 0,000) = 1,0") 


(16.49) 
The correction functional for this equation is given by 


Un+1(@) = Un(x) 


, 1 2 my t 1079 t 1 : t—2r,,2 
| x(t x) (ws (t) — te 360° ~ 190 ; e Tus (r) ar) dt. 
(16.50) 
We can use the initial condition to select uo(x) = x + 2”. Using this 
selection into the correction functional gives the following successive approx- 
imations 


(x) | (0.88212¢ + 0.441063? — 0.88212e” + 0.88212) x 10-3, 
U(x) = xe® + (0.267448 + 0.1337x? — 0.26744e* + 0.26744) x 10%, 
(x) + ( 


u3(x) = xe® + (0.81152 + 0.40602x? — 0.81286" + 0.81135) x 10719, 
(16.51) 
and so on. The VIM admits the use of 
u(x) = lim u,(x), (16.52) 
that gives the exact solution by 
u(x) = xe”. (16.53) 


Exercises 16.2.2 


Use the variational iteration method to solve the nonlinear Fredholm integro-differential 
equations 


1 Tv 
1. u!(x) =sing — = + — 2(t) dt, u(0) =0 
u’(x) = sinx aa 4d ; zu“ (t) dt, u(0) 


, wT 1 1 
2. u’ (x) = cosx — —a2 — — 


. 2 
= t) dt,u(0) =1 
30° 30 ino J, TY atu) 


1 wv 
3. u(x) =x+acosz4 = (3 — 1?) 4 | atu? (t) dt,u(0) = 0 
192 24 Jo 
/ 2a 1 xe 1 * a—4t, 2 
4. u'(“%) = 2e eae a ae e u(t) dt, u(0) = 1 
0 


1 1 ft 
5. ul (x) = —2e7?* — — 4a / + 4b? (t) dt,u(0) =1 
u’ (x) e mate a J) xe u(t) dt, w(0) 


T 1 7 
6. u’ (x) = ina — — = | 2(t) dt,u(0) = —1 
u(x) = cosx +sing 9G OG ‘ xu’ (t) dt, u(0) 


7. u(x) = —sing “24 ae: [re t)u?(t) dt, u(0) = 0, u/(0) =1 
i. 36 72 «18 Jo a ale = 
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2 us 
8. u(x) = —cosx at | 5 | xtu”(t) dt, u(0) = 1, u’(0) =0 
0 


9.u" (2) =e* + +(e —2)e+ a x(t — u?(t)) dt,u(0) =1,u/(0) =1 


aa oo a ' 1 a ult) —u2 a =a! —0.u" Fs 
10. w(x) = sina + 7 Th (u(t) (t)) dt, u(0) = 1, u’(0) = 0, u’’ (0) 


1 a 
11. uu!" (x) = sinz—cosx— mt Tal wu? (t) dt,u(0) = 1, u’(0) = 1,u’’(0) = — 
12. u(x) = e” 4 : (e? — 3)a 4 : [eeu — u?(t)) dt,u(0) = 2,u’(0) = 
200 100 Jo 


1,u’’(0) =1 


16.2.3 The Series Solution Method 


The series solution method depends mainly on the Taylor series for analytic 
functions [1]. A real function u(x) is called analytic if it has derivatives of all 
orders such that the generic form of Taylor series at x = 0 can be written as 


- 3 Ant”. (16.54) 


The Taylor series method, or simply the series solution method will be used 
in this section for solving nonlinear Fredholm integro-differential equations 
of the second kind. We will assume that the solution u(a) of the nonlinear 
Fredholm integro-differential equation 


ul (2) aya f K (a, t)F(u(t))dt, u™ (0) = klaz,0 << k < (n—1), 


(16.55) 

is analytic, and therefore possesses a Taylor series of the form given in (16.54), 
where the coefficients a,, will be determined recurrently. 

The first few coefficients a, can be determined by using the initial condi- 


tions so that 

1 1 Mr 

a rhe (0), (16.56) 
and so on. The remaining coefficients a, of (16.54) will be determined 
by applying the series solution method to the nonlinear Fredholm integro- 


differential equation (16.55). Substituting (16.54) into both sides of (16.55) 


gives 
2a (n) ‘ = 
(>: at) =T( f(s) +f K(a,t)F (>: a) dt, (16.57) 
k=0 7 k=0 


where T(f(x)) is the Taylor series for f(a). The integro-differential equation 
(16.55) will be converted to a traditional integral in (16.57) where instead of 


ag = u(0), a, = u'(0), ag = — u" (0), a3 = 
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integrating the unknown function F'(u(x)), terms of the form ¢”, n > 0 will 
be integrated. Notice that because we are seeking series solution, then if f(x) 
includes elementary functions such as trigonometric functions, exponential 
functions, etc., then Taylor expansions for functions involved in f(a) should 
be used. 

We first integrate the right side of the integral in (16.57), and collect the 
coefficients of like powers of x. We next equate the coefficients of like pow- 
ers of x into both sides of the resulting equation to determine a recurrence 
relation in a;,j > 0. Solving the recurrence relation will lead to a complete 
determination of the coefficients a;,7 > 0, where some of these coefficients 
will be used from the initial conditions. Having determined the coefficients 
aj,j = 0, the series solution follows immediately upon substituting the de- 
rived coefficients into (16.54). The exact solution may be obtained if such an 
exact solution exists. If an exact solution is not obtainable, then a truncated 
series can be used for numerical purposes. In this case, the more terms we 
evaluate, the higher accuracy level we achieve. The following examples will 
be used to illustrate the series solution method. 


Example 16.9 


Solve the nonlinear Fredholm integro-differential equation by using the series 
solution method 


u(x) =1-— =a - —=2" 4 [ (at + 27t?)u?(t))dt, u(0) = 1. (16.58) 


Substituting u(#) by the series 
u(a) = a Ant”, (16.59) 
n=0 
into both sides of the equation (16.58) leads to 
~ n 2 226 2 : 242 ~ n\2 
(3 one") mie Fete f(t Pe dooney dt. (16.60) 


Evaluating the integral at the right side, using aj = 1, we find 


a, + 2age + 3a32? + 4agx® + 5asr*4+--- 


2 A 4 4 4 4 4 
=14+|-2+4+ 5a) + <a3a4 + taja2 + 5a144 + sa2a3 4+ saz} x 


ip 3 9 5 7 7 5 
52 2,4 a 4 oe Bae 
-— a -—a204 + -a,a3 + -a5 + -a4+ -a2 + -aj + —ajz | x 
Te ye ae ai ee gee Be ee ee 
(16.61) 


Equating the coefficients of like powers of x in both sides, and solving the 
system of equations we obtain two sets of solutions 


a9 = 1,a, =1,ag =1,a, =0,r > 3, (16.62) 
Consequently, the exact solutions is given by 
u(t) =1+a2+2", (16.63) 
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Example 16.10 


Solve the nonlinear Fredholm integro-differential equation by using the series 
solution method 


1 1 f' 
u' (x) = e* — ria —l1)zr+ >| zu*(t)dt, u(0) = 1. (16.64) 
0 
Substituting u(a) by the series 
u(z) = S> Ant”, (16.65) 
n=0 
into both sides of the equation (16.64) leads to 
~ n x i 2 : ~ ny\2 
Sanz”) =Ty(e? — =(e? — 1)x) + x (ant")? | dt, (16.66) 
n=0 . 0 n=0 


where T} is the Taylor series about « = 0. Evaluating the integral at the right 
side, using ap = 1, and proceeding as before we find 
1 
dn = Tn > 0. (16.67) 
Using (16.65) gives the exact solution 
u(x) = e”. (16.68) 


It is worth noting that we used the series assumption up to O(x!”) to get 
this result. 


Example 16.11 


Solve the nonlinear Fredholm integro-differential equation by using the series 
solution method 


ul (x) = cosa (Z ! s)e ! (7 ! =) | Bf (eM ar, uo) =1, 
(16.69) 


Substituting u(x) by the series 
ay >" aga”, (16.70) 
n=0 


into both sides of the equation (16.69) leads to 


(Soot) = (wna (E42)s+ (2+) 


n=0 
tof Cm (doen dt. (16.71) 


n=0 


Evaluating the integral at the right side, using a9 = 1, and proceeding as 
before we find 
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lo) _1)n 
donsi = >~ aT n>0, (16.72) 


Consequently, the series solution is given by 


u(z) = 1+ » —ae,, (16.73) 


that converges to the exact solution 
u(z) =1+sing. (16.74) 
Example 16.12 


Solve the nonlinear Fredholm integro-differential equation by using the series 
solution method 


i‘ M6. a Pos , 
u(x) = 10-— 35° +s xtu*(t)dt, u(0) = 1, u'(0) = 0. (16.75) 
-1 
Substituting u(a) by the series 
u(x) = » Ont”; (16.76) 
n=0 


into both sides of the equation (16.75), evaluating the integral at the right 
side, using a9 = a2 = 0, a; = 1, and proceeding as before we find 


a9 = 1, a, = 0, ag = 5,03 = —-l, a, =0,k S4. (16.77) 
Consequently, the exact solution is given by 
u(t) =1+ 52? — 2, (16.78) 


Exercises 16.2.3 


Solve the following nonlinear Fredholm integro-differential equations by using the 
series solution method 


47 = 193 1 ft 
1. u’ (x) = -— - —2r4+— (a — t)u?(t) dt, u(0) =1 
45 90 12 J_4 
Hl 1 1 
2. u(x) = = a + 3a? 4 / (a — t)u?(t) dt, u(0) =1 
45 630 12 Jia 
82 al 1 
3. u’ oo ae ae 7 atu? (t) dt, u(0) =1 


, we 1 2 | 1 ur mew y; Uu _ 
4. u'(%) =e (e* — 3)z 4 val t(u* (t) (t)) dt, u(0) = 1 


e?—2¢ (y(t) — u(t)) dt, u(0) =1 
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a 4 1 7 2 7. 
6. u Cle eee atu (t) dt, u(0) = u'(0) =1 
-1 


7. u(x) =e” 


“ (e? — 1)x 4 4 [ atu? (t) dt, u(0) =u’ (0) =1 


1 ae ie 
8. u(x) = —e + s/f at?u*(t) dt, u(0) = 0,u'(0) =1 
0 


16.3 Homogeneous Nonlinear Fredholm 
Integro- Differential Equations 


Substituting f(a) = 0 into the nonlinear Fredholm integral equation of the 
second kind 


b 
u(x) = f(x) +r K (a, t)F(u(t))dt, (16.79) 


gives the homogeneous nonlinear Fredholm integral equation of the second 
kind given by 


u(x) =r i ; K (a, t)F(u(t))dt, (16.80) 


where F(u(t)) is a nonlinear function of u(t). The initial conditions should 
be prescribed to determine the exact solution. 

In this section we will focus our study on the homogeneous nonlinear Fred- 
holm integral equation (16.80) for the specific case where the kernel K(z, t) is 
separable. The aim for studying the homogeneous nonlinear Fredholm equa- 
tion is to find nontrivial solution. Moreover, the Adomian decomposition 
method is not applicable here because it depends mainly on assigning a non- 
zero value for the zeroth component uo(x), and f(x) = 0 in this kind of 
equations. The direct computation method works effectively to handle the 
homogeneous nonlinear Fredholm integro-differential equations. 


16.3.1 The Direct Computation Method 


The direct computation method was used before in this chapter. This method 
replaces the homogeneous nonlinear Fredholm integro-differential equations 
by a single algebraic equation or by a system of simultaneous algebraic equa- 
tions depending on the number of terms of the separable kernel K (a, t). The 
direct computation method handles Fredholm integro-differential equations, 
homogeneous or nonhomogeneous, in a direct manner and gives the solution 
in an exact form and not in a series form. 

As stated before, the direct computation method will be applied to equa- 
tions where the kernel /(2,to) is degenerate or separable kernel of the form 
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K(a,t) =~ gp (x)he(t). (16.81) 
k=1 


The direct computation method can be applied as follows: 


1. We first substitute (16.81) into the homogeneous nonlinear Fredholm 
integro-differential equation 


b 
u(x) = af K (a, t) F(u(t))dt. (16.82) 
2. This substitution leads to | 
b 


b 
u (a) = rn(z) f hyi(t) F(u(t))dt + gota) f ho(t) F(u(t))dt + --- 
b 


ene. / hn (t) F(u(t))dt. (16.83) 


3. Each integral at the right side depends only on the variable t with 
constant limits of integration for t. This means that each integral is equivalent 
to a constant. Consequently, Equation (16.83) becomes 


w(x) = Aa1g1(x) + Aa2G2(x) +++» + AAngn(2), (16.84) 


where 


a= [ hi(t) F(u(t))dt, 1 <i<n. (16.85) 


4. Integrating both sides of (16.84) ¢ times from 0 to a, and using the given 
initial conditions we obtain an expression for u(x) in terms of a; and x. 

5. Substituting the resulting expression for u(x) into (16.85) gives a system 
of n simultaneous algebraic equations that can be solved to determine the 
constants aj,1 < i < n. Using the obtained values of a; into (16.84), the 
solution u(x) of the integro-differential equation (16.80) follows immediately. 


Example 16.13 


Solve the homogeneous nonlinear Fredholm integro-differential equation by 
using the direct computation method 


u(x) = af xu(t) dt, u(0) = 1. (16.86) 
This equation may be written as 
days aha, oats (16.87) 
where ‘ 
a =| u?(t) dt. (16.88) 


Integrating both sides of (16.87) from 0 to 2, and using the initial condition, 
we find 


1 
=14+—)az’. ; 
u(a) + 5g oe (16.89) 
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Substituting (16.89) into (16.88), evaluating the integral, and solving the 
resulting equation for a we obtain 


a= 2880 — 80 + 32/8100 — 450A — 5A 


m2 (16.90) 
This in turn gives the exact solutions 
2880 — 80\ + 32/8100 — 450A — 5A7 
u(x) = 1. 7”. (16.91) 


48. 
We now consider the following three cases: 


1. Using \ = 0 into (16.89) gives the exact solution u(x) = 1. However, 
u(a) is undefined by using A = 0 into (16.91). Hence, \ = 0 is a singular point 
of homogeneous nonlinear Fredholm integro-differential equation (16.86). 

2. For \ = —45 + 275, Equation (16.91) gives the exact solutions 

u(x) =14+V5a". (16.92) 
Consequently, there are two bifurcation points, namely —45 + 27\/5 for this 
equation. This shows that for —45 — 27/5 < \ < —45+27\5, then equation 
(16.86) gives two real solutions, but has no real solutions for \ > —45+27V/5 
or \ < —45 — 27V5. 

3. For —45 — 27/5 < A < —45 4 27/5, Equation (16.86) gives two exact 
real solutions. This is normal for nonlinear problems, where solution may not 
be unique. 


Example 16.14 


Solve the homogeneous nonlinear Fredholm integro-differential equation by 
using the direct computation method 


1 
(a) = af e” * u?(t) dt, u(0) = 0. (16.93) 
0 
This equation can be rewritten as 

u'(x) = ade”, u(0) = 0, (16.94) 

where ‘ 
a -| e' u(t) dt. (16.95) 

0 


Integrating both sides of (16.94) from 0 to w, and using the initial condition, 
we find 

u(x) = Aa(e” — 1). (16.96) 
Substituting (16.96) into (16.95), evaluating the integral, and solving the 
resulting equation for a we obtain 


1 
= >>. 16.97 
“* 2(2sinh 1 — 2) vene 
This in turn gives the exact solution by 
#1 
u(z) = —— (16.98) 


\(2 sinh 1 — 2)’ 
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Notice that \ = 0 is a singular point of this equation. 
Example 16.15 


Solve the homogeneous nonlinear Fredholm integro-differential equation by 
using the direct computation method 


1 
wie | (ot + 274?) u2(¢) dt, u(0) = 0. (16.99) 
-1 
This equation can be rewritten as 
u' (xz) = adr + GAz?,u(0) = 0, (16.100) 
where 
1 1 
a= l tur(t)dt, B= / t? u(t) dt. (16.101) 
-1 -1 


Integrating both sides of (16.100) from 0 to x, and using the initial condition, 


we find i ; 

u(x) = 5 ror" - 3 be". (16.102) 
Substituting (16.102) into (16.101), evaluating the integrals, and solving the 
resulting system of equations for a and (3 we obtain 


14/5 81 21 
a=0, pe? p= a2? Dre" (16.103) 
This in turn gives the exact solutions 
OF 2 Gog OF 8 
= yz, —— = 16.104 
u(x) ar? ay + a2 ( ) 


Notice that 4 = 0 is a singular point of this equation. 
Example 16.16 


Solve the homogeneous nonlinear Fredholm integro-differential equation by 
using the direct computation method 


Ce) afia + at) (u(t) — u?(t)) dt, u(0) = u'(0) = 0. (16.105) 


This equation can be rewritten as 
u(x) =ad + BrAx, u(0) = u'(0) = 0, (16.106) 
where 
1 1 
a =| (u(t)-w) dt, B= / t (u(t) — u2(t)) dt. (16.107) 
=i -1 
Integrating both sides of (16.106) twice from 0 to x, and using the initial 


conditions, we find 
1 1 
u(x) = 5 ror" - gen”. (16.108) 
Substituting (16.108) into (16.107), evaluating the integrals, and solving the 
resulting system of equations for a and (@ we obtain 
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10(A — 3) 7(A— 15) 7,/15(29A + 165)(A — 15) 
= —————, —_—_ = 0, +————____———_..._ (16.109 
a Va a a 252 mo 
(i) For a= wo, G = 0, the exact solution is given by 
5(A — 3 
u(x) = PAD. (16.110) 
(ii) For a = ee, = poe ssa | am the exact solutions are 
given by 


oe 2+ \/15(Q9\ + 105)(\ — 15) 2 
uz) = (15(4- 15)a? + \/15(29A + 165)(A — 15) 2 ) . (16.111) 
We now consider the following cases: 


1. Using \ = 0 into (16.105) gives the trivial solution u(x) = 0. However, 
u(az) is undefined by using A = 0 into the last solution. Hence, \ = 0 is a 
singular point of equation (16.105). 

2. There are two bifurcation points, namely \ = 2 and A = 15 for 
this equation. This shows that for \ < -2, and for A > 15, then equation 


(16.105) gives two real solutions, but has no real solutions for —4% <  < 15. 


Exercises 16.3.1 


Use the direct computation method to solve the following Fredholm integro-differential 
equations: 


1. ul! (a) = =f, a(u(t) — u3(t)) dt, u(0) = 0 
2.u'(r#) = =f, a(u(t) — u?(t)) dt, u(0) = 0 

trp) — 2 . 2 = 
3. u’ (x) aff x(1— u“(t)) dt, u(0) = 1 

/ = 1 fies a 2 = 
4. u'(x) = mah sina sint(1 + u*(t)) dt, u(0) = 0 


on 
eS 


L)= > (a + x*t)u? (t) dt, u(0) = 0 
6. u’ (x) = [ sin(a + t)(1 — u?(t)) dt, u(0) = 0 


7. ul(e) = ‘s cos(# + 4)(1 — u?(¢)) dé, u(0) = 0 


8. u(x) = ‘s cos(a + t)(1 — u?(t)) dt, u(0) = 0 


9. u(x) = oe x(u(t) + u?(t)) dt, u(0) =1,u’(0) =0 
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1 1 
10. u(x) = =| z°?(1 + u?(t)) dt, u(0) = 0,u’(0) =1 
-1 
1 1 
ll. u!’(x) = al (1 — wt) (u(t) — u?(t)) dt, u(0) = u’(0) = 0 
-1 


12. u(x) = rf cos(x — t)(u(t) — u?(t)) dt, u(0) = u/(0) =0 


16.4 Systems of Nonlinear Fredholm Integro-Differential 
Equations 


In this section, systems of Fredholm integro-differential equations of the sec- 
ond kind given by 


b 
vO) = Ale) + [ (Kieu) + Kile, HA(o(6)) at 
7 (16.112) 


b 
vl (2) = fala) + f° (Kala.t)Fa(u(t)) + Kala, t)Fa(o(t)) at 


will be studied. The unknown functions u(x) and v(x) occur inside the in- 
tegral sign whereas the derivatives of u(x),u(x) appear mostly outside the 
integral sign. The kernels K;(x,t) and K;(a,t), and the function f;(x) are 
given real-valued functions. The functions F; and F; are nonlinear functions 
for u(x) and v(x) respectively. 

In Chapter 11, two analytical methods were used for solving systems of 
linear Fredholm integro-differential equations. These methods are the direct 
computation method and the variational iteration method. The aforemen- 
tioned methods can effectively handle the systems of nonlinear Fredholm 
integro-differential equations (16.112). The other methods presented in this 
text can also be used for handling such systems. 


16.4.1 The Direct Computation Method 


The direct computation method will be applied to solve the systems of non- 
linear Fredholm integro-differential equations of the second kind. The method 
approaches any Fredholm equation in a direct manner and gives the solution 
in an exact form and not in a series form. The method will be applied for the 
degenerate or separable kernels of the form 


Ki (x,t) = So ge(a)he(t), Kila, t) = D0 Ge(x)re®), 
oe ema (16.113) 
Ko(2,t) = So rp(a)se(t), Ko(a,t) = 5° F(x) x(t). 


k=1 k=1 
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The direct computation method can be applied as follows: 


1. We first substitute (16.113) into the system of Fredholm integro- 
differential equations a 112) to obtain 


u(e) = fale) + Yl ) ft (t)u(t)at + 2 ela ) fiat (t)u(tat, 


k=1 
n b n b 
v (x) = fo(a) ab) sx(t)u(t) dt + Aa) | 5, (t)u(t) dt. 
k=1 : k=1 a 


(16.114) 

2. Each integral at the right side depends only on the variable t with con- 

stant limits of integration for t. This means that Equation (16.114) becomes 
w(x) = fale) + argi(e) +--+ + Ongn(x) + Biga(2) +++ + BnGn(2), 


v(x) = fo(x) + yiri(z) + +++ + Yntn(Z) + 6171 (2) + +++ + OnFn (2), 
(16.115) 


b b 
a; = | hi(t)u(t)dt,l<ign, B= / h,(t) v(t)dt, 1 <i<n, 


b b 
y= / si(t)u(t)dt, l<icgn, Oj = / 8,(t) v(t)dt, 1 <i<n. 

‘ (16.116) 
3. Integrating both sides of (16.115) 2 times from 0 to 2, and substituting 
the resulting equations for u(#) and v(a) into (16.116) gives a system of 
algebraic equations that can be solved to determine the constants aj, 3;, Yi, 
and 6;. Using the obtained numerical values of these constants, the solutions 

u(a) and u(x) of the system (16.112) follow immediately. 


Example 16.17 


Solve the system of nonlinear Fredholm integro-differential equations by using 
the direct computation method 
3 


u'(x) = sing + 2cose— — + : (u?(t) +. v(t) dt, u(0) =0 
: I (16.117) 


T 
v(x) = cosx — xsinaz + - +f (u?(t) — v?(t)) dt, v(0) = 0. 
0 
Following the analysis presented above, this system can be rewritten as 


3 
u(x) = sina + acosa+ (a+s- =) ‘ 
(16.118) 


u(x) = cos2—2sing (a b+), 


a= | u2(t) dt, a= | v2(t) dt. (16.119) 


where 
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Integrating both sides of (16.118) once from 0 to x gives 


58 
u(x) = xsing + (a+a- =) £, 
(16.120) 


v(a) = xcosx + (a — B+ =) x. 
Substituting (16.120) into (16.119), and solving the resulting system gives 


4. t ‘ee 
=—n = = <n 4 on, 16.121 
a= et — aT B ri + a" (16.121) 
Substituting (16.121) into (16.120) leads to the exact solutions 
(u(x), v(a)) = (asina, x cos 2). (16.122) 


Example 16.18 


Solve the system of nonlinear Fredholm integro-differential equations by using 
the direct computation method 


In2 
u'(a) = sinh a — = +f (u?(t) + v?(t))dt, u(0) = 1, 
0 


16 
ay (16.123) 
ite een no a | (u(t) — 02(£))dt, o(0) = 0. 
0 
This system can be rewritten as 
15 
/ —g h —_— 
u'(x) = sin v+(a+e a (16.124) 
u'(%) = cosha + (a — 6 — 1n2), 
where 
In2 In2 
= i u(t) dt, B= i: v*(t) dt. (16.125) 
0 0 


Integrating both sides of (16.124) once from 0 to x, and using the initial 
conditions we find 


15 
u(a) = cosha + (a+a- 2) x, 


v(@) = sinha + (a — GB —In2)za. 
To determine a, and 3, we substitute (16.126) into (16.125) and solving the 
resulting system we obtain 


(16.126) 


15 1 15 1 
= —+-I1n2 =—-— -In?2. 16.127 
O= 39 t gin P= 3779 eee 
Substituting (16.127) into (16.126) leads to the exact solutions 
(u(x), u(x)) = (cosh, sinh 2). (16.128) 


Example 16.19 


Solve the system of nonlinear Fredholm integro-differential equations by using 
the direct computation method 
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In2 
u' (a) =e” — 12 +f (u?(t) + v?(t))dt, u(0) = 1, 


ie (16.129) 
u' (x) = 3637 +9 +f (u(t) — v?(t))dt, v(0) = 1. 
0 
Proceeding as before we set 
(x) = e* —12 
w(a) =e + (a+ 6-12), cei 
u' (a) = 3e°* + (a - 8 +9), 
where 
In2 In2 
a= i u-(t)dt, B= | v*(t) dt. (16.131) 
0 0 


Integrating both sides of (16.130) once from 0 to x, and using the initial 


conditions we find 
u(x) = e* + (a+ 6 -12)z, 


v(x) = &®* + (a— B4+9)z. 


To determine a, and 3, we substitute (16.132) into (16.131) and solving the 
resulting system we obtain 


(16.132) 


a= B= (16.133) 
Substituting (16.133) into (16.132 
(u(x), 


leads to fe exact solutions 


) 
o(2)) = (e”,e*”). (16.134) 
Example 16.20 


Solve the system of nonlinear Fredholm integro-differential equations by using 
the direct computation method 


u(x) = —sinx — : +f (v(t) w(t)) dt, 


0 
u(0) = 0,u’(0) =1 
vu" (“) = —cosx — : + I (w(t)u(t)) dt, 


v(0) = 1, v'(0) = 0, 


x 


w''(e) = —Asin2e — ; + { * (u(t)o(t)) dt, 


w(0) = 0, w’(0) = 2. 


This system can be rewritten as 


2 
u(x) = —sing + (a- 5) : 


(16.135) 


ce (4 7 5) (16.136) 
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1 
w(x) = —4sin 2a + € = 5) ; 


where 


B= w(t)u(t) dt, (16.137) 
0 


= 
= | u(t)o(t) dt. 
0 
Integrating both sides of (16.136) twice from 0 to x, and using the initial 


conditions we obtain 
1 


1 2 
u(x) = sina + (S0- ;) Er, 


v(x) = cosa + (50 - 5) x, (16.138) 


1 1 
= sin2 =y— | 2?. 
w(x“) = sin e+ (57 ie 


Proceeding as before we obtain 


2 2 1 
= = =. 16.139 
G=a = = 5 ( ) 
This in turn gives the exact solutions 
(u(x), v(a), w(x)) = (sin x, cos x, sin 2x). (16.140) 


Exercises 16.4.1 


Use the direct computation method to solve the following systems of nonlinear Fred- 
holm integro-differential equations 


ul (x = cose —asing— 0? + [ 3 (u?(t) + v?(t)) dt, u(0) =0 


1. o 
v'(~) = sinx + xcos x — . +f (u?(t) — v?(t)) dt,v(0) =0 
0 


1 1 In 2 
u’ (x) = sinh 2x + 3 in 2)+ 7 +f (u?(t) — u(t)v(t)) dt 
) 
: ‘iL In 2 
a v'(x) = sinh 2a — ein aa +f (v?(t) — u(t)v(t)) dt 
2 32 Jo 


u(0) = 1, v(0) = 2 


! 2 sing ae v u(0) = 
u'(2) = ot fu (1) v8 (0) dt, u(0) = 4 


v'(@) = seca tan ax — “ + p u(t) v(t) dt, v(0) = 1 
) 
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‘ _ aie 7 15 In 2 we tig 
u’ (x) = sinh(2a) — (In 2) i i (u(t) + u(t)v(t)) dt 
Al ; ese ats 15 In 2 e r 7 
vu (2) = h(2zx) — 31 2+ a+ f (v?(t) + u(£)o(£)) dt 
u(0) = 1, v(0) =1 
1 In 2 
u/ (x) = (1+ ax)e — a 2)3(e® — 1) +f (e*~7*u?(t) — u(t)u(t)) dt, u(0) = 0 
5. . In 2 
v(x) = (1-—a2)e"* — (in 2)3(e” + 1) +f (e* F?*y?(t) + u(t)v(t)) dt, v(0) =0 
0 
u(x) = —cosx — sina - 14 a (u?(t) + u(t)v(t)) dt 
cs v(x) =—cosx+sina “ +14 I (v(t) + u(t)u(t)) dt 
u(0) = 1, u/(0) = 1, v(0) = 1, v/(0) =—1 
Ww —.. pi 1 —e? . ue v2 uU == u! — 
: u(x) =e +(5 ae (t) +v7(t)) dt,u(0) = 1,u’(0) =2 
v'' (a) = —e® —4 +f (u?(t) — v?(t)) dt, v(0) = —1,v’(0) =0 
0 
In 2 
u(x) = e® — = +f v(t)w(t)dt, u(0) = 1, u’(0) = 1 


21 In2 
8. | v"(a) = set — 2 | w(t)u(t)dt, v(0) = 1,v'(0) =3 
0 


w!!(w) = 2565" — © + [~ u(t)u(e)dt, w(0) = 1,2! (0) =5 


16.4.2 The Variational Iteration Method 


The variational iteration method was used to handle the Fredholm integral 
equations, the Fredholm integro-differential equations and the nonlinear Fred- 
holm integro-differential equations. The method provides rapidly convergent 
successive approximations of the exact solution if such a closed form solu- 
tion exists, and not components as in Adomian decomposition method. The 
variational iteration method handles linear and nonlinear problems in the 
same manner without any need to specific restrictions such as the so called 
Adomian polynomials that we need for nonlinear terms. 

The correction functionals for the system of nonlinear Fredholm integro- 
differential equations 


b ~ ~ 
w(x) = fila) + ; (ie, 0A (ul) + Kia, HA ((0)) at 
. (16.141) 


b ~ ~ 
v® (x) = fo(x) +f (Ko(x, 1) Fa(u(0)) + Ko(w,t)Fa(v(t))) dt. 
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are given by 


unsa(a) = una) + f° ate) (ue) — Al) —Ta(O) at 


; (16.142) 
Un+i(L) = Un\x ue ~ J2 =e , 
41(2) = en +f At) (WP) — fale) — Patt) at 
b 
Ty =| (Aa(t,r)Fi(tin(r)) + Ri(t,r)F(in(r))) ar, 
‘ (16.143) 
Ty = | (Ko(t,r)Fa(iin(r)) + Kolt,r)Fa(Gn(r))) ar. 


As stated before it is necessary to determine the Lagrange multiplier \ that 
can be identified optimally. An iteration formula, without restricted varia- 
tion, should be used for the determination of the successive approximations 
Un(Z), Un(x),n > 0 of the solutions u(x) and v(x). The zeroth approximations 
uo(x) and vo(a) can be selected by using the initial conditions. Consequently, 
the solutions are given by 

u(x) = lim un(x),v(~) = lim vp(z). (16.144) 

n—co n— co 

The VIM will be illustrated by studying the following examples. 
Example 16.21 


Use the variational iteration method to solve the system of nonlinear Fred- 
holm integro-differential equations 


u(x) = cosx — 5sinz + i. cos(a — t)(u?(t) + v?(t))dt, u(0) = 1, 
0 


v'(@) = 3cosa — sina + [ sin(x — t)(u?(t) + v?(t))dt, (0) = 1. 
0 


(16.145) 
The correction functionals for this system are given by 
Un+i(@) = Un(x) -f (uj, (t) — cost + 5sint — p1) dt, 
(16.146) 
Unti(£) = Un(x) - | (vj, (t) — 3cost +sint — po) dt, 
0 
where - 
pi =f cos(t = r)(ud(r) + o2(r) ar 
: (16.147) 


p2 = | sin(t — r)(u2(r) + v2(r)) dr. 


We can select the zeroth approximations uo(z) = u(0) = 1 and wo(#) = 
v(0) = 1. Using this selection, the correction functionals give the following 
successive approximations 
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uo(z) =1, vo(z) = 1, 
x Tv 
uy(x) = ug(z) -| ic cost + 5sint | cos(t — r)(ug(r) + WB()ar) dt, 
0 0 
=cosxz+ sina, (16.148) 


eee , ‘(uo Aces ip aoe + o8(r))dr) dt, 


= cos“ — sin 2, 


where we obtained the same approximations for u;(x) and v;(x),7 > 2. The 
exact solutions are therefore given by 


(u(x), v(a)) = (cosa + sin x, cos x — sin x). (16.149) 
Example 16.22 
Use the variational iteration method to solve the system of nonlinear Fred- 


holm integro-differential equations 


In2 
u'(x) = e* — ae + z/ (u?(t) + v?(t))dt, u(0) = 1, 
0 


(16.150) 
/ 3 1 In2 2 2 d 0 i 

via) = 204+ + Fe fw) — Wat, (0) 
The correction functionals for this system are given by 


Un+1(2) = Un(x) 


x i : 7 1 In2 : : 
= (mo-e+Z-k | (ln dinar) a 


x In2 
- | @ (f) — 2e* — = - af (u2(r) — v2(r)) i) dt. 


(16.151) 

Using the initial conditions to select uo(x) = 1 and vo(x) = 1. Conse- 

quently, the correction functionals will give the following successive approxi- 
mations 


ug(z) =1, vo(x) =1, 

u1(x) = e® — 8.049386747 x 10-32, 

v1(x) = e?* + 4.6875 x 10732, 

ua(x) = e* — 3.2768581 x 10-82, 

vo(x) = €2” — 2.528456529 x 10-82, (16.152) 
u3(a) = e® — 6.754775182 x 10-52, 

v3(x) = e2” + 6.649289722 x 10-52, 

us(a) = e* + 6.7567661461 x 10-7a, 

va(x) = €2* — 2.850098438 x 10-S.r, 
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and so on. The exact solutions are therefore given by 
(u(x), v(aw)) = (e*, €?*). (16.153) 
Example 16.23 


Use the variational iteration method to solve the system of nonlinear Fred- 
holm integro-differential equations 


u(x) = 22+ = + A A (u?(t) + v?(t))dt, u(0) = 1, 
ao (16.154) 
vi (a) = 2a — 2 + af (u2(t) — v2(¢))dt, v(0) =1. 


The correction functionals for this system are given by 
Un+1(x) = Un (x) 


te 149 1 /f 
— f t _ 9 meh gre, fe 2 2 
[ (ui t 4 64 J, (uh(r) + 02()) ar) dt, 


Un+1 (x) = Un(2) 


7 [ ic =O a - 4 [oa —v2(r)) ar) dt. 
(16.155) 


We can use the initial conditions to select uo(x) = 1 and vo(x) = 1. Using 
this selection into the correction functionals gives the following successive 
approximations 


uo(z) =0, vo(x) = 1, 
ui(z) = 1+ 0.96252 + 2?, 
vi(z) = 1 — 1.046875 + 2? 
u2(x) = 1+0. 99813888550 + 22, 
va(x) = 1 — 1.00066332 + 22, (16.156) 
ug(x) = 1+ 0.99992837712 + 22, 
v3(x) = 1 — 10000543542 + 22, 
ug(ax) = 1+ 0.9999968676x + 22, 
va(x) = 1 — 1.0000017172 + 22, 


and so on. It is obvious that the constant and the coefficient of x? are fixed 


for both u(x) and v(a#). However, the coefficient of x increases to 1 for u(x) 
and decreases to 1 for v(a). Consequently, the approximations converge and 
give the exact solutions by 


(u(x), v(z)) =(1+2+2?,1—2+2”). (16.157) 


Example 16.24 


Use the variational iteration method to solve the system of nonlinear Fred- 
holm integro-differential equations 
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u(x) = —cosx — a + af (u?(t) + v?(t))dt, u(0) = 2, u’(0) = 0, 
(a) = sine — = + x Oe) =a Si: 


(16.158) 
The correction functionals for this system are given by 


tinda (2) = tale) 


+f (Gare ‘(t) +cost + = - a (u2(r) + v2(r)) i) dt, 


Un+1(x) = Un(z) 


ji ; 1 1 2 2 2 
+f (« x)(v, (t) — sint + ie J, (ua (r) — v4 (r)) i) dt. 
(16.159) 
Notice that the Lagrange multiplier \ = (t — x) because each equation is of 
second order. We can use the initial conditions to select uo(x) = 2 and vo(x) = 
1—«. Using this selection into the correction functionals and proceeding as 
before we obtain the following successive approximations 


uo(z) = 2, vo(z)=1—z2, 
= cos z + 0.015360310542?, 


u1(x) 

v(x) = 1 — sin — 0.0147489209822, 

u2(x) = 1+ cosa + 0.0004636685927, 

v(x) = 1 — sin + 0.000387877526522, (16.160) 
u3(x) = 1+ cos x + 0.000013662609162?, 

v3(x) = 1 — sina + 0.000763919180827, 

ua(x) = 1+ cosx + 0.00000217874185922, 


va(x) = 1 — sinx — 0.0000014275797527, 
and so on. Consequently, the exact solutions are given by 
(u(x), v(a)) = (1 + cosa,1—sin 2). (16.161) 


Exercises 16.4.2 


Use the variational iteration method to solve the following systems of Fredholm 
integro-differential equations 


: (u?(t) + v7(t)) dt, u(0) =0 


= a a 
u' (x) = cosx sta, 


eucastr (u?(t) — v?(t)) dt,v(0) =1 
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w 
a 
IA 


, ul(x) = sina +2cosz = bs i (u2(t) + v(t) dt, u(0) =0 
v(x) = cose — asine _ x 7 (u2(t) — v2(t)) dt,v(0) =0 
. | u'(a) =e = 7 + 5 ~ (u2(t) + v2(t)) dt, u(0) =1 
v' (2) = —e7* — - + - (u(t) — v7(t)) dt,v(0) =1 
. | ie) =e — 5 " (u2(t) +v2(t)) dt,u(0) =1 
vu! (x) = 3e38% + - + a i (u?(t) — v?(t)) dt, v(0) =1 
; " Sete - ss - an (u2(t) +u(t)v()) dt,u(0) =1 
uv! (x) = 3e3* + . 5 ik (u?(t) — u(t)v()) dt, v(0) =1 
P " = 3x? + “ + 7 5 (u?(t) + u(t)v(t)) dt, u(0) =1 
v(x) = —3a? — - + — 7 (v?(t) + u(t)v(t)) dt,v(0) =1 
; io =e? + 4e2" = =: [wo + u(t)v(t)) dt,u(0)2, u’(0) = 3 
v(x) = e® — 4e2* 4 — ~ a. (v(t) + u(t)v(t)) dt, v(0) = 0, v’(0) = —1 
. wu! (w) = 120? + a 4 7 : (u2(t) + u(t)v(t)) dt,u(0) = 1,u/(0) =0 
v(x) = —120? a iz (v2(t) + u(t)u(t)) dt, v(0) = 1, v/(0) =0 
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Chapter 17 
Nonlinear Singular Integral Equations 


17.1 Introduction 


Abel’s integral equation, linear or nonlinear, occurs in many branches of sci- 
entific fields [1], such as microscopy, seismology, radio astronomy, electron 
emission, atomic scattering, radar ranging, plasma diagnostics, X-ray radio- 
graphy, and optical fiber evaluation. Linear Abel’s integral equation is the 
earliest example of an integral equation. In Chapter 2, Abel’s integral equa- 
tion was defined as a singular integral equation. Volterra integral equations 
of the first kind 


h(a) 
oe | K (a, t)u(t) dt, (17.1) 
g(x) 
or of the second kind 
h(x) 
u(x) = f(x) + / K (a, t)u(t) dt, (17.2) 
g(x) 


are called singular [2-8] if: 


1. one of the limits of integration g(x), h(a) or both are infinite, or 
2. if the kernel K'(x,t) becomes infinite at one or more points at the range 
of integration. 


In a similar manner, nonlinear Volterra integral equations of the first kind 


h(a) 
f(a) = af K(a,t)F(u(t)) dt, (17.3) 
g(x) 
or of the second kind 
h(x) 
u(x) = f(x) +f K(a,t)F(u(t)) dt, (17.4) 
g(x) 


where F'(u(t)) is a nonlinear function of u(t), are called singular if: 


1. one of the limits of integration g(x), h(x) or both are infinite, or 
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2. if the kernel K(ax,t) becomes infinite at one or more points at the range 
of integration. 


Examples of the second style are the nonlinear Abel’s integral equation, 
generalized nonlinear Abel’s integral equation, and the nonlinear weakly- 
singular integral equations given by 


f(a)= | i oa dt, (17.5) 
rv) = ‘ at 4p a 
rl =f ape dl. <a<t, (17.6) 
and Z j 
u(a) = sa)+ f Gap ano <a<t, (17.7) 


respectively. It is clear that the kernel in each equation becomes infinite at 
the upper limit t = x. 

In this chapter we will focus our study on the second style of nonlinear 
singular integral equations, namely the equations where the kernel K(z, t) 
becomes unbounded at one or more points of singularities in its domain of 
validity. The equations that will be investigated are nonlinear Abel’s prob- 
lem, generalized nonlinear Abel integral equations and the nonlinear weakly- 
singular Volterra integral equations. 

In the previous chapters, we focused our study on the techniques that 
determine the solution to any integral equation. In this chapter, we will run 
our study in a manner parallel to the approaches used before and focus our 
concern on solving the nonlinear singular integral equation. 

It is interesting to point out that although the nonlinear singular integral 
equations (17.5) and (17.6) are Volterra integral equations of the first kind, 
and the singular equation (17.7) is a Volterra equation of the second kind, 
but two of the methods used before in Section 3.3, namely the series solution 
method and the conversion to a second kind Volterra equation, are not appli- 
cable for these singular cases. This is due to the fact that the series solution 
cannot be used to handle singular integral equations especially if u(a) is not 
analytic. Moreover, converting singular integral equation to a second kind 
Volterra equation is not obtainable because we cannot use Leibnitz rule due 
to the singularity behavior of the kernel of this equation. 


17.2 Nonlinear Abel’s Integral Equation 


The standard form of the nonlinear Abel’s integral equation [9] is given by 


* 1 
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where the function f(z) is a given real-valued function, and F(u(x)) is a 
nonlinear function of u(x). Recall that the unknown function u(x) occurs 
only inside the integral sign for the Abel’s integral equation (17.8). 

To determine a solution for the nonlinear Abel’s integral equation (17.8), 
we first convert it to a linear Abel’s integral equation of the form 


= | oa dt (17.9) 
by using the transformation 
v(x2) = F(u(2)), (17.10) 
where F(u(zx)) is invertible, i.e F~'(u(x)) exists. This in turn means that 
u(x) = F-*(v(a)). (1) 


In this section we will handle Equation (17.9) by using the Laplace transform 
method. 


17.2.1 The Laplace Transform Method 


Although the Laplace transform method was presented before, but a brief 
summary will be helpful. The Abel’s integral equation can be expressed as 


-[ K(x — t)u(t) dt. (17.12) 
0 


Consider two functions fi(a#) and f(a) that possess the conditions needed 
for the existence of Laplace transform for each. Let the Laplace transforms 
for the functions fi(#) and f(x) be given by 


L{fi(x)} = Fi(s), 
L{ fo(a)} = Fo(s). 


The Laplace convolution product of these two functions is defined by 


(17.13) 


(fi * fa) (x y= fila — t) fo(t) dt, (17.14) 
or 
(fe * Ale =f tl folae — #) fu(t) dt (17.15) 
Recall that 
(fi * fo)(@) = (fo * fr) (2). (17.16) 


We can easily show that the Laplace transform of the convolution product 
(fi * fo)(x) is given by 

L£{(fi * fo)(@)} = Fi(s)Fa(s). (17.17) 
Based on this summary, we will examine Abel’s integral equation where the 
kernel is a difference kernel. Recall that we will apply the Laplace transform 
method and the inverse of the Laplace transform using Table 2 in section 1.5. 
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Taking Laplace transforms of both sides of (17.9) leads to 


L{ f(x)} = L{v(a)} L{am*}, (17.18) 
or equivalently 
F(s) = V() GO) = vy, (17.19) 
that gives 
V(s) = ZF), (17.20) 


where I’ is the gamma function, and (3) = /7. The last equation (17.20) 
can be rewritten as 


V(s) = —(\/ms7? F(s)), (17.21) 


which can be rewritten by 


L{v(2)} = —L{y(a)}, (17.22) 
where é 
y(xz) = | (x — t)~? f(t)dt. (17.23) 
Using the fact 
L{y'(x)} = sL{y(x)} — y(0), (17.24) 
into (17.22) we obtain 
L{o(a)} = = Lfy'(a)}. (17.25) 
Applying L~‘ to both sides of (17.25) gives the formula 
v(a) = ee er, dt, (17.26) 


mdz Jy Jx—t 
that will be used for the determination of the solution v(a). Having deter- 
mined v(x), then the solution u(x) of (17.8) follows immediately by using 
u(x) = F-*(v(z2)). (17.27) 
Notice that the formula (17.26) will be used for solving nonlinear Abel’s in- 
tegral equation, and it is not necessary to use Laplace transform method for 
each problem. The nonlinear Abel’s problem (17.8) can be solved directly by 
using the formulas (17.26) and (17.27). Appendix B, calculators, and com- 
puter programs can be used to evaluate the resulting integrals. The presented 
analysis will be used to determine the solution of Abel’s problem (17.8) in 
the following examples. 


Example 17.1 


Solve the nonlinear Abel integral equation 


are | 
anya = f 
0 


Vi-t 
Assume u?(x) is invertible. The transformation 


u?(t) dt. (17.28) 


17.2 Nonlinear Abel’s Integral Equation 


v(x) = u2(x), u(x) = +/v(2), 


carries (17.28) into 


Qn /x = | 0) dt. 

Substituting f(a) = 27,/z in (17.26) gives 
w= [Maas 
This in turn gives the solutions 
u(z) = +7, 

obtained upon using (17.29). 
Example 17.2 
Solve the nonlinear Abel integral equation 

sa! = | aS") dt. 


The transformation 
v(x) = uX(z), u(x) = v3 (2), 
carries (17.33) into 
32 i 1 
5 6 Ve—t 


Substituting f(x) = 32a7 in (17.26) gives 


1d ft #42 
v(a“) = ‘i 350 dt = x°. 
0 


~ 7 dx Va-—t 


The exact solution is therefore given by 
u(x) = 4, 

obtained upon using (17.34). 

Example 17.3 


Solve the nonlinear Abel integral equation 


4 3 Sd 
72 = ——— | t)) dt. 
al [ a 
The transformation 

v(z) = In(u(2)), u(x) = 6, 


carries the integral equation into 


4 -* AL 
3 0 


551 


(17.29) 


(17.30) 


(17.31) 


(17.32) 


(17.33) 


(17.34) 


(17.35) 


(17.36) 


(17.37) 


(17.38) 


(17.39) 


(17.40) 


(17.41) 
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The exact solution is therefore given by 
u(x) = e”. (17.42) 


Example 17.4 


Solve the nonlinear Abel aces ae 


622(1+ =a) -[s a sin~*(u(t)) dt. (17.43) 
The transformation 
v(x) =sin7'(u(x)), u(x) = sin(v(2)), (17.44) 
carries the integral equation into 
omen em [ agile (17.45) 
9 0 Vat 
Proceeding as before we obtain 
i 2 
ree -/f ee ee (17.46) 
This gives the exact solution ~~ 
u(x) = sin(x + 3), (17.47) 


obtained upon using (17.44). 


Exercises 17.2.1 


Solve the following nonlinear Abel integral equations 


4: x 1 1 & 
ie aaa ah u?(t) dt 2. =x? (30 + 40a + 1627) =) 
, 7 15 ; 


2(t) dt 
3 u(t) 


CHT 


16 5 ms 1 1 37 . iL 
3. 22 = 3(t)dt 4. 222(14+2 —(4 y= [ aun at 
Td : —u (t) 2 (1+ 2x) + ge te) , = (t) 
2 4 & 1 
5. —@2(3+ 22) = —t(u(t 
588+ 22) = |” TS cos (u(t) at 
2 4 . 
6. —©2(34 27) = 1 t)) dt 
08(3+ 2x) = [* — m(u(o) 
2 1 u(t) 
7. ~ex2(3+4 2x) = e dt 
3 0 —t 
3 x 
8. oa- | z u(t) de 
2 ie) Hs 


17.3 The Generalized Nonlinear Abel Equation 


The generalized nonlinear Abel integral equation [3,5] is of the form 


f(x) = i: ae Puna 0<a<l, (17.48) 
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where a is a known constant such that 0 < a < 1, f(x) isa given function, and 
F(u(a)) is a nonlinear function of u(x). The nonlinear Abel integral equation 
is a special case of the generalized equation where a = s. The expression 
(a — t)~® is called the kernel of the integral equation. The Laplace trans- 
form method will be used to handle the generalized nonlinear Abel integral 


equation (17.48) 


17.3.1 The Laplace Transform Method 


To determine a solution for the generalized nonlinear Abel integral equation 
(17.48), we first convert it to a linear Abel integral equation of the form 


ae 1 
f(z) =| — v(t) dt,0<a<l, (17.49) 
o (x-t)* 
by using the transformation 
v(a) = F(u(2)). (17.50) 
This in turn means that 
u(t) = F~*(v(z2)). (17.51) 
Taking Laplace transforms of both sides of (17.49) leads to 
L{f(x)} = Liv(2)} L{e*}, (17.52) 
or equivalently 
rd - 
F() = V9), (17.53) 
that gives 
gl-@ 
= ——_F 17.54 
V(9) = EPO) (17.54) 


where [ is the gamma function. The last equation (17.54) can be rewritten 
as 


Au} = Ray LUO} (17.55) 
where P ; 
y(a) = | ea pent! dt. (17.56) 
Using the facts 
Liy'(x)} = sL{y(x)} — y(0), (17.57) 
and = 
T(a)P(1 — a) = omer (17.58) 


into (17.55) we obtain 


L{v(x)} = —— L{y'(2)}. (17.59) 
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Applying L~! to both sides of (17.59) gives the formula 
i= sinan d [* f(t) 

aw dx Jy (a—t)l¢ 
Integrating the integral at the right side of (17.60) by parts, and differenti- 
ating the result we obtain the more suitable formula 


3i 0 7 '(t 

v(x) = == +f FO a) geaci. (i761) 
1 gi 9 (a—t)l-° 

The derivation of (17.61) is left to the reader. Having determined v(x), the 

solution is given by 


dt. (17.60) 


u(t) = F~*(v(2)). (17.62) 
Three remarks can be made here: 


1. The exponent of the kernel of the generalized nonlinear Abel integral 
equation is —a, but the exponent of the kernel of the two formulae (17.60) 
and (17.61) is a —1. 

2. The unknown function in (17.49) has been replaced by f(t) and f’(t) in 
(17.60) and (17.61) respectively. 

3. In (17.60), differentiation is used after integrating the integral at the 
right side, whereas in (17.61), integration is only required. 


Example 17.5 


Solve the generalized nonlinear Abel integral equation 


243 11 i 1 3 

—r3 = ——_ u(t) dt. 17.63 

a eo (17.63) 
Notice that a = 4, f(2) = 237, The transformation 

v(z) = u3(z), u(x) = v3(a), (17.64) 

carries the integral equation into 

243 4 a 1 

—rs = —— v(t) dt. 17.65 


Using (17.60) gives 


ad [fers 
v(z) Ba | 440" "dt = 23. (17.66) 
2x dz Jo (x—t)3 
This gives the exact solution by 
u(a) = x. (17.67) 


Example 17.6 


Solve the generalized nonlinear Abel integral equation 
32 _ 1 
— 73 (20 — 247 + 9a? -| —<—<— 
70” | ) o (x—t)? 


Notice that a = 4, f(z) = o23 (20 — 24% + 9x7). The transformation 


u*(t) dt. (17.68) 


17.3 The Generalized Nonlinear Abel Equation 


v(a) = (a), u(x) = £03 (2), 

carries the integral equation into 

3 2 , 1 

— 23 (20 — 24x + 9a? =) ——— v(t) dt. 
Using (17.60) gives 

® 3 43(20 —24¢ + 9#? 
v(x) = | ages Oe) = (1-2). 

2n dx Jo (x — t)3 

The exact solution is therefore given by 


u(z) = +(1— 2). 


Example 17.7 


Solve the generalized nonlinear Abel integral equation 
6 5 7 1 
=x? (11+ 6x) = | —=—.a- 
le ) 0 (x—t)é 
The transformation 

v(x) = sin“*(u(t)), u(x) = sin(v(2)), 
carries the integral equation into 


6 5 * 1 
—xé(11+ 6x -| — v(t) dt. 
prt +60) = f —— pul 
Using (17.60) gives 
1d 7 St8(11+6t 

pi er 
27 dx Jo (x —t)é 
The exact solution is given by 


u(a) = sin(1+ 2). 
Example 17.8 


Solve the following generalized Abel integral equation 
9r(2)r(2 « 1 
Mg MG) 0 - i ———~ In(u(t)) dt. 
The transformation 
v(x) = In(u(#)), u(x) =e, 
carries the integral equation into 
91(2)T(2 e 
93S) = | —— v(t) dt. 
1/0 o (a#—t)3 


Using (17.60) gives 
> or Ye 


sin '(u(t)) dt. 


555 


(17.69) 


(17.70) 


(17.71) 


(17.72) 


(17.73) 


(17.74) 


(17.75) 


(17.76) 


(17.77) 


(17.78) 


(17.79) 


(17.80) 


(17.81) 
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Consequently, the exact solution is given by 
u(x) = ev”, (17.82) 


17.3.2 The Main Generalized Nonlinear Abel Equation 


A further generalization for linear Abel integral equation was presented in 
Chapter 7. In this section, the further generalized nonlinear Abel integral 
equation [3,5] is of the form 

f(x) = i ae F(u(t)) dt,0<a<1, (17.83) 

0 (g(x) — g(t) 

where g(t) is strictly monotonically increasing and differentiable function in 
some interval 0 < t < b, g/(t) # O for every ¢ in the interval, and F(u(t)) 
is a nonlinear function of u(t)). As presented before, we first convert this 
equation to a linear Abel integral equation of the form 


is 1 
fla) = _ a(t) dt, 0<a <1, 17.84 
=), pe-sor” en 
by using the transformation 
v(x) = F(u(x)). (17.85) 
This in turn means that 
u(x) = F~*(v(2)). (17.86) 
The solution u(a) of (17.84) is given by 
e x / 
v(a) = = =| FOF) oca<i. (17.87) 
m dz Jo [g9(x) — 9()] 


The formula (17.87) was formally derived in Chapter 7. Having determined 
v(x) by using (17.87), the solution u(x) is obtained by using (17.86). 

The proposed approach can be explained by studying the following illus- 
trative examples. 
Example 17.9 


Solve the generalized nonlinear Abel integral equation 
6. 5 ’ u?(t) 
=(sinz)¢ = ——————- dt, (17.88) 
5 o (sina —sint)é 
where 0 < x < 3. The transformation 
v(x) = u?(2), u(x) = +v2(z), (17.89) 
carries the integral equation into 


a sina)? = eee, 
> (sinz) | dt. (17.90) 


me 
sin x — sint)é 
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Notice that a = 2, f(x) = $(sin x)®. Besides, g(x) = sinx is strictly mono- 
tonically increasing in 0 < x < and g'(x) = cosa # 0 for every x in 
0 <a < 4. Using (17.87) gives 

3 d [* cost(sint)é 

v(x“) = —— Oy = cos x. (17.91) 

5a dx Jo (sina —sint)é 

The exact solution is given by 


u(x) = +\/cos@. (17.92) 


T 
30 


Example 17.10 


Solve the generalized nonlinear Abel integral equation 


3 e 3(t 
~2¥ = i tg (17.93) 
10 0 (a4—t4)e 
where 0 < x < 2. The transformation 
v(x) = u3(2x), u(x) = v3(z), (17.94) 
carries the integral equation into 
* t 
Bet | gy (17.95) 
10 0 (at—t4)s 
_ 3. Besides, g(x) = x* is strictly monotonically 


Notice that a = 4, f(x) 
increasing in 0 < 7 < 2 
(17.87) gives 


3 
, and g’(x) = 4x° # 0 for every x in 0 < x < 2. Using 


3d [*” t 
=—— ———_-dt = 2". 17.96 
v(a) | alpen? (17.96) 


u(x) = x. (17.97) 


Example 17.11 


Solve the generalized nonlinear Abel integral equation 
4 i l t 
~sint ¢ = | ae (17.98) 
3 0 (sina —sint)? 

where 0 <a < 4. The transformation 


v(x) =In(u(x)), u(x) = e?, (17.99) 
carries the integral equation into 
4 ° t 
saint = [ Ng, (17.100) 
3 0 (sina —sint)4 


Proceeding as before, and using (17.87) we obtain 
4 d [*  costsin?t 
1) = 3m de I ( 
Consequently, the exact solution is given by 
u(a) = e%®, (17.102) 


dt = cos x. (17.101) 


F aye 
sin x — sint)7 
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Example 17.12 


Solve the generalized nonlinear Abel integral equation 


t+o= [ sin“*(u(t)) ay (17.103) 
0 @-a 
where 0 < x < 2. The transformation 
v(x) = sin~*(u(t)), u(x) = sin(v(x)), (17.104) 
carries the integral equation into 
r+n= a ) _ (17.105) 
0 @-P)F 
Proceeding as before we find 
u(x) = “+2. (17.106) 
The exact solution is given by 
u(x) = sin(a + 2). (17.107) 


Exercises 17.3.1 


In Exercises 1-8, solve the generalized nonlinear Abel integral equations 


9 5 2 4 32 ze 4 
1. Sas =i) ——u?(t)dt 2. —x3(20 + 24a + 9x7) -| ——_u?(t)dt 
10 0 (a—t)3 40 o (a—t)3 
16 | 4 ze 4 
3. — at = ———u(t)dt 4. ——27(77 — 88 + 322?) =, ——_u? (t) dt 
21 o (a#—t)4 231 o (a@—t)4 


2 1 
5. oe =i ~— cos~ 1 (u(t))dt 
55 o (a—t)ée 
6 5 we 1 
6. —2x6 (11+ 6z) = ——e" dt 
55 o (a—t)e 


2 5 = _ oe n(u 
i set (— 50) = f =e (u(t))dt 


3: z 1 
8. 23 (50 +32) -| ———~ sinh! (u(¢))dt 

10 o (a—t)3 
In Exercises 9-16, use the formula (17.87) to solve the following generalized Abel 
integral equations 


5 e il = 1 
9. : sine z= i ~u3(t)dt 10.2% = | ————— u(t) dt 
5 0 0 (x2 —t?)2 


(sin x — sint)« 


T T 2 il 
He 4204 Fe? = | ——— u? (t)dt 
2 4 0 (x2 — 42)2 (t) 


& 1 
i 7a 4e42 fo) —u2(t)dt 
2 16 0 (a2 —1)3 


4 z 1 
13. — = sini a= fl ————~ In(u(t) dt 
3 o (sina —sint)4 
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4 2 © 1 
14. =sint 2 = fl eo") dt 
3 o (sina —sint)4 


= 1 9 x - 1 
15. +a =) —————- sinh *(u(t))dt 16. 2s = ——_e"( dt 
0 (a2 —t?)3 


)s 


17.4 The Nonlinear Weakly-Singular Volterra Equations 


The nonlinear weakly-singular Volterra integral equations of the second kind 
are given by 


uz) = Fe) +f zB 


xz—t 


F(u(t))dt, x € [0,T], (17.108) 


and 


= Py “Bw, odie 
u(x) = f( +f FOEZIO)s F(u(t))dt,0<a<1,2€ [0,7], (17.109) 


where ( is a constant, and F(u(t)) is a nonlinear function of u(t)). Equa- 
tion (17.109) is known as the generalized nonlinear weakly-singular Volterra 
equation. These equations arise in many mathematical physics and chem- 
istry applications such as stereology, heat conduction, crystal growth and the 
radiation of heat from a semi-infinite solid. It is also assumed that the func- 
tion f(x) is a given real valued function. The nonlinear weakly-singular and 
the generalized nonlinear weakly-singular equations (17.108) and (17.109) fall 
under the category of singular equations with singular kernels 


1 
K(a,t) = ; 

yen (17.110) 
K(a,t) = CTT oF? <a<l, 


respectively. 

In this section we will use the Adomian decomposition method to handle 
the nonlinear weakly-singular Volterra integral equations. The modified de- 
composition method and the noise terms phenomenon will be used wherever 
it is appropriate. We will only present a summary of the necessary steps for 
the Adomian method. 


17.4.1 The Adomian Decomposition Method 


The Adomian decomposition method will be applied on the generalized non- 
linear weakly-singular Volterra equation (17.109), because Eq. (17.108) is a 
special case of the generalized equation with a = $,9() = x. As stated 
before, we will outline a brief framework of the method. To determine the 
solution u(x) of (17.109) we substitute the decomposition series for the linear 
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term u(x) 
ia)= > tala), (17.111) 
n=0 
and 
a> Ate Owe” a) eee 
nad n\X), no ml d\n U4 »V=U,1,4, 
n=0 1=0 A=0 
(17.112) 
where A,, are the Adomian polynomials, into both sides of (17.109) to obtain 
lore) a B cel 
Un(x) = f(a eee An(t) | dt,0<a<1, (17.113 
d, nl) =F0)+ | aya (> ) ieee 
The components uo(x), ui(x), ua(a),... are usually determined by using the 
recurrence relation 
uo(x) = f(x) 
7 B 
u(x) = =~ Ao(t)dt, 
' 0 [oe)— 9" * 
2 B 17.114) 
u(x) = [ = Ay(t)dt, 
. 0 [9e)— 9" 
’ B 
us(e) = f) "Aste, 
: 0 [se)— 91" * 
and so on. Having determined the components uo(x), ui(a), u2(a),---, the 


solution u(x) of (17.109) will be determined in the form of a series by substi- 
tuting the derived components in (17.111). The determination of the previous 
components can be obtained by using Appendix B, calculator, or any com- 
puter symbolic systems such as Maple or Mathematica. The obtained series 
converges to the exact solution if such a solution exists. For concrete prob- 
lems, we use as many terms as we need for numerical purposes. The method 
has been proved to be effective in handling this kind of integral equations. 
It is normal that we use the modified decomposition method and the noise 
terms phenomenon wherever it is appropriate. The Adomian decomposition 
method and the related forms will be studied in the following examples. 


Example 17.13 


Solve the nonlinear weakly-singular Volterra integral equation 


Eg D 
u(x) = 2— =a +f a dt. (17.115) 
Using the recurrence relation we set 
16 5 
Uo(x) = 4 — ipo? 
(«- ea) (17.116) 
7 15 16s 7m 4, 131072 un 


L2., 


a ee a 
u(2) | Gat 15° 12” "155925 
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The noise terms +482? appear between uo(x) and u(x). By canceling the 


15 

noise term —18 43 from uo(#) and verifying that the non-canceled term in 

uo(x) justifies the equation (17.115), the exact solution is therefore given by 
u(a) = a. (17.117) 


We can easily obtain the exact solution by using the modified decomposition 
method. This can be done by ae the nonhomogeneous part f(x) into 
two parts fi(z) = x and fo(a) = — 1853, Accordingly, we set the modified 
recurrence relation 


16 5 = 
u(t) = 2, us(z) = ~ Tg? -{ ae dt = 0. (17.118) 


Example 17.14 
Solve the nonlinear-weakly singular Volterra integral equation 
u(t) 


: ~ dt. (17.119) 
sinx — sint)3 


1 3, 3 7 
u(x) = cos? ~ — ~sin3 #+ 


In this example, the modified decomposition method will be used. We first 
set 


filx) =cos? x, fo(z) = -; sin? a. (17.120) 


Using the modified decomposition method we set 


u(x) = cos? x, 


3 x 1 (17.121) 
u(x) = —Ssindr+ f ——————— ur (t) dt = 0. 
2 9 (sina —sint)3 
The exact solution is therefore given by 
u(x) = cos? 2. (17.122) 


Example 17.15 


Solve the nonlinear weakly-singular Volterra integral equation 
9. 2 = a(t) 
u(x) =e 0° )3 (9e°" + Ge” + +f cae 
In this example, the modified decomposition method will be used. We first 
set 


dt. (17.123) 


Aja, £a)= — F(9e?* + 6c” +5)(e® —1)3. (17.124) 


The modified recurrence relation is given by 


uo(a) = e*, 


0! 
The exact solution is therefore given by 
u(x) =e”. (17.126) 


a 3t 17.125 
u(x) Le Ge” + Ge” +5)(e” —1)3 4 | ee le ( ) 
o (e* 
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Example 17.16 


Solve the nonlinear weakly-singular Volterra integral equation 


1 
T “  u3(t) 
=(l+a)?-x—-=4+ | 2d. 
u(a)=(L+ay*-2-F4 f 


To use the modified decomposition method, we select 
T 
file) =(1+2)°,  fo(x) =-2- oi 
We then set the modified recurrence relation 


T 7 1+t 


ug(x) =(14+2)°, wi(e)=-2-=+ ——— dt = 0. 


2 0 g2 — t2 
The exact solution is therefore given by 
u(z) = (+2). 
Exercises 17.4.1 


Solve the following nonlinear weakly-singular Volterra equations 


2 ut 
1. u(x) =1-—2 x2 (8x2 20x + 15) 4 | uae dt 
15 (0) a—t 
xg 4(4 
2. u(x) = 24 ot f ey) dt 
0 ge — t2 
x u(t) 


3 
3. u(x) =sin3 2+ 3 cose — 1)3 +f 


0 (cosa —cos t)3 


4. u(x) = cos# x — 2sin? x 


be 4 
| — ©) — di 
o Vsing — sint 
2 e  ut(t 
5. u(x) = e2” 3 ae" + 1)Vver — 14 ow dt 


0 ver —et 
_ a 
6. u(x) = e?* — 2Ve® —14 ey) dt 
0 et — et 
* ui(t) 
24 i 
7. u(x) = (Inz)* + 2/x(2 — 21In2— Inz) 4 a ot 


hi, age Pia ee. fe 
8. u(x) = (a + 2?)4 mm 3 (3 r+ fo dt 


(17.127) 


(17.128) 


(17.129) 


(17.130) 


17.5 Systems of Nonlinear Weakly-Singular Volterra 


Integral Equations 


The weakly-singular Volterra integral equations were examined in Chapter 7. 
Three powerful methods, namely, the Adomian decomposition method, the 
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successive approximations method, and the Laplace transform method, were 
used to handle this type of equations. 

In this section, we will extend our previous work in Chapter 7 to study 
the systems of nonlinear weakly-singular Volterra integral equations in two 
unknowns u(a) and v(x). Generalization to any number of unknowns can 
be followed in a parallel manner. To achieve our goal, we will use only the 
modified Adomian decomposition method in studying this type of systems of 
equations. The other methods presented in this text may be used, but it will 
be left to the reader to select the appropriate method. 

The system of nonlinear weakly-singular Volterra integral equations of the 
convolution type in two unknowns is of the form 


u(x) = fi(x) + [ (Kui(2, t)Fii(u(t)) + Kia(2, t)Fi2(v(t))) dt, 
is (17.131) 


v(x) = fo(x) + a (Koi (a, t) Foi (u(t)) + Koo(a, t)Foe2(v(t))) dt. 


The kernels Aj; (a, t),1 < 7,7 < 2 and the functions f;(x),i = 1,2 are given 
real-valued functions, and the functions Fj;(#,t),1 < i,j < 2 are nonlin- 
ear functions of u(x) and v(x). The kernels Kj; are singular kernels of the 
generalized form given by 
1 

“o> GG) oF" 
Notice that the kernel is called weakly singular as the singularity may be 
transformed away by a change of variable [3]. 


1<i,j <2. (17133) 


17.5.1 The Modified Adomian Decomposition Method 


The Adomian decomposition method [10], as presented before, decomposes 
each solution as an infinite sum of components, where these components are 
determined recurrently. This method can be used in its standard form, or 
combined with the noise terms phenomenon. It will be shown that the mod- 
ified decomposition method is effective and reliable in handling the systems 
of nonlinear weakly-singular Volterra integral equations. In view of this, the 
modified decomposition method will be used extensively in this section. 

We will focus our work on the systems of the generalized nonlinear weakly- 
singular Volterra integral equations in two unknowns of the form 


u(x) = fi(x) + [ (Kui(2, t)Fii(u(t)) + Kia(2, t)Fi2(v(t))) dt, 
: (17.133) 


v(x) = fo(x) + [ (Koi (a, t)Foi(u(t)) + Koo(a, t)Foe(v(t))) dt. 


The kernels K;,;(x,t),1 < i,j < 2 and the functions f;(x),i = 1,2 are given 
real-valued functions. The kernels Kj; are singular kernels of the generalized 


564 17 Nonlinear Singular Integral Equations 


form given by 
1 


[9(z) — g(H)]°"’ 

For revision purposes, we give a brief review of the modified decomposition 
method. In this method we usually split each of the source terms f;(a),i = 1,2 
into two parts fii(“) and fi2(#), where the first parts fi1(x),7 = 1,2 are as- 
signed to the zeroth components uo(#) and vo(#). However, the other parts 
fi2(x) are assigned to the components u1(a) and v1(x). Based on this, we use 
the modified recurrence relation as follows: 


uo(z) = f(x), volx) = far(z), 
ui(a) = fiole)+ f° (Kuler (t) + Kia(0,)Bia(0) a 


Kij = L259 <2. (17.134) 


(17.135) 


vr(2) = foal) + f° (Kaa(ast)Aai(t) + Koala, t) Boat) dt 

0 

where A;, and Bjg are the Adomian polynomials for the nonlinear functions 
Fj, and Fj respectively. 

Example 17.17 


Solve the system of the nonlinear weakly-singular Volterra integral equations 
by using the modified decomposition method 


u(x) = e* 2 (eae + 2)(e2" — 1)? 4 [ (aarti + #00) dt, 


e2e _ e2t)2 


v(x) = e%* + <(e2 —1)2 + [ (ere - #0) dt. 


(17.136) 
Following the discussion presented above, we set the modified recurrence 
relation 


Uo(x) = e” 


Un+1(2) = 0, k = 1, Up+1(L) => 0, k = 1. 
The exact solutions are therefore given by 
(u(x), v(x)) = (e”, e?”). (17.138) 
Example 17.18 


Solve the system of the nonlinear weakly-singular Volterra integral equations 
by using the modified decomposition method 
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3 3 
u(x) = sin? x + 3 (cos =i) = 5 sin x 
= 1 1 
+f (—_ +) dt, 
0 \(cosa— cos t)3 (sin x — sint)3 (17.139) 
v(x) = cos? x + 3(cosa — 1)3 + 3sin3 x 
‘7 1 1 
0 \(cosa—cost)3 (sin x — sint)3 
Proceeding as before, we set the modified recurrence relation 
Uo(x) = sin? a, vo(x) = cos? «, 
3 3 
us(“) = 5 (cos _ 1)3 — 5 sin x 
i 1 1 9 
+ | (09 + — +t) dt = 0, 
0 \(cosx% —cost)3 (sin a — sint)3 


v(x“) = cos? x + 3(cos a — 1)3 + 3sin3 x 


f (weramar 
+ vv? 
0 \(cosx—cost)3 

Unqi() =0,kK >1, vepi(a) =0,k > 1. 


The exact solutions are therefore given by 


1 


(u(x), v(a)) = (sin? x, COs? x). 


Example 17.19 


(sin x — sint 


(17.140) 
ye 8(0) dt 


0, 


(17.141) 


Solve the system of the nonlinear weakly-singular Volterra integral equations 


by using the modified decomposition method 


2 5 3 14 i 1 1 
ae ee _ 2 
u(x) =a lee Fl +f (= fe (t) + are () dt, 
4 15 5 28 % 1 1 
it Me eee 2 ~ =e 8 
vi“) =a ee Ge i (a (t) + (a? an” «) dt. 


(17.142) 


We next set the modified recurrence relation and proceeding as before we 


obtain 
uo(z) = cas vo (2) = a, 
ui (2) = 0, v1 (2) = 0, 
Un+1(2) = 0, k S 1, Up+1(L) = 0, k S 


The exact solutions are therefore given by 


(u(x), v(x) = (2, 2°). 


Example 17.20 


(17.143) 


(17.144) 


Solve the system of the nonlinear weakly-singular Volterra integral equations 


by using the modified decomposition method 
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u(x) = e* set 1)? =(e™ 1)3 
. . 2 1 é 
a (Gera mam) 
ae eee 


(17.145) 


Now we use the modified recurrence relation 
uo(z) =e", v(x) = e?*, wo(z) = e**, 
ui(z)=0, wi(xz)=0, wi(x) =0, (17.146) 
Up+1(L) = 0, Ve4i(x) = 0, We41(v) = 0,k > 1. 
The exact solutions are therefore given by 
(u(x), v(x), w(x)) = (e”, e?”, €°). (17.147) 


Exercises 17.5.1 


Solve the following systems of generalized weakly singular Volterra integral equations 
by using the modified decomposition method 


228 ; % 1 2 
u(n) = #203 tf (neta (w() dt 


1. 
v(a) = 2? — 7 + i. a) dt 
, u(x) = 2 a8 50 i (<A aH) dt 
; : = 5 (e* 1)3(e* +2) 4 faa oe 
v(x) = e2” (e* 1)2(e* —1)4 a x wo v*(t)) dt 
1, ff? 19 
; : = 6? — er —1)3 ‘ oar (t)u(t) dt 
v(x) = e~® + 2(e-® —1)2 +/ er u(t)v2(t) dt 
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u(x) = cos? x 4 2(cos a 1)2 Qsin2 x 


* 1 2 1 2 
, w(t) 4 pr) a 
i (— —sint)2 (cos x — cos t) 2 


5. 7 
v(a“) = sin? x (cosa — 1) a sin3 x 
2 2 
2 1 1 
| -u?(t) v(t) } dt 
0) (sin x — sint)3 (cos x — cos t) 3 
2 . 2 * 1 2 
u(x) = cosa + —(15 — 8sin? x) sin? «+ ——__u*(t)v(t) ] dt 
15 0 (sin x — sin t) 2 
6. 
3 2 - 1 
v(x) = —cosx — —(20 — 9sin? x) sin3 «+ | —————~ u(t)v?(t) } dt 
40 0) (sin xz — sint)3 
(v) = 2-52? + [° —*~_ou(at 
u(@) = “7-— -2x ——- v(t)w 
3 0 (a6 — 48) 2 
7.4 v(c) =a? = Fa 4 f° —*_w(tju(t) at 
v(x) = 77 — —23 ary, 
10 o (#5 — £5) 3 
1 = 1 
w(x) = «3 x? 4 iy ~u(t)u(t) dt 
3 o (a4+—t*)4 
(e) = 2-57 +50)0? + [* (—_(r 2(t)) at 
u(a) = x2 —- — x) x 2 —v w 
35 o \ (a5 — t5)2 (x7 — 2 
2 : % 1 1 
8. 2 v(x) = 2? (7 + 32?)a2 4 | ~w?(t) + ———u?(t) } dt 
21 0 (a7 — t7)2 (23 — t3)2 
=a —- (543 | ‘ 2¢ (t) | dt 
w(x“) =a ee oY aa” @) 
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Chapter 18 
Applications of Integral Equations 


18.1 Introduction 


Integral equations arise in many scientific and engineering problems. A large 
class of initial and boundary value problems can be converted to Volterra or 
Fredholm integral equations. The potential theory contributed more than any 
field to give rise to integral equations. Mathematical physics models, such as 
diffraction problems, scattering in quantum mechanics, conformal mapping, 
and water waves also contributed to the creation of integral equations. 

Many other applications in science and engineering are described by in- 
tegral equations or integro-differential equations. The Volterra’s population 
growth model, biological species living together, propagation of stocked fish 
in a new lake, the heat transfer and the heat radiation are among may areas 
that are described by integral equations. Many scientific problems give rise 
to integral equations with logarithmic kernels. Integral equations often arise 
in electrostatic, low frequency electro magnetic problems, electro magnetic 
scattering problems and propagation of acoustical and elastical waves. 

In this text we presented a variety of methods to handle all types of integral 
equations. The problems we handled led in most cases to the determination 
of exact solutions. Because it is not always possible to find exact solutions to 
problems of physical sciences, much work is devoted to obtaining qualitative 
approximations that highlight the structure of the solution. 

It is the aim of this chapter to handle some integral applications taken 
from a variety of fields. The obtained series will be handled to give insight 
into the behavior of the solution and some of the properties of the exam- 
ined phenomenon. For each application, we will select one or two proper 
approaches from the methods that were presented in this text. The reader 
can try different methods for each application. 

Polynomials are frequently used to approximate power series. However, 
polynomials tend to exhibit oscillations that may produce an approximation 
error bounds. In addition, polynomials can never blow up in a finite plane; 
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and this makes the singularities not apparent. To overcome these difficulties, 
the Taylor series is best manipulated by Padé approximants for numerical 
approximations. 


18.2 Volterra’s Population Model 


In this section we will study the Volterra model for population growth of a 
species within a closed system. The Volterra’s population model is charac- 
terized by the nonlinear Volterra integro-differential equation 


dP . . 
77 aP —bP* —cP P(a)dx, P(0) = Po, (18.1) 
0 


where P = P(T) denotes the population at time T, a,b, and c are constants 
and positive parameters, a > 0 is the birth rate coefficient, b > 0 is the 
crowding coefficient, c > 0 is the toxicity coefficient, and Po is the initial 
population. The coefficient c indicates the essential behavior of the population 
evolution before its level falls to zero in the long run. 

When b = 0 and c = 0, Equation (18.1) becomes the Malthus differential 


equation 


dP 
op = oP, P(0) = Pr. (18.2) 


The Malthus equation (18.2) assumes that population growth is proportional 
to the current population. Equation (18.2) is separable with a solution given 
by 

PUT) = Pye. (18.3) 


It is obvious that Equation (18.3) represents a population growth for a > 0, 


and a population decay for a < 0. 
When c = 0, Equation (18.1) becomes the logistic growth model that reads 


— =aP—bP’, P(0)= Pp. (18.4) 


Verhulst instituted the logistic growth model (18.4) that eliminates the un- 
desirable effect of unlimited growth by introducing the growth-limiting term 
—bP?. The solution to logistic growth model (18.4) is 


aPyet™ 


P(T) = ——+_—_ ; 
1) = Fy ope? 1)’ a 
where F 
Jim = =. (18.6) 


Volterra introduced an integral term —cP fo P(«)dx to the logistic growth 
model (18.4) to get the Volterra’s population growth model (18.1). The ad- 
ditional integral term characterizes the accumulated toxicity produced since 
time zero. 
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Many time scales and population scales may be applied. However, we apply 
the scale time and population by introducing the non-dimensional variables 


T bP 
(2 ge, (18.7) 
b a 
to obtain the non-dimensional Volterra’s population growth model 
t 
a =u-w — uf u(x)dxz, u(0) = uo, (18.8) 
0 


where u = u(t) is the scaled population of identical individuals at a time t, 
and the non-dimensional parameter « = c/(ab) is a prescribed parameter. 
Volterra introduced this model for a population u(t) of identical individuals 
which exhibits crowding and sensitivity to the amount of toxins produced. 

A considerable amount of research work has been invested to determine 
numerical and analytic solutions [1-5] of the population growth model (18.8). 
The analytical solution 


u(t) = ugel® folt-ur)—So w(@)ae] ar) (18.9) 


shows that u(t) > 0 for all ¢ if the initial population up > 0. However, 
this closed form solution cannot lead to an insight into the behavior of the 
population evolution. As a result, research was directed towards the analysis 
of the population rapid rise along the logistic curve followed by its decay to 
zero in the long run. The non-dimensional parameter « plays a great role in 
the behavior of u(t) concerning the rapid rise to a certain amplitude followed 
by an exponential decay to extinction. For & small, the population is not 
sensitive to toxins, whereas the population is strongly sensitive to toxins for 
large « [5]. Furthermore, for « large, it was shown by [2] that the solution is 
proportional to sech?(t). 

As stated before, many analytical and numerical methods have been used 
to determine closed form solution and numerical approximations to the 
Volterra’s population model (18.8). We have presented six different methods 
in Chapter 5 to handle Volterra integro-differential equations. In this section, 
we will apply only two of these six methods to determine an approximation 
of a reasonable accuracy level to the solution of the Volterra’s population 
model (18.8). The two methods are the variational iteration method and the 
series solution method. The efficiency of these two methods can be dramati- 
cally improved by determining further terms of the power series. Further, the 
behavior of the solution structure in that it increases rapidly in the logistic 
curve and it decreases exponentially to extinction in the long run can be 
formally determined by using the Padé approximants of the obtained series. 


18.2.1 The Variational Iteration Method 


To avoid the cumbersome work of Adomian polynomials we will apply the 
variational iteration method to formally derive an approximation to the 
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Volterra’s population growth model 
d t 
— = 10u(t) — 10u2(t) — 10u(t) | u(x)dz, u(0) = 0.1, (18.10) 
0 


where, for simplicity reasons, we selected « = 0.1 and u(0) = 0.1. The vari- 
ational iteration method provides rapidly convergent successive approxima- 
tions of the solution. The correction functional for the integro-differential 
equation (18.10) is 


Un+1(t) = Un(t) 


= | (unin ~ 10tin(r) + 10u2 (r) + 10tin(r) i: / un(a)de) dr,n > 0, 


(18.11) 
where we used A = —1 for first-order integro-differential equations. We can 
select uo(a) = u(0) = 0.1. Using this selection into the correction functional 
(18.11) gives the following successive approximations 


uo(x) = 0.1, 

ui(x) = 0.1 + 0.9¢ — 0.05¢?, 

uo(x) = 0.1 + 0.9¢ + 3.55¢? — 3.283333333t3 — 0.7708333333t4 
+0.07t° — 0.001388888889¢°, 

u3(x) = 0.1 + 0.9t + 3.55¢? + 6.316666667t? — 24.7375t* — 19.1225t° 
+ 38.10513889¢6 + 2.631746032t" — 8.54221478028 + O(t9), 


ug(t) = 0.14+0.9t+ 3.55 t? + 6.316666667 t? — 5.5375 t4 

— 63.70916667 ¢° — 156.0804167 ¢® — 18.47323411 t” 
+ 1056.288569 #8 + O(¢°), 
(18.12) 
and so on. Based on this, the approximation of u(t) is given by 

u(t) = 0.1+ 0.9¢ 4 3.55 t? + 6.316666667 ¢? — 5.5375 t* — 63.70916667 t® 
—156.0804167 ¢® — 18.47323411 t” + 1056.288569 t® + O(¢t°), 
(18.13) 

To increase the degree of accuracy, more approximations should be deter- 
mined and more terms should be included. 


18.2.2 The Series Solution Method 


We will apply the series solution method to the nonlinear Volterra integro- 
differential equation 


du 2 : 2 
a 10 u(t) — 10u“(t) — 10u(t) i u(x) dx, u(0) = 0.1, (18.14) 
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where we selected the initial condition u(0) = 0.1 and the non-dimensional 
parameter « = 0.1. 

Assuming that u(t) is analytic, then it can be represented by a power series 
of the form 


u(t) = a t”. (18.15) 
n=0 


Substituting (18.15) into both sides of (18.14) gives 


foe) lo e) Co 2 
> nant”! = 10 (>. ot) —10 > ot") 
n=1. n=0 n=0 


—10 (> Gn °) i (> on dx. 
n=0 0 n=0 


Evaluating the integral at the right side, equating the coefficients of identical 
powers of ¢t from both sides, and using the initial condition lead to 

ap = 0.1, a, = 0.9, ag = 3.55, 

az = 6.316666667, a4 = —5.537500000, as = —63.70916667, (18.17) 

ag = —156.0804167, a7 = —18.47323411, ag = 1056.288569, 
and so on. 

The approximation of u(t) given by proceeding as before, the series solution 

u(t) = 0.1+0.9¢ + 3.55 t? + 6.316666667 t? — 5.5375 t* — 63.70916667 t® 

—156.0804167 t® — 18.47323411 t” + 1056.288569 ¢8 + O(t°), 
(18.18) 

obtained by using (18.17) into (18.15). The obtained approximation (18.18) 
is consistent with the approximation (18.13) obtained before by using the 
variational iteration method. 


(18.16) 


18.2.3 The Padé Approximants 


To examine more closely the mathematical structure of u(t) as shown above, 
we seek to study the rapid growth along the logistic curve that will reach a 
peak, then followed by the slow exponential decay where u(t) — 0 as t > oo. 

Polynomials are frequently used to approximate power series. However, 
polynomials tend to exhibit oscillations that may produce an approximation 
error bounds. In addition, polynomials can never blow up in a finite plane; 
and this makes the singularities not apparent. To overcome these difficulties, 
the Taylor series is best manipulated by Padé approximants for numerical 
approximations. 

Padé approximants [4] have the advantage of manipulating the polynomial 
approximation into a rational function to gain more information about u(t). 
Padé approximant represents a function by the ratio of two polynomials [4]. 
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The coefficients of the polynomials in the numerator and in the denominator 
are determined by using the coefficients in the Taylor expansion of the func- 
tion. To determine the Padé approximants, the reader is advised to read [4] 
and to use computer programs such as Maple or Mathematica. 
Consequently, the series (18.18) should be manipulated to construct sev- 
eral Padé approximants where the performance of the approximants show 
superiority over series solutions. Using computer tools we obtain the follow- 
ing approximant 
[4/4] = (18.19) 
0.1 + 0.4687931695t + 0.9249573236t? + 0.9231293234t? + 0.400423311¢4 
1 — 4.312068305t + 12.55818798t? — 13.88064046¢? + 10.8683052t4 
Figure 18.1 shows the behavior of u(t) and explores the rapid growth that 
will reach a peak followed by a slow exponential decay. This behavior cannot 
be obtained if we graph the truncated polynomial of the series solution. 


0.64 
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Fig. 18.1 Padé approximant [4/4] shows a rapid growth followed by a slow expo- 
nential decay. 


Figure 18.2 shows the relation between Padé approximant [4/4] of u(¢) 
and t for « = 0.05,0.1,0.5, where the graph of larger amplitude is related to 
the small « = 0.05, whereas the graph with smaller amplitude is related to 
the large & = 0.5. 


18.3 Integral Equations with Logarithmic Kernels 


In this section, we will study first and second kind Fredholm integral equa- 
tions with logarithmic kernels. An example of such equations is the exterior 
boundary value problem for the two-dimensional Helmholtz equation char- 
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Fig. 18.2 Relation between Padé approximant [4/4] of u(t) and ¢t for K = 
0.1, 0.5, 0.05. 


acterized by a second kind Fredholm integral equation with a logarithmic 
kernel. 
It is useful first to introduce and prove the following identities: 


Identity 1 
The first identity reads 


/ log 


To prove this identity, we integrate the left side by parts to find 


x—t 


2sin cost dt = —m cosa. (18.20) 


" —t 
/ log |2 sin . cos tdt 
—¢ ee ae id —{ 
= og 2sin — sin| + >| sint cot > dt, 
1 [7 —t 
= 5 | _sinteot — dt. (18.21) 
Substituting 
xr—t 
w(z,t) = =, (18.22) 
into the right hand side of (18.21) gives 
. _ oat : = ; 
/ log |2 sin cost dt = — sine [ (cot w — sin2w) dw 
= a+r 


2 
on 


420080 | * cos? w dw. (18.23) 
Eaams 


7 
2 
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Integrating the right side of (18.23) proves the identity (18.20). 


Identity 2 
The second identity reads 


/ log 


Integrating the left side of (18.24) by parts gives 


x—t 


2sin 


sint dt = —7sinz. (18.24) 


7 —t 
/ log |2 sin : sin tdt 
a—t a, fae —t 
= |— log }2sin * cos t - >| cost cot — dt, 
pf 2dan 2 
1 [* x—t 
=-- tcot dt. 18.25 
5 [. cost cot — ( ) 
Substituting 
—t 
w(2,t) = S (18.26) 
into (18.25), and proceeding as before, we obtain the second identity (18.24). 
Identity 8 
The third identity reads 
% —t 
/ log |2 sin = cos 2t dt = —F cos 2c, (18.27) 
Identity 4 
The third identity reads 
m —t 
/ log |2 sin ——~| sin 2t dt = -= sin 2. (18.28) 


The last two identities can be proved in a similar manner. 

Many scientific problems give rise to integral equations with logarith- 
mic kernels. The exterior boundary value problem for the two-dimensional 
Helmholtz equation usually lead to a Fredholm integral equation of the sec- 
ond kind with logarithmic kernel. Many inverse problems, such as tomogra- 
phy, geophysics and non-destructive detection give rise to Fredholm integral 
equation of the first kind with logarithmic kernel that is severely ill-posed in 
Hadamard’s sense. 

The few topics where a formulation of a problem by means of integral 
equations with logarithmic kernels has been used are reported in [6-7] as 
follows: 


1. Investigation of electrostatic, and low frequency electromagnetic prob- 
lems. 

2. Methods for computing the conformal mapping of a given domain. 

3. Solution of electromagnetic scattering problems. 
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4. Determination of propagation of acoustical and elastical waves. 
For more information about these examples from mathematical physics, the 
reader is advised to read [6—7] and the references therein. 


In what follows we will study the two kinds of Fredholm integral equations 
with logarithmic kernels. 


18.3.1 Second Kind Fredholm Integral Equation with a 
Logarithmic Kernel 


In this section we selected the exterior boundary value problem for the two- 
dimensional Helmholtz equation characterized by a second kind Fredholm 


integral equation 
Tv 


u(x) = f(x) — K(a, t)u(t) dt, x € [-7, 7], (18.29) 
where the kernel K(x, t) is ies given by 
K(a,t) = = log |2 sin — " + d(x, t), (18.30) 
with 
a(x, t) = ap + a1(z, t) sin? — 5 i (18.31) 


where do is a constant, a;(x,t) and b(z,t) are continuous functions of (2, t) 
and are 27 periodic in each variable. 

Many numerical methods have been used to investigate this equation. Most 
of these methods suffer from the computational difficulties. In this text, we 
presented many methods to handle Fredholm integral equations of the second 
kind. Some of the methods that we applied before require that the kernel 
being separable. In (18.29), the kernel is not separable, therefore we select 
the Adomian decomposition method to handle the Fredholm integral equation 
of the second kind (18.29). 


The Adomian Decomposition Method 


The Adomian decomposition method will be used to handle the Fredholm 
integral equation of the second kind given by 


u(x) = f(a) - K(a,t)u(t) dt, « € [—a, 7], (18.32) 
where the kernel A(x, t) is logarithmic given by 
t —t 
Rep ee ane | + 0(2, t), (18.33) 
7 


with 


-t 
a(x, t) = a9 + a1(2, t) sin? 7: (18.34) 


578 18 Applications of Integral Equations 


where do is a constant, a;(x,t) and b(a,t) are continuous functions of (x, t) 
and are 27 periodic in each variable. 
The Adomian decomposition method decomposes the linear term u(a) by 


an infinite series so 
= S- un(2), (18.35) 
n=0 


where the components uo(x), wi(x), U2(x),... will be determined recurrently. 
Substituting (18.35) into both sides of (18.32) gives 


Stina) = fe )-[ (>: un(t )) (a, t)dt, 2 €[—a,a]. (18.36) 
n=0 7 
The components can be obtained by using the recurrence relation 


uo(x) = f(x), 
Un-i(x) = -[ sig i) Ea, t)d8, b> 0. (18.37) 


Having determined the components, the solution in a series form is obtained 
upon using (18.35). This will be illustrated by the following applications. 


Application 1 


As a first application, we consider the case examined in [8], where the domain 
is the circular region 
zi +23 < R?,2, = Reosz, 22 = Rsinz. (18.38) 
For the first application, it was assumed that 
f(a) = 2f (a1, 22) = 241 = 2Rcosz, 
a(z,t)=—i, i=v-l, (18.39) 
iL 
b(a, t) = ——(1 4 22), 
20 
where R is the radius of the circular region. Using (18.37) gives 
uo(x) = 2Rcosa, ui(x) = 2iRcosa, 
u2(x) = 2i7Rcosz, u3(x) = 2i>Reosz, 


obtained upon using the first identity. As a result, the series solution is given 
by 


(18.40) 


u(x) =2Reosz(1+it+7?+24---), (18.41) 


that converges to 
u(x) = R(1+7)cosa, (18.42) 


obtained after evaluating the sum of the geometric series. 
Application 2 


As a second application, we consider the case examined in [8], where the 
domain is the circular region 
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ee + x3 < R?, 2, = Reosz, x2 = Rsinz. (18.43) 
For the second application, it was assumed that 
f(a) = 2f (a1, 22) = 242 = 2Rsinaz, 
1 
T 
where R is the radius of the circular region. Using (18.37) gives 
Uo(a) =2Rsinxg, u(x) = 2iRsingz, (18.45) 
uo(z) = 277Rsinz, u3(z) = 21° Rsinz, 
obtained upon using the second identity. As a result, the series solution is 
given by 
u(x) = 2Rsine(1+i+?+24+---), (18.46) 
that converges to 
u(a) = R(1+7)sina. (18.47) 


Application 3 
As a third application, we consider the case examined in [8], where the domain 
is the circular region 
zy + x3 < R?,2, = Reosz, x2 = Rsinz. (18.48) 
For the third application, it was assumed that 
f(@) = 2(a7 — 28) = 2R? cos 2z, 
1 
a(xz,t) = —i,i=V-1, d(x, t) = —-—(14 21), 
T 
where R is the radius of the circular region. Using (18.37) gives 
uo(z) =2R? cos2z, w(x) = Ri cos 2a, 


PR? R? 18.50 
U2(x) = a cos2z, u3(x) = a cos 22, ( 


(18.49) 


obtained upon using the third identity. As a result, the series solution is given 
by 


; i? #€ 
u(z) = 2R*cos2z(1+=-+—+—4--: }, (18.51) 
2 =#A 8 
and in closed form ‘ 
u(x) = R(2 + i) cos2z. (18.52) 


Application 4 


As a last application, we consider the case where the domain is the circular 
region 
zi +23 < R?,2, = Reosz,22 = Rsinz. (18.53) 


For the last application, it was assumed that 
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f(x) = 421% = 2R? sin 2z, 
tas (18.54) 
a ? 


a(z,t) =—-i,i=VJV-1, Ob(a,t) = ae 
where R is the radius of the circular region. Using (18.37) gives 
up(z) =2R?sin2z, wi(x) = Risin 2z, 
R? R (18.55) 
U2(x) = a sin2z, u3(x) = = il sin 22, 
obtained upon using the third identity. As a result, the series solution is given 
by 
oe. i? #8 
u() = 2R*sin2ea(l+-+—+—4+-:-], (18.56) 
2 =A 8 
and in closed form rl 
u(x) = R(2 +4) sin 22. (18.57) 


18.3.2 First Kind Fredholm Integral Equation with a 
Logarithmic Kernel 


In [6], an integral equation whose kernel is equal to the logarithm of the 
distance between two points on a plane, closed, smooth, and simple curve is 
investigated. The problem is characterized by a Fredholm integral equation 


with logarithmic kernel given by 


f(z) = K(a,t)u(t) dt, « € [—a, 7], (18.58) 
where the kernel A(x, t) is logarithmic given by 


xz—t 
2sin 


K(a,t) = log 


(18.59) 


The unknown function u(x) and the known function f(x) are 27 periodic 
functions. 

Many numerical methods have been used to investigate this equation, but 
most of these methods suffer from the computational difficulties. In this text, 
we presented two methods to handle Fredholm integral equations of the first 
kind. In (18.58), the kernel is not separable, therefore we select the regular- 
ization method combined with the Adomian decomposition method to handle 
the Fredholm integral equation of the first kind (18.58). 


The Regularization method combined with the Adomian 
Decomposition Method 


We will use the regularization method combined with the Adomian decom- 
position method to handle the Fredholm integral equation of the first kind 
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given by 


f(x) = a K (a, t)u(t) dt, € [—1, 7], (18.60) 


TT 


where the kernel A(x, t) is logarithmic given by 


K(a,t) = log 


F=f 
2sin : (18.61) 
The method of regularization consists of replacing ill-posed problem by well- 
posed problem. The method of regularization transforms the linear Fredholm 
integral equation of the first kind (18.60) to the approximation Fredholm 


integral equation 
Tv 


pu, (2x) = f(z) ae K(a, t)up(t) dt, x € [=a, T], (18.62) 
where j4 is a small positive parameter. It is clear that (18.62) is a Fredholm 
integral equation of the second kind that can be rewritten as 

1 1 /[* 
up(x) = —f(x) -— — K (a, t)u,(t) dt, x € [-7, 7]. (18.63) 
pide 
Notice that Equation (18.63) will be solved by using the Adomian decompo- 
sition method. As proved in Chapter 4, the solution u, of equation (18.63) 
converges to the solution u(x) of (18.60) as w — 0. The exact solution u(x) 
can thus be obtained by 
u(a) = lim, Up (2). (18.64) 
[ied 
The Adomian decomposition method decomposes the linear term u(a) by 
an infinite series 


up (x) = >) ty, (2), (18.65) 
n=0 
where the components w,,,.(@),Uy,,Up.;--- Will be determined recurrently. 


Substituting (18.65) into both sides of (18.63) gives 


Sti (3) = (2) -=[f (>: Up, (t )) (a, t)dt, « € [—-7,7]. (18.66) 
n=0 us 


The components can be obtained by using recurrence relation 


1 
Upig (Z) = at 


Lt (18.67) 
Hit) = -- | in, (KG, t)dt,k > 0, 
tod 
Having determined the components w,,.(2),Up,,Uy2;---, the solution in a 


series form is obtained upon using (18.65). The obtained series solution may 
converge to a closed form solution if such a solution exists. Otherwise, the 
series can be used for numerical purposes. 
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Application 1 


As a first application, we consider the case examined in [6] and given by 


—Feos2e = | log 


= 7 


g—t 


2sin u(t) dt, x € [-7, 7]. (18.68) 


Following the regularization technique, Equation (18.68) is transformed to 
the second kind Fredholm equation 


T 1 /[* 
u (2) = =F cose ~ = | log 
. 2u ft 


= 


x—t 
2 sin 


up (t) dt, x € [—-7,7], (18.69) 


The Adomian decomposition method admits the use of 
co 


tn(t) = >) ty, (2); (18.70) 
n=0 
and the recurrence relation 
T 
Up (x) = a7 cos 22, 
tie thet (18.71) 
Upyyi(Z) = a log |2 sin Up, (t) dt, k > 0. 
Using the third identity given above gives the components 
2 
Upo (XL) = -— cos2z, Up, (x) = 75 cos 22, 
. : (18.72) 
‘ited x 
Upy(L) = 38 cos2z,  Ups(@) = “Tea cos 22, 
and so on. Substituting this result into (18.70) gives the approximate solution 
1 T n n° 
u(t) = -Feosde (14+ F 4 T+ 4), (18.73) 
that gives 
up(2) = 5 —— cos 2s. (18.74) 
The exact solution u(x) of (18.68) can be obtained by 
u(a) = lim Up, (x) = cos 2x. (18.75) 
[Tied 
Application 2 
As a last application, we consider the problem 
a = 
-+ sin 2” = / log |2 sin = u(t) dt, x € [-7, 7]. (18.76) 


Following the regularization technique, Equation (18.76) is transformed to 
the second kind Fredholm equation 


1 Tv 
Up(z) = 7 sin 2x — -{ log 


=—T 


x—t 


2sin u(t) dt, x € [—1,7]. (18.77) 


The Adomian decomposition method admits the use of 


18.3 Integral Equations with Logarithmic Kernels 583 


up (x) = >) tp, (2); (18.78) 
n=0 
and the recurrence relation 
Up (x) = 7 sin 2x, 
1 /t aed (18.79) 
nea, e) = | log |2 sin 7 Up, (t) dt, k > 0. 
Using the fourth identity given above gives the components 
2 
Up (LZ) = -= sin2z, Up, (©) = -T5 sin 22, 
F (18.80) 
G2 ent ja 
“)=—-—ssin2z, u,,(x) = —-—— sin 2z, 
Ups 83 H3 164 


and so on. Substituting this result into (18.78) gives the approximate solution 


Tr 
Up(x) = po (18.81) 


The exact solution u(x) of (18.76) can be obtained by 
u(x) = lim up(x) = sin 2a. (18.82) 
Lo 


18.3.3 Another First Kind Fredholm Integral Equation 
with a Logarithmic Kernel 


We now consider another first kind Fredholm integral equation [9-10] with a 
logarithmic kernel given by 


1 
i In| —tlu(t)dt =a,-l<a# <1, (18.83) 
= 
where a is a constant. 

Using the substitutions 


x =cos A,t=cosB, (18.84) 
carries (18.83) into 
| In|cos A — cos B| g(B)dB=a,0<A<rn, (18.85) 
0 
where 
g(B) = — sin Bu(cos B). (18.86) 


Substituting the expansion 
g(B) = S~ ay cos(nB), (18.87) 
n=0 


and using the summation formula, from Appendix F, 
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= k k 
In |cos x — cos y| = —In2—25> a (18.88) 
k=1 


into (18.85) we obtain 


- . coskAcoskB ia 
—In2—2 ——— ancosnB | dB=a. 18.89 
fT (-ma-aZ AE) (5 aeons] =a, 809 


n=0 


Using the orthogonality conditions of cosine functions we obtain 


~ cosnA 
—Tap n2 — ni =a. 18.90 
Tag In py 7m — a ( ) 
Equating the coefficients of like terms from both sides gives 
a 
= ——_ n=O0,n2>1. 18.91 
ag na’ @ 0,n (18.91) 
Substituting this result into (18.87) gives the exact solution 
a 1 
= —-—— | ——— _}. 18.92 
ue) == (5) (18.92) 
Substituting (18.92) into (18.83) gives the following identity 
1 
In|x-t| 
———— _dt=-nln2,-l<a<l. 18.93 
1 V1l-# ( ) 


18.4 The Fresnel Integrals 


The Fresnel integrals FresnelS(a) and FresnelC(2), denoted by S(x) and C(x) 
respectively, are two transcendental functions used in optics. They arise in 
the diffraction phenomena, and are defined by 


s(e) = | sin 5° dt, (18.94) 
0 
and 


C(a) =|} cos se dt. (18.95) 
0 


The coefficient 4 is called the normalization factor. The Fresnel integrals are 
entire functions, i.e analytic, with the following series representation 


love) r 2n+1 
ce Yara ye eee) 

and 7 | \" 
Ce) = CW ain ed) po. (18.97) 


The Fresnel integrals possess the special values 
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——0o 


1 1 
S(0) =0, lim S(ax) = = lim S(z) = mS 
1 1 (18.98) 
C(0) = 0, lim C(a) = 5, lim Cla) = = 
In this section we will study four applications that include the Fredholm in- 


tegral equation and the Volterra integral equation where the Fresnel integrals 
will be involved. 


Application 1 


As a first application, we consider the Fredholm integral equation of the 
second kind 


z 
u(x) = cost | cos ae (t)dt. (18.99) 
0 
The direct computation method will be used to handle this problem, hence 
it may be rewritten as 
u(x) = cosa + a@cos so, (18.100) 
where 


a= - u(t)dt. (18.101) 
0 


To determine a, we substitute (18.100) into (18.101), evaluate the resulting 


integral to find that 
1 


a= ——__. (18.102) 
1—C(§) 
Substituting (18.102) into (18.100) gives the exact solution 
1 
u(x) = cosa + (<a) cos as (18.103) 


Application 2 


As a second application, we consider the Fredholm integral equation of the 


first kind P 


iyin (Ga) = fs Fe") 
75 sin (52 -f sin| 52 u(t)dt. (18.104) 
The regularization method will be combined with the direct computation 


method to handle this problem. The regularization method transforms (18.104) 
to the Fredholm integral equation of the second kind 


2 1 rs 
un (x) = oa so = a sin S07u,(t)dt. (18.105) 
The direct computation method carries (18.105) to 
2 
up(2) = (= = “) sin so, (18.106) 


where 
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a= in up, (t)dt. (18.107) 
0 


To determine a, we substitute (18.106) into (18.107), evaluate the resulting 
integral to find that 


2 S(t 
ea i (18.108) 
72\9(§) +H 
Substituting (18.108) into (18.106) gives the approximate solution 
n? 1 T 9» 
== | ——— _ ]sin(=2"}. 18.109 
Up(2) 7 (a) sin (52?) ( ) 
Consequently, the exact solution of (18.104) is obtained by 
7 1 
u(x) = lim Ae) = (5) (<a) sin =o". (18.110) 


Notice that u(x) = x is another solution to this equation. This is possible be- 
cause this problem is an ill-posed equation. It is normal for ill-posed problems 
to get more than one solution. 


Application 3 


As a third application, we consider the Volterra integral equation of the 
second kind 


u(x) = 1—a2+ cosa” — [ze ( 2 | + [ u(t)dt. (18.111) 


We select the Adomian decomposition method to handle this problem. The 
Adomian decomposition method decomposes the linear term u(x) by an in- 
finite series 


ea) = > wala), (18.112) 
n=0 
where the components uo(x), ui(x), U2(x),... will be determined recurrently. 


Substituting (18.112) into both sides of (18.111) gives 


= 5 T 2 ae ene 
2 w(2) =1-2+cosx - [Ze (2+) +f (doa) dt. (18.113) 


The components can be obtained by using the recurrence relation 


uo(@) = 1— a + cosa’ — V5¢ (2+) (18.114) 


Uk+1(“L) = | ur(t)dt,k > 0. 
0 


This in turn gives 
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ne) =2- fat fFo(f2e) +5 ae - 5x0 (2+). 
(18.115) 


The noise terms appear between uo(x) and ui(x). By canceling a noise 
terms from uo(x), the exact solution is given by 


u(x) = 1+ cos2”. (18.116) 


Application 4 


As a last application, we consider the nonlinear Volterra integral equation of 
the second kind 


u(x) = cos ($2?) — ; sin ($2”) (ewe) + c) +f sin ($2”) u?(t)dt. 

(18.117) 
We select the modified Adomian decomposition method to handle this prob- 
lem. Proceeding as before, we substitute u(x) by the decomposition series. 
The modified Adomian decomposition method admits the use of the recur- 
rence relation 


ug(x) = cos so, (18.118) 
1. taf 1 V2 2,2 
u(x) = —5sin 52 Ae 2a)+a)+ ‘ sin =e ug(t)dt = 0. 
As a result, the exact solution is given by 
u(a) = cos ($27) (18.119) 


18.5 The Thomas-Fermi Equation 


The Thomas-Fermi equation was derived independently by Thomas (1927) 
and Fermi (1928) to study the potentials and the electron distribution in an 
atom. This equation plays an important role in mathematical physics. It was 
introduced first to study the multi-electron atoms. It was used in the descrip- 
tion of the charge density in atoms of high atomic number. The Thomas-Fermi 
equation was also used to address the molecular theory, solid state theory, 
and hydrodynamic codes. The dimensionless Thomas-Fermi equation is a 
nonlinear Volterra integro-differential equation of the second kind given by 


u=B+ f u?(t)t-? dt. (18.120) 
0 


For an isolated atom, the boundary conditions are given by 
u(0) =1, lim u(a#) = 0. (18.121) 
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Notice that the potential u’(0) = B is important that will be the focus of 
this study. 

Many numerical and analytic approaches were used to handle the Thomas- 
Fermi equation (18.120). In this text we presented three distinct methods to 
handle nonlinear Volterra integro-differential equations of the second kind. 
To carry this study, we select the variational iteration method to conduct a 
proper analysis on this equation. The VIM introduces the correction func- 
tional 


Uni (2) = Un (x) — i, (ui isa [od (r)r-3 an)) dt. (18.122) 


We first select the zeroth approximation uo(x) = 1. Using this selection of 
uo(x) in the correction functional gives successive approximations, and by 
setting x? = t, the approximation of ug(t) is readily found to be 
4 2 1 3 2 
)=14+ B’?+ = + Bt? + -2° By Bee 
ee are ge Ge gk rage ee 
1 1 31 
a pe 4. #2 —_ B2410 B4 B pl 
252 =) us 175 > 1056 - 1485 
3 B 557 B*) f8 


= yy: | py 
405 a? 9152 100100 


52650 ° mn 351000 45045 105105 


i: 
(cas 
(as 
* (sa 
+(-3 113, _ 153173 pt) e" 
Cm 
(srr 
AG 
(seins 


101 | 7 p6_ _ 623 pt) es ( 162 _ _ 68 Bi) es 


73520 ~ Ti7si00” * 116424000 
po, 1046_ ps, 28 es 


10395 * 675675” * 273850 
79939945 __1232941_ 99 o) 46 
698377680 1278076800 2646016 
9985644 51356, 256 a") 56 
70945875 + 103378275 1044225 
705965027 46 _ 38232663 35953 143 3 - 


966226060800 25881055200 378132300 6537216 
43468 |. 6272 8 250054 

aS 38105925 342953325 
It was stated before, that we aim to study the mathematical behavior of the 
potential u(x) to enable us to determine the initial slope of the potential 
B=vu'(0). This can be achieved by forming Padé approximants which have 
the advantage of manipulating the polynomial approximation into a rational 
function to gain more information about u(x). It is to be noted that Padé 


B*) 2 4 O(¢?3). 
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finding algorithms are built-in utilities in most manipulation languages such 
as Maple and Mathematica. 

It was found that the diagonal approximant is the most effective approx- 
imant, therefore we constructed only the diagonal approximants [2/2], [4/4], 
[5/5], and [10/10]. Using the boundary condition u(oo) = 0, the diagonal 
approximant [M/M] vanish if the coefficient of t with the highest power in 
the numerator vanishes. Using the computer built-in utilities to solving the 
resulting polynomials, we obtain the values of the initial slope B = u/(0) 
listed above in Table 18.1. 


Table 18.1 Padé approximants and initial slopes B = u’(0) 


Padé approximants Initial slope B = u’(0) 
2/2] =1.211413729 
[4/4] —1.550525919 
(5/5 —1,586834763 
[10/10] —1.587652774 


It is important to note that in applying the boundary condition u(oo) = 0 
to the diagonal approximants [M/M], a polynomial equation for B results 
that gives many roots although the Thomas-Fermi equation has a unique 
solution. Recall that u(x) is a decreasing function, hence u’(0) < 0. Using 
this fact, complex roots and unphysical positive roots were excluded. It is 
also obvious that the error decreases dramatically with the increase of the 
degree of the Padé approximants. Moreover, by graphing a variety of Padé 
approximants of u(t), then for |u’(0) < 1.587652774|, we can easily observe 


Fig. 18.3 The Padé approximant [8/8] of u(t). 
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the decrease of u(t) that will reach a minimum followed by an increase after 
that. This is shown by Figure 18.3. 

Figure 18.3 above shows the behavior of the Padé approximants [8/8] of 
u(t) and explore the decrease of u(t) that will reach a minimum followed by 
an increase after that. 


18.6 Heat Transfer and Heat Radiation 


In this section we will study two mathematical physics models. The first 
model is an Abel-type Volterra integral equation that describes the tempera- 
ture distribution along the surface when the heat transfer to it is balanced by 
radiation from it. The second model is also Abel-type Volterra integral equa- 
tion that determines the temperature in a semi-infinite solid, whose surface 
can dissipate heat by nonlinear radiation [11]. 


18.6.1 Heat Transfer: Lighthill Singular Integral 
Equation 


Lighthill presented a nonlinear singular integral equation [12-13] which de- 
scribes the temperature distribution of the surface of a projectile moving 
through a laminar layer. Lighthill considered a uniform stream at arbitrary 
Mach number [12] and deduced the temperature distribution along the sur- 
face when the heat transfer to it is balanced by radiation from it. This led to 
the Lighthill singular integral aia 


F'(s) 
F = d 18.123 
FOY=-x5 | aa pre (18.123) 
with boundary conditions 
F(0) =1, jim F(t) =0. (18.124) 


n [13], suitable variable transformations were applied to convert (18.123) to 
the nonlinear singular Volterra equation of the second kind given by 


ries nae ef —. dt, € [0,1], (18.125) 
where 
u(x) = F(x3), (18.126) 
and 
u(0) = 1, Jim u(t) = 0. (18.127) 


The product integration method and collocation method based on piecewise 
polynomials were applied to obtain a series solution. However, we select the 
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Adomian decomposition method to handle the nonlinear singular equation 
(18.125). The Adomian method assumes that the linear term u(a) be decom- 
posed by the series 


= > Un(x), (18.128) 
n=0 
and the nonlinear term u*(x) by the series 


- 3 An(z), (18.129) 
n=0 


where A,,(x) are the Adomian polynomials. In what follows we list some of 
the Adomian polynomials for u*(z): 

Ao = us, 

Aj = 4ugur, 

Ao = Augus or 6ugul, 

A3= Auguy + 12ugusus + Augu?, 


1 
Ag = 4uadus + 12u2 (53 + us) + 12upuzue + ut, (18.130) 


As = 4upus + 12ua(urus + ugu3) + 12u0(utzu3 + uu) + 4uzua, 


1 
Ag = Augus + 12u2 (urns + usta 4 53) | 4ug(3ujus + 6uyu2U3 + us) 


+(4u%us + 6u2u3), 
and so on for other Adomian eee We can use the recurrence relation 


uo() = 


Ax( 
etl Vg of! t3A,(t) ot (18.131) 
(a = a 
Accordingly, we obtain the ee components 
uo(x) = 1, 
3 
2 
u(x) = - EV? 58 — ~1 se09984e707, 
PsP zs) 
18 4 
ua(@) = ga? = 7.2494161420%, 
(C(3)) : 
80(9 ([(2))° + 1? 
pe ( (5) i ™) 2 — —46.449737832 
9 (T(3)) 
" 112/30 (180 (T(2))° +2 (F(2))* (81v3 + 20m) + 2V3n°) 
U4\ XL) = 72 
135 (T(2)) 
= 332.755233223, (18.132) 
us (x) = —2536.8205722" 


ug (x) = 20120.060982%, 
u(x) = —163991.84630°7 
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ug(x) = 1363564.3012°5 , 


ug(x) = —115113562°. 
Combining (18.126) and (18.133) gives the series solution 
F(a) = 1 — 1.4609984872 + 7.2494161422? — 46.4497378323 
+332.7552332x+ — 2536.820572x° + 20120.06098x° (18.133) 
—163991.84632" + 1363564.3012° — 1151135629 + --- , 
which is consistent with the results obtained in [12,14]. 

To show that the obtained series satisfies the boundary condition at x = 
oo, we construct the Padé approximants [1/1], [2/2], [3/3] and [4/4], and by 
evaluating the limits of these approximants at x = oo we obtain a sequence 
that converges to 0. This confirms the convergence to 0 as deducted by [14] 
and other works.. 

Figure 18.4 above shows the behavior of the Padé approximant [4/4] of 
u(x) and explores the rapid decay of that curve. 


0 1 2 3 4 5 
x 


Fig. 18.4 The Padé approximant [4/4] of u(z). 


18.6.2 Heat Radiation in a Semi-Infinite Solid 


In this part we will study an Abel-type nonlinear Volterra integral equation 
given by 
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~1 ff fo") 
-= | Ta dt, (18.134) 


where u(x) gives the temperature at the surface for all time. The physical 
problem which motivated consideration of (18.134) is that of determining [11] 
the temperature in a semi-infinite solid, whose surface can dissipate heat by 
nonlinear radiation. At the surface, energy is supplied according to the given 
function f(t), while radiated energy [11] escapes in proportion to u”(t). 
Equation (18.134) par - 4 as 
1 vd 

=F, £— a! i do Va-t 
The Adomian Pee method handles such problems effectively. In 
what follows, we will select only two cases for f(a) and n. 


u(x) 


u”(t)dt. (18.135) 


Application 1 


As a first application, we select f(a) = $ and n = 4. Based on this selection, 
Equation (18.135) becomes 
x 1 f* 1 
MOVE aly Jon 
that governs the radiation of heat from a semi-infinite solid having a constant 
heat source. 
Using the Adomian assumptions for u(x) and u4(a) as shown above by 
(18.128) and (18.131), and by setting the recurrence relation 


— /® witeye te fo Ae 
wo(2) = 2, k+1(x) = ep Lon ——-dt,k > 0. (18.137) 


we obtain the following components 


u(x) = == = 0.564189583522, 


u‘(t)dt, (18.136) 


u(x) = -= (=) = —0.06097531350.72, 

up(a) = — (= ) = 0.0200836987822, 

ug(x) = ay (=) * — _0,0082832727640%, (18.138) 
ug(a) = DE ee = 0.0037650920632~, 


us(x) = —0.0018064404292 
ug(x) = 0.00089700319152 
u7(x) = —0.000456120549702" 


and so on. The series solution is given by 


21 
2 
’ 
25 
3 
’ 


? 
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x (0.5641895835 — 0.06097531350a" + 0.0200836987824 
—0.0082832727642° + 0.0037650920632° — 0.001806440429a"° 
+0.00089700319152'? — 0.0004561205497x14 + ---) (18.139) 


Application 2 


As a first application, we select f(z) = 2,/2 and n = 3. Based on this 
selection, Equation (18.135) becomes 


u(x) = 2x (t)dt. (18.140) 


er an ae 
: al Vint 

Using the Adomian assumptions for u(a#) and u3(x), and by setting the 
recurrence relation 


1 7? Aye) (18.141) 
=—-— dt,k >0. 
ur+1(2) Vr , Vat , 


we obtain the following components 
ug(x) = 2, u(x) = —0.515830476427 , 
u(x) = 0.61875000002%, u3(x) = —0.8971997530« , 
ua(x) = 1.4141751720", us (x) = —2.3357238480°7 , 
u(x) = 3.97471022221°, 
and so on. The series solution is given by 
u(x) = x — 0.5158304764x? + 0.61875000002% — 0.8971997530a> 


+1.41417517221! — 2.33572384822 + 3.974710222716 +... . 
(18.143) 
To study the structure of the obtained solution, we first substitute t = xr, 
construct proper Padé approximants and follow the discussion used before. 


(18.142) 
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Appendix A 


Table of Indefinite Integrals 


A.1 Basic Forms 


a 
3 

Q 

8 
| 


ag 


on 
Seg Tg SS ey 
= 
| 
5 
- 


nN 


1 
cosaxdz = —sinar+C 
a 


1 
tanaxdx = —< In| cos az| +C 


Ke} 


1 
tanax secaxdx = —secar+C 
a 


cscadx = —In(cscx +cotx)+C 


o 
ao 


il 
csc2axr dx = ——cotar+C 
a 


A.2 Trigonometric Forms 


1 1 
sin?adr = -xr — —sin2x+C 
2 4 


zsinaxdx = sinx — xcosx+C 


5. fue adx = tanx—x+C 


1 
2. | —dx = In|a|+C 
x 


mD 


WS [ 


1 
sinax dz = ——cosax+C 
a 


le = + C 
a2 tame a a 


1 
10. oo = -—Insinar+C 
a 
12; [scowdr = In(seca — tana) + C 
1 
14. [sec axdx = —tanar+C 
a 


1 1 
2. | cos? de = gut 7 sinas + C 


1 a 
sin?x dr = — 3 cos (2+ sin” x) +C 4, [costae = 3 Sine (2 + cos*a) +C 


6. f cot? de = —cotzr—x+C 


8. f wcosirde = cosx+asinz+C 
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9. f 2 sinadx = 2xsinx — (2? _ 2) cosxz+C 


2 


10. | «x cosxdx = 2x cosa + (x? —2)sinz+C 


13. 


if iL 1 
—— dx = tan( w+ are 14. [| —— ar = tan(52) +C 


r COS & 


15. 


1 1 1 1 

11. a =sin?x+C 12. f dx = —tan(-—7 x)+C 

2 14 4 2 
1 

le = ent 58) +C 


A.3 Inverse Trigonometric Forms 


1. f sin“*xde = asin~tr+/1—224+C 
2, f cos trde = xcos~ tx — \/1—22+C 
= -1 1 2 
3. f tan adx = xtan eos lah te J+ec 
1 
4. [eosin ‘eda = ql(22? — sinter +a2/1—22]}+C 
1 
5. [ vc0s- 'edxz = ql(20? —1)cos~*z —a2V1—22]4+C 
1 
6. [tan ‘edx = gl(a? + 1tan~ te — 2] + C 
-1 Lo -1 
7. [ xe ot “adr = alle +1)cot~*r+a]+C 
8. | sec te de = asec” la In(a + Vz? —1)4+C 
Let 
9. | xsec™ ‘edz = [x sec x — VYa2-—1]+C 


A.4 Exponential and Logarithmic Forms 


1 


a2 


1. 


1 
e** dx = —e°* +C aif mer dz = (ax — 1)e°* +C 


i 
xv7e% dr = (a? x? 2axz + 2)e°* +C 


1 
vet” dr = (a>a° 3a2x? + bax 6)e°* +C 


ee 
os 


A.6 Other Forms 


1 
6. fe cos de = sine + cosaje® +C 


1 i 
7. [ined = ainzx-x+C 8. f vineds = 57 (Ine a! + C 


A.5 Hyperbolic Forms 


1 1 
1. |[ sinnac dx = —coshax + C 2, [ cosh ax de = —sinhar+C 
a a 
3: [esinhe de = xzcoshz — sinha+C 
4, [cosh de = zsinhz — cosha+C 
2 M8. 
5. | sinh*adz = 5 sinha cosha — a) +C 
2 1,. 
6. | cosh*xdx = 5 sinha cosh +2) + C 
1 1 . 
7. | tanhaz dz = ee 8. | cothardz = —Insinhar+C 
a 
9. [secede = tanhz2+C 10. [ esch®xde = —cothr+C 
A.6 Other Forms 
1 Tt 1 1 x 
1. | et = asin E+ 2. | ete = caret tC 
il a-2z 1 1 ata 


dx = arccos 


3. ——<— : = 
a= a a? — x? 2a ax-a 


+C af dz = In + C 
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Appendix B 


Integrals Involving Irrational Algebraic Func- 
tions 


B.1 Integrals Involving Woe nm is an integer, n > 0 


24 cf 4 3 
1 ——dt = 2,/z 2: dt = —x2 
o0 Va-t 0 at 3 
a .¢ 16 5 o 48 32) 2 
3. dt = —x2 4. : dt = —2? 
o Vat 15 o Va—t 35 
«44 256 a 45 512 u 
5. f dt = ——a2 6. | die ge 
0 xa—t 315 0 ~— t 693 
a 2048 a 4096 
7 dt = ——2> 8. | dt = ——22 
o Va—t 3003 o Va—t 6435 
a 1 et 7 hae 8 1 
9. i i. eS 10. ‘ dt = (m+ 1) yn+t 
o Va—t 109395 0 Va—t 1-3-5---(2n+4+1) 
B.2 Integrals Involving Tes? n is an odd integer, n > 1 
£2 1 £2 3 
x 2 x 2 
1 dt = —rx a ———_ dt = =nx? 
0 ca 2 0 a—t 
7 
x t2 x t2 S 
3. : dt = ee 4 BP gt 
0 Vr t 16 (0) Lot 128 
9 a2. 
2 £2 63 cote 231 
5 * dt = — ae 6 x6 
0 Lt 256 0 xc—t 1024 
13 15 
2 fe 42 ef A 
qT i Fr 8. dt = sacle 7 
0 Va—t 2048 o Va—t 32768 
© 49 12155 g 2 t3 ne) _ an 
9. | dt = —— 10. dt = = Vrx 2 
9 Va—t 65536 0 Va-t (45>) 


Appendix C 
Series Representations 


C.1 Exponential Functions Series 


(ac)? | (az)® , (ae) 


1. e** = 14 (az) 4 


2! 3! A! 
2 3 4 
2 en9® = 1 — (ax) + 2)? _ aa)? (an) 
2! 3! 4! 
—2? 2 xt x 
3. =1-<2*4 t 
2! 3! 


1 1 
4. a® =1+2lna+ > (ena)? + > (ena)? +-- ,a>0 


v2 324 82° 326 


2! 5! 6! 
cae: a2 Art 3128 
6. e&°® e(1 — — — — } 
a! 6! 
2 3a3 Oat 57a 
Ze 1 tapl 4 4 4 
2° 3! 4! 5! 
4 2 223 524 
g. eine -p 494" } . t E t 
2° 3! 4! 


C.2 Trigonometric Functions 


Pr 5 pT ae? et 
1. sing =x—-—+—-—-—+4+-:: 2. coosx=1—- —+—-—-—+4+-:: 

3! 5! 7! 2! 4! 6! 

x? Qe 17a7 a 5a* 61e® 138528 
3. tanx = «2+ — + — 4 +... 4. sca =1+—+4——4 } 


3 15 315 2! 4° 6! 
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C.3 Inverse Trigonometric Functions 


C Series Representations 


ed la? 1-325) 1-3-5a7 7 
1. sin” -# =a2+—-— 4+ —— + —_— te <l 
23 2:45 2-4-6 7 
ee go gt 
2.tan-t2x =a + 
3 5 7 
C.4 Hyperbolic Functions 
. a 25 gt a2 gt 2 
1. sinha =a+—+—4—4+::: 2. csha=1+—+4+—+—+4-:: 
3! 5! 7! 2! 4) 6! 
ae Qa5 1707 
3. tanha = a2 —- — + — 
3 15 315 
C.5 Inverse Hyperbolic Functions 
ei la? 1-325 1-3-5a7 
1. sinh” a2 = & — -— + — — — —— — 
23 2-45 2-4-6 7 
ew 7 a7 
2.tanh7te =a +o +4454... 
3 5 7 
C.6 Logarithmic Functions 
2 3 14 
1. In(li+2)=2 a +—2x ra | ,-l<a<l 
1 1 1 
2. In(l— 2) =-(«4 ral } 37 } ra t---),-lLea<l 
1 1 1 
3. n2=1— t free 
2 3 4 


Appendix D 


The Error and the Complementary Error 
Functions 


D.1 The Error Function 


The error function erf() is defined by: 


2 z - 2 3 5 16 
l.erf(a) = — | edu 2.erf(z) = —= (« aa = 4 -) 
Vi Jo 1 3 5-2! 7-3! 
3. erf(—a) = —erf(a) 4. <(erf(e)) = ae 
d? 4 3 ad 1 
5. gaz ert()] = —age* 6. Fae rel) = a = A4je® 
d* 8 ai =e F 
7. —|erf(x)] = ——=(3a — 2x°)e"* 8. erf(0) = 0 9. lim erf(a) =1 
dx* 1 L— Co 


D.2 The Complementary Error Function 


The complementary error function erfc(x) is defined by 


2 ci 2 
l.erfc(x) = val e “du 2.erf(x) + erfc(x) = 1 
2 x 2? xt 
3.erfc(x) = 1 = (= 3° 5-ol 7-3I ) 


Appendix E 


Gamma Function 


1.0 (2) =i $e dt 
0 


2.T(a +1) =aI (x) 


3.0. (n+ 1) =n!,n is an integer 


T(1) = (2) =1,7(3) 


4.0 («)P(1—2) = — 
5.0(5) = VF 

3. 1 
Git) = av™ 


7P(5E(-5) = 20 


2 


Appendix F 
Infinite Series 


F.1 Numerical Series 


i. =In2 2. 
ao +1 
a. 1? 
n=1 
= 1 1? 
5 = — 6. 
n=1 (2n — 1)" 8 
n=1 n(n + 1) 
= 1 3 
9. ¥, ——__ = = 10. 
a= n(n + 2) 4 
= 1 1 
1a = 12. 
i (Qn-l1j(Qn+1) 2 
i 
13. > = 2.718281828--- 14. 


F.2 Trigonometric Series 


1 al 
—sin(kx) = ~(7-24),0<a< 
= sin(kx) = 5(n ~ 2) 


k-1 


Lear 
y — 
a (n : 1)! 

os TCE 
ees 
> Gr 
= a ~ 


> 
ll 


io} 


20 


1 
sin(kx) = see <a<t 


ALA 


1 
— = 0.3678794412 --- 
e 
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SS sin[(2k—-l1)a] x 
3. ec 

a RT aaa 

k=1 
i s( jyb—1 Sin [2k = Vz! 1) : mes 1 ee 
: - ———@__—_—— = -Intan|-+-—)],--=1<a<-=7 

rae 2k —1 2 2 4)’ 2 

1 ; 1 1 

5 x foes 1)a] rie if — 5a << 5m, 
; ~*) “Top aye +) i 1 

k=1 (2k + 1) gut) if oe om. 


1 1 
6. DD 7 cos(kz) = =In (2sin Sr) 0 <a < 2x 
SS (-1)k-1 1 
7. > CO cos(kr) =In (2e0s pe )imm<acn 


8. x pe cos(kar) =a5 (3a? — 6rx + 277) <a < 27 


9 3 eve cos(ka) = ao (3a? —1?),-r<a<n 
12 ; 


eon? 
= cos [(2k—1)r] + 
10 a =-,0 
ee) a po<u<m 
k=1 
“ cos[(2k—l1)a] a (5 ) 
11. = |jz|),-t<a<a 
»y (2k — 12 4\2 
ms 2k 
12. In|sinaz| = —In2 > eal am) pak, £27,--- 
k 
k=1 
= 2k 3 
13. gelato y. Cae, ue ale Qm,++: 
k 2 2 
k=1 
= k k 
14. In |cos x — cos y| =—-In2-2)> Gpelinel Seetie) Gy conte) 


k 


k=1 


Appendix G 
The Fresnel Integrals 


G.1 The Fresnel Cosine Integral 


The Fresnel cosine integral C(x) is defined by: 
1. C(x) -| cos (Ze) dt 
0 2 


2.0 _ n 2 An+1 
. 2s' Y Gaia 
3.C(0) =0, lim C(x) = : lim O(2) =—= 


G.2 The Fresnel Sine Integral 


The Fresnel sine integral Sa) is defined by: 


1. S(x) = J sin (Fe) dt 
0 2 


[ove} 2 1 
CS aa 


eee Sl) eee) re 


Answers 


Exercises 1.1 


1. f(x) = e?® -1 

4. f(z) =cosx — sina 
7. f(a) = cosh 2x 

10. f(z) =1+sinaz 
13. f(x) =1+a+e* 


Exercises 1.2.1 


l.u(x) = (a@+c)e—* 


4.u(x) = 24(e+a2+27) 
7.u(x) = xe” 


10. u(x) = (1 + a2*)e3* 


Exercises 1.2.2 


l.u(x) = e?*(A+ Bz) 
4.u(x) = A+ Be? 

7. u(x“) = e* cosa 

10. u(x) = cos 3a 
13.u(z) = A+ Be* —a 
15. u(x) = Acosha — 3x 
18. u(x) = — sina + 3e* 


2. f(z) =e 3” 

5. f(a) = sin 3x 

8. f(a) = cosh 3a — 1 
11. f(x) = tang 

14. f(z) =1+a+4+cosz 


2.u(xz) = x4(c +e”) 


5.u(a) =a+— 
x 
8.u(a) = ax 
x 
ll. u(x) = ee 


2.u(x) = Ae~* + Be3* 
5.u(x) = e3*(A+ Ba) 
8.u(x) = e?*(1+ 2) 
11. u(x) = 2+ e9 


12. f(x) = tanha 


c 
3. = >— 
ae 22 +9 

6. u(a) = x(c — cos x) 
9. u(x) = cot xe?” 


12. u(x) = (1+ 2) cosaz 


3.u(x) = Ae~? + Be?* 
6. u(x) = (Asin 2a + Bcos 2x) 
9.u(x) = e7 2% 4 edt 


12. u(x) = cosh 3a 


14. u(x) = 3+ Asina + Bcosa« 


19. u(x) = e* +singx 


16. u(x) = Acosha—cosa 17.u(x) = 8e% — 6x —5 


20.u(z) =1+a+ Qetx 
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Exercises 1.2.3 


1 1 1 
l.u(x) = ao(1 rail rl | )+ai(x — =a? 4 Tal +--+) 
1 1 1 1 
2.u(x) = ao(1 x x4 tay(x + —a2 44 
EE ggg re a re °° 
iL 1 1 1 
3. u(x) = ao(1 a ao , )+ai(a 4 3% } a f+++) 
1 1 1 1 1 
4.u(x) = ao(1 rll a )+ai(x4 ae ria ork 
1 1 1 i i 
5. u(x“) = ao(1 a yi 44 )+ai(x4 a ao Ti 
1 1 1 
+(=23 + —24 —r>+.---) 
6 24 180 
6. u(x) = ao(1 x? : 2 4 )+ai(a+ =x at 4 
40 6 12 
1 1 
rae be ge ae) 
7.u(x) =ao(1+ =x? 4 98 t++-)+ai(a2+ —2*4 uae | 
6 180 12 504 
1 1 1 
(=a? gh ge? ea) 
24 40 40 
1 1 1 
8.u(x) = ao(1 + 52" + aoa" 4 y+ ar(« sao aa 
1 1 
(=a? 4 me rh | ) 
Exercises 1.3 
1. F’(x) =e" -| Que” * dt 
0 
ae 
2. F’ (x) = 2a In(1 + 2°) — In(1 + 2? | 
) = 2ein(d + 2%) Ina +0)-+ f” 
3. F’ (x) = sin(2a?) + [ 2x cos(x? + t?) dt 
0 
4. F’ (x) = cosh(209) + f 3x? sinh(«* + t?) dt 
0 
5. F’ ey u(t) dt 6. P(e) = [ 2(a — t)u(t) dt 
0 0 
7. BF" ») =f 3(a — t)? u(t) dt 8. Fi(e) = [ 4(a — t)u(t) dt 
0 0 


9.30? + a”° = 4u(x) + | u(t) dt 
0 


10. (1+ a)e* = u(x) + a e*—*u(t) dt 


Answers 


11. 4a + 9x? = 6u(zx) + 5 | u(t) dt 12. cosha+ cot x = 3u(x) +/ u(t) dt 
0 0 


Answers 
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13.2 14.3 15.4 16.5 
Exercises 1.5 
Ls 
Ly 5 noe 2y=2 3.y=2e+e7-* Ay=e*™+ ec?” 
ee . s Le 1 2s? 
“52 | g241 “s—-1 5241 “s ' (s—1)2 “54-4 
1 a 1 1 1 1 1 
9. Yi 10. — + ——Y 11. ———~ Y 12.-+—- Y¥ 
s2?—1 (s) 33 + s—1 (s) (s — 1)? (s) 8 is ss? (s) 

13. y(a) = 2a? +sinx 14. y(x) = sin3x + sinha 
15. y() = sina + cosh 2x 16. y(x) = 2 — cos x — cosh a 
Exercises 1.6 

1 : 1 9 
1.1 2.- 3.0 4. sing 5. 6. xv 7.2n7x 8. 

3 e2—1 - T—e 


Exercises 2.1 


1. Volterra, second kind 

3. Fredholm, second kind 

5. Fredholm, second kind 

7. Volterra, first kind 

9. Volterra-Fredholm, second kind 
11. Generalized Abel’s singular 


Exercises 2.2 


1. Volterra I-DE 
3. Volterra-Fredholm J-DE 
5. Fredholm J-DE 


Exercises 2.3 


. Volterra, Linear, Inhomogeneous 
. Volterra, Linear, Homogeneous 


2. Volterra, first kind 

4. Fredholm, first kind 

6. Volterra, second kind 

8. Fredholm, first kind 

10. Volterra-Fredholm, second kind 
12. Weakly singular equation 


2. Fredholm J-DE 
4. Volterra-Fredholm I-DE 
6. Volterra I-DE 


2. Fredholm, Linear, Inhomogeneous 
4. Fredholm, Linear, Homogeneous 


ANaawr 


. Volterra, Nonlinear, Inhomogeneous 

. Fredholm, Nonlinear, Inhomogeneous 

. Fredholm(Integro-diff), Linear, Inhomogeneous 
. Volterra(Integro-diff), Linear, Homogeneous 


612 Answers 


Exercises 2.5 
xz az 


l.u(a) =4+4+ af u(t) dt 2.u(x) = ean" _ ae | u(t) dt 


3.u(a) = —4x — afr (a — t)u(t) dt 


4.u(@) = —1— 824 a [6 — 8(a — t)] u(t) dt 


5.u(z) =1l+a+ fe — t)u(t)dt 
ty) 


1 x 
6. u(x =1ta- so? +2 f 
2 ) 


7 5 - | u(t) dt 


7.u(z) =2+a+ fe — t)u(t)dt 
ty) 


8.u(z) =—1 [e t) 5 ( »] u(t) dt 

9. u’ (x) — 2u(x) = 1, u(0) = 0 10. u’(x) + u(x) = e*,u(0) = 2 
1l.u’’(x) — u(x) = 2,u(0) = 1,u’(0) = 0 

12.u/’(x) + u(x) = — sina, u(0) = 0, u’(0) = 1 

13. u(x) — 4u(a) = — sing, u(0) = u’(0) = 0, u’’(0) = 1 

14. u/"(a) — 2u(a) = cosh a, u(0) = 2,u’(0) = 1, u’’(0) =0 

15. w¥ (x) — 12u(x) = 0, u(0) = 1, u/(0) = u’"(0) =u!” =0 


16. ui¥ (x) — ul" (x) — 3u’’ (x) — 6u(x) = e”, 
u(0) = 2,u/(0) = 3, u’"(0) = 10, uw” = 32 


Exercises 2.6 


: 4t(l1—ax) forO<t<e2 
1. u(x) =| K(a,t)u(t) dt, K(e,t) = ee ues 


. at(l—2w) forO<t<ez 
2. u(z) =| K(a, t)u(t) dt, K(a,t) = ee es 


2t(l—«a) forO<t<a 


1 
3. ule) =30—2+ f K (a, t)u(t) dt, Ket) = {3s irect<t 


3at(1—a) forrO<t<a 


1 
a 4 = B42 = 
4. u(x) = 4-32 +/ K(a, t)u(t) dt, K(a,t) = eeu = rec $< i 


4t forO<t<a 
5. ula) = | K(a, t)u(t) dt, eS G forge ret 


at forO<t 


1 
6. u(x) = ; K(a,t)u(t) dt, K(ax,t) = {3 forget 


1 4t forO<t<a 
7u(e) =0—4+ f K(e,t)u(t) dt, K(a,t) = { rgt<l 


Answers 


8. u(x) = 2 — 4a +f K(a,t)u(t) dt, K(a,t) = { 
0 


9.ul’ + 3u = 4e” 


,0<a2 <1, u(0) =1,u(1) =e? 


10.u” +u=6,0<2<1, u(0)=0,u(1) =3 


4ct forO<t<ua 
4a? erate 


ll.u”’ + 6u = —cosz,0< a <1, u(0) =1,u(1) =cosl 


12.u/’ + 4u = sinha, 0 <a <1, u(0) =0,u(1) = sinh1 


13.ul’ +u = 9e3*,0 <2 <1, u(0) = 1,u’(1) = 3e? 
14.u’’ + 6u = 1227,0< a2 <1, u(0) =0,u/(1) =4 


15.u" +4u=4,0<2 <1, u(0) =3,u’/(1) =4 


16.u/’ + 2u = e® 


Exercises 2.7 


17. f(z) =1+4+ 42, 


20.a = 2 
23. f(x) = 3a?, 


21. f(x) =2—e?* 


,O0<a<1, u(0) =2,u’(1) =e 


1 
18.a=-, 
4 


24. f(x) = 4x + 223 


Exercises 3.2.1 


l.u(x) = 6x 


4.u(x) =a — 2? 


7.u(“) = sina + cos £ 


10. u(x) = cosh & 


13. u(x) = e® 


16. u(x) = e= 


u(x 


u(x 


ll.w 
14.u 


17.u 


= 
= 
= 


8.u(a) = cosa — sing 


xv) = sing 
z)=e* 
x) = 3cosx% —2 


19. u(x) = 2cosha — 2 20. u(x) = 2sinha — 2 
22.u(“%) = 4+ cos x 23. u(x) = e” 
25. u(a) = e” 26. u(x) =e" * 
rahi aa a. os 
: 4 112 4928 
1 1 
28. u(x) = 3 eer a4 
4 4 16 
1 1 1 
29.u(xz) =1 x? 4 7 94 
3 72 4536 
1 1 1 
30. u(x) = 1 <7? + —7% + — 27? 4 
2 16 224 


19. f(x) = 2, 


22. f(a) = sina — x 


3.u(z) =1+a 
6.u(z) =e” 
9.u(a) = cos x 
12. u(x) = sinha 


15. u(x) = ev 


18. u(x) = 3sina — 2 


21. u(x) = e?* 


24. u(x) = cos x 
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Exercises 3.2.2 


1. u(x) = cosxz 

4. u(x) = 3x? 

7.u(“) = cosha 

10. u(x) =e” +sina 
13. u(x) = sec? x 


16. u(x) = x 


Exercises 3.2.3 


l.u(x) = 6x 
4.u(4) = 2+? 
7.u(“) = sinha 


10. u(x) = cos? x 


Exercises 3.2.4 


l.u(x) =e” 
4.u(x) = 1-—sinhe 
7.u(x) = e?* 

10. u(x) = e®” 

13. u(x) = sine 
16.u(z) =1+e 


19. u(x) = re” 


Exercises 3.2.5 


l.u(a) =e” —-1 

4. u(x) = e?” 
7.u(“z) = —1+ cosa 
10. u(x) = cosh 
13. u(x) = sinha 

16. u(x) = sinh 2a 


19. u(x) = wsina 


5. u(x“) = 2a 

8.u(xz) = e” 

ll.u(z) =1+a+coshax 
14. u(x) = cosha 


2.u(x) = 6a 
5.u(x) = sine 
8. u(x) = cosh x 


11. u(x) = sin? x 


2.u(r) = «2+ a+ 
5. u(a) = cos a 
8.u(a) = 4+ cosa 
1l. u(x) =e7*” 

14. u(x) = cosha 
17. u(x) = cos x 


20. u(w) = sina + cosa 


2.u(x) = sinha 

5.u(a@) = —x + sinha 

8. u(a) = cos x 

11. u(x) = 2+ cosa 

14. u(x) = cosa — sing 
17. u(x) = sinha + cos a 


20. u(x) = xcosh x 


Answers 


3.u(x) = 2x + 3x? 
6. u(x) = al 
9.u(v) =1+sing 


12. u(x) = cosa 


15. u(x) = sinha 


3. u(x) = 6x 
6. u(x) = cos a 
9. u(x) = sec? « 


12. u(x) = tan? x 


3.u(z) =1+2 
6. u(a) = sinh« 
9.u(a) = e” 

12. u(x) = cos x 
15. u(x) = e®” 
18. u(x) = sinha 


3.u(a) = x — sing 


18. u(x) = sing + cosha 


Answers 
Exercises 3.2.6 
1. u(x) = sinha 

4. u(x) = e?” 
7.u(x“) = singe 

9. u(x) = cosha 
12. u(x) = cosxz 


15. u(x) = wsine 


Exercises 3.2.7 


l.u(a) =e7* 
4.u(x) =e” 

7.u(“) = 2+ cose 
10. u(x) = sinha 
13. u(x) = In(1 + a) 


16. u(x) = tana 


Exercises 3.3.1 


1. u(x) = sinha 
4.u(xz) =x +e” 
7.u(x) = coshz 


10. u(x) = —e* 


Exercises 3.3.2 


1. u(x) = sinax 


4.u(x) = sina + cos x 


7.u(z) =e” 


10. u(x) =a#+sinax 


Exercises 3.3.3 


1. u(x) = cos x 


2.u(x) = cosx — sing 


5. u(az) = sinha — cosha 


2 : i 
8.u(a) = ao cos x + sin x) + eo % 


10. u(x) = sinha 


13. u(x) = we” 


1 
16. u(“) =1+ a 


2.u(x) = cos x 

5.u(x) = e” 

8.u(x) = sinw + cosa 
1l.u(x) = xsinhax 


14. u(x) = «In(1 +2) 


2.u(x) = «sinha 
5.u(a) = # +e” 
8.u(“) = xcosha 


ll.u(z) =a#+4+1n(1+4+ 2) 


2.u(x%) = cosa 
5.u(x) = e-2 
8.u(z) =e” 


11. u(x) = 2+ sinha 


2.u(x) = sine + cos xz 


11. u(x) = sine 


14. u(x) = xsinha 


3. u(x) = sinhax 

6.u(x) = e?* 

9.u(a) = sina 

12. u(x) = cosa — sing 


15. u(x) = seca 


9. u(x) = sinew + cosa 


12. u(x) = re” 


3.u(a@) = # + cos x 


6.u(z) =e” 


9.u(z) =ax+e 


12.u(r4) =a 


3.u(z4) =e * 
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4.u(a) =e” 5.u(a) = sinha 


7.u(x) = cosh« 8. u(a) = cos x 
10. u(x) = we” 1l. u(x) = «+ e” 
13. u(x) = cos x 14. u(x) = e” 


16. u(x) = «cosa 


Exercises 4.2.1 


1. u(x) = e® 2.u(z) =e” +1 


Answers 


6. u(x) = re 
9. u(x) = 2023 


2 


12. u(x) = sec” x 


15.u(a) =e7” 


3. u(a) = cosa 


4.u(a) = sina 5. u(a) = e® 6. u(a) = e” 
7.u(x) = e” 8.u(a) =1+ —_ sin? x 9.u(a) = xe” 

10. u(x) = wsina 11. u(v) = xcosa 12. u(x) = 2sinz 
13. u(x) = sing 14. u(x) =1+ 2? 15.u(z) =1—<2? 
16. u(x) = sine 17.u(z) =e7* 18. u(x) = e®” 

19. u(x) = cos x 20. u(x) = — tan? x 


Exercises 4.2.2 


1. u(x) = sine 2.u(x) = sinw — cosa 
x—1 


a) 


7.u(z) =ax2+e” 


at+l1 


4. u(a) = sin~* ( 
6.u(2) =a +a4 
9.u(x) =e™t+ +e?! 10.u(x) = 2? +2 


12. u(x) = e?* 13. u(a) = e® 


15.u(xz) =atan~' ex 16. u(x) 


Exercises 4.2.3 


1+sinz+cosz 


l.u(x) = 


1+sinz 
4.u(x) = x(sin x + cos x) 5.u(x2) = 
fuse sing + pea + cos x 7.u(2) = 
1l+sinz 
8.u(a) = = 9.u(a) = ae 
1+sinz 1+cosz 


2.u(z) =a2+asing 


3. u(x) = e® + 12a? 
5.u(a) = 24+ 21a? 
8.u(a) = re” 

11. u(x) = e?” 


14. u(x) = «(sin x — cos x) 


2 


3. u(x) = a? + sec? x 


a+axcosx+sing 
1+cosz 
2sinxz + sin? x 


1+sinz 


10. u(x) = #?(sinax + cos 2) 


Answers 
11. u(x) = sin 2x 


14. u(x) = cos x 


Exercises 4.2.4 


1. u(x) = cosxz 
4.u(%) = 1-2? 
7.u(a) =1— 2? +3 
10. u(x) = a+ e” 

13. u(x) = « — cosx 


16. u(x) = sinx + cos « 


Exercises 4.2.5 


l.u(z) =1—a?+4+2° 


4.u(x) = 2° 4 a4 

7. u(x) = seca tana 
1 

10. u(#) = 1+ - Ing 


13.u(a) =1+ = sec? x 


16. u(x) = a+ e” 


Exercises 4.2.6 


1. u(x) = x? Zhe 
3. u(x) = e” 

6. u(x) = 1+ sec? x 
9.u(a) = # — sing 


12. u(x) = seca tanax 


15. u(x) = sinx — cos x 


Exercises 4.2.7 


l.u(x) = : — 22, 


12. u(x) = «cos 2x 


15.u(a) =acos~* x 


2.u(a) = sinz 

5. u(x) = sina — cosx 
8. u(x) = sina — cosx 
11. u(x) = xsin 2x 


14. u(x) = x —-sinax 


2.u(z) =1— xv? +a° 


5.u(z) =1+27+23 
1 

8.u(a) =1+ 5 ne 

11. u(x) = sina + cos x 


14. u(x) =1—- = sec? x 


3 
= 2: =1 ae eae 
2 ue) =e 5(3 — 2X) 


4.u(“) = 2+ e” 

7.u(“) = cos x 

10. u(x) = sin x 

13. u(x) = seca + tan x 


16. u(x) = In(at) 


13. u(x) = 


1 
~ 1+? 


16. u(x) =atan +e 


3.u(z) = 1+ 2? 
6.u(x) = e?* 
9.u(a) =1+e* 
12.u(x) = e” 


15. u(x) = seca + tana 


3.u(2) =a? +24 


6. u(a) = secxtane 

1 
9.u(a) =1+ 52 
12. u(x) = sinx — cosx 


15.u(x) = 1+ e” 


6X 3 
* 0<A<5 


5. u(x) = sec? « 
) =x" -—cose 
11. u(x) = seca tan x 
( 


x) = sing + cosx 


3. u(x“) = 5a 


617 


618 


4.u(a) = 3a 
7.u(a) = 5a* + 72° 
10.u(a) =a? +sine 


Exercises 4.3 


2 
l.u(x) = —asin? x 
T 


4.u(x) = 5% sing 


8 
7.u(x) = -asin~+« 
T 


10. u(x) = — = a(3x —10) ll.u(x) = = (asin + Bcos x) 


12. u(x) = 66(1 — x), 66(3 — 4x) 


13. u(x) = sal — 2) 


Exercises 4.4.1 


est 


l.u(a) = (1+ ae ore 
4.u(x) = 6x?,3+ 2? 
7.u(“) = 707,28 


10. u(x) = 2, In(1+ 2) 


13. u(x) = sing 


16. u(x) = cosa — sing 


Exercises 4.4.2 
l.u(x) = (1+ e7?) 
4, u(x) = 6x7, 3 + x? 
7.u(“) = a0, 2° 


10. u(x) = 2, In(1+ 2) 


1 
11. u(x) = que +Inaz 


14. u(x) = cosa 


est 
ie 2. u(x) = e3” 


5.u(x) = «7,22? +2",n>0 
52 
B.uls) = 22 ,l+2a 


1 
ll. u(x) = qo +Inaz 


Answers 
5.u(x) = 3a — 3a? 6.u(x) = 3a — 5a? 
8.u(x) = 3a? —5a3 — 224 9.u(x) = sine 
11. u(x) = sec? « 12.u(x) = In(1+ 2) 
2.u(“) = atane 3. u(x) = asec? 
3 
5.u(“) = Figs 6. u(a) = ax 
8 3 
8.u(x) = —acos + a 9.u(a) = a V32) 
T 
14. u(x) = y(—50x? + 32a + 9) 
,e7” 2.u(x) = e3” 3. u(x) = 3a 
5.u(2) = 27,2? +a",n>0, 6.u(x) = =a,2° 
5 2 
pe) =e ,l+a 9.u(a) = —-a, Ina 


12.u(x) = ra, z—Ing 


15. u(x) = cosa + sing 


3. u(x) = 3a 

6.u(x) = =a, a? 
9.u(a) = ——a, Ina 
12. u(x) = -x,x —Inex 


Answers 
Exercises 5.2.1 


1. u(x) = sinha 
4.u(x) = cosha 
7.u(“) = sina + cos x 
10. u(x) = & + e” 


13. u(x) = xv? +e? 


16.u(z) =1+a”+4€e” 


Exercises 5.2.2 


l.u(a) =e” 
4.u(x) = sinha 
7.u(x“) = e® 

10. u(x) =a? + sine 
13. u(x) = we” 

16. u(x) = 2+ e” 


Exercises 5.2.3 


1. u(x) = 2+ e” 
4.u(x) = sing 
7.u(z) =e” 
10. u(x) = cosh a 


13. u(x) = «+ coshax 


16. u(x) = “+e” 


Exercises 5.2.4 


1. u(x) = sinha 
4.u(x) = cosha 
7.u(“) = cosx+sing 
10. u(x) = & +e” 


13. u(x) = x? +e" 


16.u(z) =1+a+4e” 


2.u(x) = e” 

5. u(x) = cosa 

8.u(a) = xsine 

11. u(x) = cosa — sing 


14. u(x) = sina + cos 


2.u(x) = e” 

5.u(a) = x + sinha 
8.u(a) = sina + cosx 
11. u(x) = cosa — sing 


14. u(x) = sina + cos x 


2.u(xz) =a +e” 


5.u(“z) =a#@+sine 
8. u(x) = e?” 

11. u(a) = 4+ e” 
14. u(x) = e” 


UL 


(x) = 
u(x) = x+sing 
(x) = 


u(x) = x? + sing 
ll. u(x) = e* —a 
14. u(x) = xv? +e” 
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u(x) = 

u(x) = 
9.u(xz) =xa+sina 
12. u(x) =e” —& 
15. u(x) = av? + e* 


3.u(a) = xe” 


6.u(a) = x + cosha 


9.u(v) = «+ cosa 


3. u(x) = ae~*” — be?” 
6. u(a) = e” 

9.u(a) = sina 

12. u(x) = sinha 

15. u(x) = we” 


9.u(“) = sine 
12. u(x) = sine 


15. u(x) = re” 
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Exercises 5.2.5 


1.u(x) = sinha 
4.u(x) = sinha 


7.u(v) =x+e” 


Exercises 5.2.6 


l.u(x) = sing 
4.u(x) = e” 


7.u(“z) =e" —& 


Exercises 5.3.1 


l.u(x) = «+sine 


4.u(x) = x +coshz 
7.u(“) = sine 


10. u(x) = sin x + cos & 


Exercises 5.3.2 


1. u(x) = xe” 
4.u(x) = x+cosz 
7.u(a) = cosha 


10. u(x) = sin x — cos x 


Exercises 6.2.1 


1. u(x) = 4a + 6a? 
4.u(x) = 1-62? 
7.u(x“) = sing 

10. u(x) = 4cosh 
13. u(x) = 4sinha 


16. u(x) = sine 


2.u(z) =e" * 
5.u(a) = x + cosa 


8.u(a) = 1+ 4x 


2.u(x) = cosx + sina 
5.u(a) = a#+sine 


8. u(x) = cosha 


2.u(x) = «sina 
5. u(x) = sina — cosa 
8.u(a) = sinh « 


11. u(x) = sin 2x 


2.u(x) = sing 
5.u(a) = sina — cosx 
8.u(a) =e” 


11. u(x) = «+ coshaz 


2.u(z) =1+8xe+ 1227 
5. u(x) = sec? x 
8. u(a) = cosa 


ll. u(x) = «sing 


14. u(x) = re” 


Answers 


3. u(a) = cosh x 


6.u(a) = sina 


3. u(x“) = sinhe 


6.u(a) = x+e” 


3.u(a@) = 4+ e” 

6. u(a) = x — cosa 
9.u(a) = e” 

12. u(x) = a+ sinh 2x 


3.u(a) = sina 
6.u(a) = x + cosha 
9. u(x) = sina + cosa 


12. u(x) = a+ e” 


3.u(a“) = tana 

6. u(x) = sine 

9.u(x) = sinw — cosa 
12. u(x) = sina 


15. u(x) = sine 


Answers 
Exercises 6.2.2 


l.u(x) = 4a + 6x? 
4.u(x) = 2— 3a? 
7.u(x“) = sing 

10. u(x) = 4cosh a 
13. u(x) = 4sinha 


16. u(x) = cos x 


Exercises 6.2.3 


1. u(x) = tan x 
4. u(x) = sec? & 


7. u(x) = cos? x 


Exercises 6.2.4 
l.u(x) = 2+ 6x? 
4.u(a) = —2a + 5a? 
7.u(x) = 3 — 9a? 


10. u(x) = cosa 


Exercises 7.2.1 
l.u(x) = = 
4.u(x) = 1+ 2a 
7.u(r) =a 


16 5 
10. u(x) = ad 
T 


8 

13. u(x) = 2/e+ — 
u(x) Jz ie” 
16. u(x) = ee + Se 
3 105 


8. u(a) = cosa 
ll. u(x) = «sing 


14. u(x) = e” 


2.u(x) = 6x + 122? 
5.u(x) = sin? x 

8. u(x) = cosa 

11. u(x) = 4cosha 


14. u(x) = xe” 


4 
2.u(xz) = —24 ral 
5.u(a“) = 9x? + x? 
8.u(xz) = 1+ so + 5a 


11. u(x) = cosa 


2. u(x) = va 

5.u(“) = val5a — 1) 
8.u(xz) = /a+a 

11. u(x) = 3a — ave 
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3.u(a“) = tana 
6.u(a) = sina 

9.u(x) = sina — cos x 
12. u(x) = cos x 


15. u(x) = sine 


3. u(x) = 6a + 12x? 
6. u(x) = sina 

9.u(a) = sina — cosa 
12. u(x) = In(1+ 2) 


15. u(x) = sina + cos x 


3.u(x) = 3a + 3a? 
6.u(x) = 3 — 9a? 


9.u(a) = sina + cosx 


12. u(x) =e” 
3.u(xz) =1 
6.u(x2) = 22 
9.u(xz) =1— Je 
12.u(x) = ia 
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Exercises 7.3 
l.u(x) = 2 
5.u(x) = x? 
9.u(x) = 3a? 

13. u(x) = e” 


Exercises 7.4.1 


1.u(2) =a 
5.u(“) =e” 
9.u(x) = x 


13. u(x) = sin 2x 


Exercises 7.4.2 


Lue) = vz 
5.u(a) = 2? 


9.u(x) = x 


Exercises 7.4.3 


Lu(x) = Mz 
5.u(@) =1+V7a 
9.u(xz) = ax 


13.u(z) =1+a 


Exercises 8.2.1 


l.u(@) =24+6a+ 1227 


4.u(a) = 2+ 12x? 
7.u(x) =e” 


10. u(x) = xsine 


2.u(ax) = x? 
6.u(2) = 7 — 2? 


10. u(x) = 3x? 
14. u(a) = e?” 


2.u(“z) =a 
6.u(z) = ax 
10. u(x) = 2° 


2.u(x) = xe 


6. u(x) = x? 


10.u(x7) =a24+ Va 


2.u(ax) = x? 
6.u(a@) =1+2 
10. u(a) = a? 
14. u(x) = « 


8.u(a“) = sina 


11. u(x) = In(1 + 2) 


2.u(“z) = 6+ 12a 
5. u(x) = 6x + 2023 


11. u(x) =e” 


15.u(z) =1+a 


3.u(xz) = 3 
7.u(z) =1+ x? 


ll.u(x) =7 


Answers 


4.u(z) =1+2 
8.u(z) =a 
12. u(x) = cosa 


16. u(a) = 2° 


4.u(x) = cosx 
8.u(x) = x? 
12.u(x) =e” + e2” 
16. u(x) = a+ x? 


4.u(z) =14+ Va 
8.u(a) =1l-—2 
12. u(x) = 2 +2? 


4.u(x) = «3 


8.u(r) =a2+VJVa 
12. u(x) = a 
16. u(x) = a? 


9. u(x) = sina 


12. u(x) = re” 


Answers 
Exercises 8.2.2 


l.u(x) = 2 
5.u(ax) = x? 


9.u(a) = tan« 


Exercises 8.3.1 


l.u(x) = 24+ 6x + 12a? 
4. u(x) = 2+ 12a? 


7.u(x) =6+ 9a + 5a? 
10. u(x) = In(1+ 2) 


Exercises 8.3.2 


l.u(x) = 2 
5.u(a) = x? 


9.u(a) = In(1+ 2) 


Exercises 8.4.1 


1. u(x) = at 
4.u(x) = 2? —#? 
7.u(x) =e * cosa 


10. u(x) = cos(a + t) 


Exercises 9.2.1 


l.u(x) = 6x 
4.u(x) =1+ 3a? 
7.u(“) = sina — cos x 


10. u(a) = —6x — 12a? 


Exercises 9.2.2 


l.u(x) = 6x 


2.u(x) = sec” & 
6. u(x) = sina 


10. u(x) = cot x 


2.u(“z) =a 
6.u(xz) =a 


10. u(x) = tanax 


= 3. u(a) = sina 


7.u(“) = cosa 


2.u(x) = 6+ 12x 
5.u(x) = 4a + 1203 


8.u(x) = sine 


ll. u(x) = “%+cosax 


3.u(z) = a@ 


2 


2.u(xz)=a+t 


5.u(e) =1+23 +23 
8. u(x) = cos(# — t) 


11. u(x) = cosa cost 


2.u(xz) = 1+ 62 
5.u(x) = 1— 32 — 32? 
8. u(x) = e” 


11. u(x) = xcosaz 


2.u(a) = 1+ 6a 


ll.u(z) =a+sinaz 


7.u(“) = xsing 
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4.u(x) = «3 
8. u(a) = cosa 


12.u(a) = “+ cosa 


3.u(a@) = 2+ 6x 
6.u(a) = 44 10x 
9.u(a) = In(1+ 2) 


12.u(x) = tange 


4.u(x) = «3 


8.u(a) = x + cosa 


11. u(x) = sec? x 12. u(x) = 2ae” 


3.u(x) = 2? — t? 
6.u(x) = x7t — at? 
9. u(x) = xe? 


12. u(x) =e ~' sine 


3.u(x) = 1+ 3a? 
6. u(x) = 69 — 168a — 250x? 


9.u(xz) = 2+ 60+ 12x? 


12. u(x) = «sing 


3.u(x) = 1+ 3a? 


624 Answers 


4.u(x) = 1+ 3a? 5.u(x) =1—-32-3a7 6.u(z)=3+2° 
7.u(z) =a#@+sina 8.u(a) = sina + cos x 9.u(v) =x+e* 
10.u(a) =a? + sine 11. u(x) = «cosa 12.u(x) = xsina 


Exercises 9.3.1 


1. u(x) = 24 6x? 2.u(z) =1+2+2? 3.u(z) =1+2—-23 
4.u(z) =1l+a—2 5.u(a@) = x + cosa 6.u(a) =a+e” 
7.u(“z) = 1—e” 8.u(a) = sina — cosx 9.u(a) = 1+ 9x 

9 
10. u(x) = a cosa 1l.u(z) =1+ a te” 12. u(a) = sin(2z) 


Exercises 9.3.2 


1.u(a) = 2+ 62? 2.u(z)=1b2— 2? 3.u(x) =1+ae—<23 
4.u(x) =1+a—2?— 95. u(w) =x2+cosz 6.u(a) =1+e” 
7.u(“z) =1—e” 8.u(z) =e” 9.u(a) = 1+ 9x 

10. u(x) =1l+a— aa? ll.u(s)=1l+2et+a?4+a° 12.u(2) =1- 5° 


Exercises 9.4.1 


lu(a)=a+t 2.u(x) = 274+? 3.u(a) = 1+ 2at 4.u(a) =a? +t 
5.u(x) = 272? 6.u(z) = a3 — 23 7.u(“) =tcosx 8.u(a) =t+sinae 
9.u(a) =sint+cose 10.u(z) =t+e” 11. u(x) = ae* 12. u(x) = te” 


Exercises 10.2.1 


1. (u(x), v(x)) = (27, x) 2. (u(x), v(@)) = (1+a2+27,1—2-27) 
3. (u(x), v(x)) = (14+ #3, 1-2) 4. (u(x), v(x)) = (a? +23, 2? — 2) 

5. (u(x), v(x)) = (cos x, sin x) 6. (u(x), u(v)) = (sing, cos x) 

7. (u(x), v(x)) = (sec? x, tan? 2) 8. (u(x), v(x)) = (sin? «, cos? x) 

9. (u(a), u(a)) = (e~*, e”) 10. (u(x), v(x)) = (1 + e®, 1 — e®) 


11. (u(x), v(x)) = (1+ sina, 1—sinz) 12. (u(x), v(x)) = (a + cos x, x — cos x) 
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Exercises 10.2.2 


1. (u,v) = (x?, x3) 2.(u,v) = (1+a2+27,1-—2-27) 

3. (u,v) = (1+ 23,1 —- 23) 4. (u,v) = (2? + 23, x? — 23) 

5. (u,v) = (a + sina, x — cos x) 6. (u,v) = (sina, cos x) 

7. (u,v) = (1+ sinha, 1 — cosh x) 8. (u,v) = (e”,e *) 

9. (u,v) = (sina + cos x, sina — cos x) 10. (wu, v) = (e” sin x, e® cos x) 

11. (u, v, w) = (sina, cos x, sin x + cos x) 12. (u,v,w) = (1t+a,2+ 27,2? + 23) 


Exercises 10.3.1 


1. (u,v) = (x?, 2) 2. (u,v) =(1+2+27,1-—2-27) 
3. (u,v) = (1+ 23,123) 4. (u,v) = (x? + #3, 2? — 2) 

5. (u,v) = (a + sina, x — cos x) 6. (u,v) = (sin a, cos x) 

7. (u,v) = (1 + e*, 1 — e”) 8. (u,v) = (1+ e*,1— ae”) 

9. (u,v) =(1+a2+e7%,1-—ax+e") 10. (u,v, w) = (14+ 2,1+ 27,1423) 
11. (u,v, w) = (1, sina, cos x) 

12. (u,v, w) = (1+ cosz,1+sinz,sin «x — cos x) 


Exercises 10.4.1 


1. (u,v) = (1+ 27,1 — 2?) 2. (u,v) = (1+ 3a, 2 — 3x) 

3. (u,v) =(1+2—27,1-x2+27) 4. (u,v) = (1+ sina, 1— sin zx) 

5. (u,v) = (1+sinz,1+ cos 2) 6. (u,v) = (a + cos x, x — cos x) 

7. (u,v) = (e”, 2e?”) 8. (u,v) = (1 +e”, 2—e*) 

9. (u,v) = (a + e*, a — e”) 10. (u,v, w) = (1 +e”, 1—e*,x+e*) 
11. (u,v, w) = (14+ cosaz,1—cosa,x + cos x) 

12. (u,v, w) = (1+ cosz,1—sinz,e”) 


Exercises 10.4.2 


1. (u,v) = (1+ sel 5°?) 2. (u,v) = (a@+ 5° gL 577) 
3. (u,v) = (1+ 2,1 — 2x) 4. (u,v) = (1+ 2a, 1 — 22) 

5. (u,v) = (sin a, cos x) 6. (u,v) = (sin a, cos x) 

7. (u,v) = (24+ sin, 3 — cos x) 8. (u,v) = (2+ e*”,3 — e*) 


9. (u,v) = (a — e*, a +e”) 10. (u,v, w) = (1+ cos x,1— cosa, x + cos x) 
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11. (u,v, w) = (1+ cosaz,1— sina, e”) 


12. (u,v, w) = (x, 27, 2°) 


Exercises 11.2.1 


1. (u,v) = (x, x? + 23) 2. (u,v) = (a,x? + x3) 
3. (u,v) = (a4 + «7, 2? + 24) 4. (u,v) = (sina + cos a, sin x — cos x) 
5. (u,v) = (x + sin? x, x — cos? x) 6. (u,v) = (x? + sin ax, x? + cos x) 
e* 1 
7. (u,v) = (a#tan~ta,e+tan—te 8. (u,v) = (——_,§ 
) ftant2) 8. (uv) = (So) 
9. (u,v) = — a 10. (u,v) = (sec x tan a, sec? x) 
l+sinz 1+cosz 
11. (u,v, w) = (a, 27,2) 
12. (u,v,w) = (1+ * sec? 2,1 — = sec? 2,1 + = sec? x) 
8 8 2 
Exercises 11.2.2 
1. (u,v) = (a, 2? + 2) 2. (u,v) = (2+ Inz,2—-Inz) 
3. (u,v) = (a + 27, 2° + 24) 4. (u,v) = (sina + cos x, sina — cos x) 
5. (u,v) = (a + sin? x, x — cos? x) 6. (u,v) = (tan a, sec 7) 
oie 1 
7. (u,v) = (a? + sina, 2? + cosa 8. (u,v) = >—— 
)= (07+ foot) 8. (uv) =(S—, 
9. (u,v) = = ele 10. (u, v) = (sec x tan 2, sec? x) 
l+sinz 1+ cosz 
11. (u,v, w) = (a, 27, 2?) 


2 


12. (u,v, w) = (1 +sec? x, 1 — sec? x, sec x tan x) 


Exercises 11.3.1 


1. (u,v) = (sin x, cos x) 2. (u,v) = 
3. (u, v) = (cos(2a), sin(2z)) 4. (u,v) = 


(1 + cos a, 1— sin) 

( 
5. (u,v) = (1+ cosh? x, 1—cosh? x) 6. (u,v) = (x + sinha, x + coshz) 

( 


1+ sinh? x, 1 + cosh? x x) 


7. (u,v) = (4 + e”, a — e”) 8. (u,v) = (we”, xe”) 
9. (u,v) = (e”, e?”) 10. (u, v) = (sin? x, cos? x) 


11. (u, v) = (sin a, cos x) 12. (u, v) = (sinaw + cos x, sinz — cos @) 


Answers 
Exercises 11.3.2 


1. (u,v) = (sin x, cos x) 

3. (u,v) = (xsina, x cos x) 

5. (u,v) = (1+ sinh? z, 1 — sinh? x) 
7. (u,v) = (e”,e-”) 

9. (u,v) = (e”, 3”) 


11. (u, v) = (sin z, cos x) 


Exercises 12.2.1 


1. (u,v) = (2+ 32,3 + 42) 
3. (u,v) = («© + 6, a — 6) 
5. (u,v) = (1+27,1- 27) 


7. (u,v) =(1+a@—27,1-—2+427) 


Exercises 12.2.2 


2. (u,v) = (sin a, cos x) 

4. (u,v) = (14+ sinh? 2, 1 + cosh? x) 
6. (u,v) = (« + sinha, x + cosh x) 

8. (u,v) = (e”, ve~”) 


2. (u,v) = (7+ 2,7 — 2) 

4. (u,v) = (a*, 4) 

6. (u,v) = (a? + 1,23 — 1) 

8. (u,v) =(l4+ae423,1-—a2-— 23) 


1. (u,v, w) = (x, x7, 2°) 2. (u,v, w) = (2+ 34,3+44¢,4+ 5x) 
3.(u,v,w) =(1ta,e+a?,2?+2°) 4.(u,v,w) =(l+2,24 27,27 +25) 
5. (u, v,w) = (62,6 + 27,6 — x) 

6. (u,v,w) = (2+a2+4+27,1- 204+ 27,14+ 2-227) 

7. (u,v, w) = (wx +a? 4+ 323,24 3x? — 23,2 — 2? + 323) 

8. (u,v, w) = («+ x? + 323,24 3x? — 23,2 — x? + 325) 

Exercises 12.3.1 

1. (u,v) = («4+ 27,2 — 2?) 2. (u,v) = (x7, 2x) 

3. (u,v) = (14+ 27,1— 27) 4. (u,v) = (1+ 3a, 1+ 327) 

5. (u,v) =(l+2+27,1-—2-27) 6. (u,v) = (1+2 + 2x7, 1-22 — x?) 
7. (u,v) =(l+a—27,1-2+27) 8. (u,v) = (6+ 27,6 — x?) 


Exercises 12.3.2 


1. (u,v) = (14+ 27,1 — 27) 


4. (u,v) = (sin a, cos x) 


2.(u,v) = (a,1+ 2) 


3. (u,v) = (a, x?) 


5. (u,v) = (cosa,sinz) 6.(u,v) = (sinha, cosh z) 
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7. (u,v) = (cosh a, sinh x) 


Exercises 13.3.1 


1 


—@ 


l.u(x) = 


4.u(z) =1+a 
7.u(“) = cosx — sing 


10. u(x) = e” 


Exercises 13.3.2 


l.u(z) =1+4+<2 
4.u(x) =1+ 22 
7.u(a) = cosha 


10. u(x) = e” 


Exercises 13.3.3 


1.u(x) = tanha 
4.u(x) = 1+ 2a 
7.u(z) =1+2? 


10. u(x) = sine 


Exercises 13.4.1 


l.u(#) = +(1+ 2) 


4.u(@) = sina 


7.u(x) = 3a 


Exercises 13.4.2 


1. u(x) = +(sin x — cos x) 


4.u(a) = +sina 


7.u(x) = 3a 


8. (u, v) = (e”,e7-”) 


2.u(z) =1+4+ 3a 


5. u(x) = sine 
8.u(x) = 1+ cosa 
11. u(x) = e” 


2.u(x%) =1+2? 
5.u(a“) = sina 
8.u(“) = cosha 


11. u(x) = e” 


2.u(x2) =1+2? 
5.u(x) = « 
8. u(x) = e” 


11. u(x) = sine 


2.u(a) = +(sinx + cos x) 
5.u(x) = +sinax 

8. u(x) = 3a 

2.u(a) = +(sin x + cos x) 


) 
5.u(a) = £(1 — 22) 
) 


Answers 


3.u(@) = 1+ 3a 

6. u(x) = sine + cosxz 
9.u(x) = 1—sinhz 
12.u(z) = 1+ e” 


3.u(z) =1+4 3a 

6. u(v) = sina + cos x 
9.u(a) = 1—sinhe 
12.u(z) =e” 


3.u(z) = 1+ 2? 
6. u(a) = sina + cos x 
9.u(x) = 1—sinhe 


12. u(x) = cosa 


3. u(a) = sina 


6.u(z) = +sinhaz 


Answers 


Exercises 13.5.1 


1. (u(x), v(x)) = (x, x?) 2. (u(x), v(x)) = (1+ 27,1 — 27) 

3. (u(x), v(a)) =(1+e%,1-e%) 4. (u(x), (a) = (€*,€-*) 

5. (u(x), v(x)) = (cos x, sin x) 6. (u(x), v(x)) = (1+sina, 1 — sina) 

7. (u(x), v(x)) = (cosh a, sinh 2) 8. (u(x), v(x)) = (1+ cosh a, 1 — cosh x) 


Exercises 13.5.2 


1. (u(x), v(a)) = (a, &*) 2. (u(x), v(@)) = (@*, x”) 

3. (u(x), u(x)) = (sin a, cos x) 4. (u(x), v(a)) = (cosh a, sinh x) 

5. (u(x), v(x)) = (sina + cos x, sin & — cos 2) 

6. (u(x), v(x) = (e**,e~**) 

7. (u(x), v(x)) = (1+ e",1—e”) 8. (u(x), u(x)) = (1+ sina, 1 — sina) 


Exercises 14.2.1 


lu(a)=2+e" 2.u(a)=a+e" 3.u(az)=1l—e * 4.u(e) =sinae 


5. u(x“) = sine 6.u(a) =cosha  7.u(a“) =e” 8.u(x) = sina + cosa 


Exercises 14.2.2 


1.u(x) = sine 2.u(z) =e” 3.u(@) =a 4.u(x) = cos a 


5. u(a) = cos x 6. u(x) =e 7.u(x) = e” 8. u(a) = seca 


Exercises 14.2.3 


l.u(x) =secha 2.u(x%)=sinha 3.u(@)=sina—cosx 4.u(“z@)=e ” 


5.u(z) =e” 6.u(az) =1+e" T.u(a4)=1+e” 8. u(a) = sin(2z) 


Exercises 14.3.1 


1. u(x) = cos x 2.u(z) =cosha 3.u(a)=sina+cosx 4.u(z)=1+e” 


5.u(z)=3+e" 6.u(x) =sin(2x) 7.u(x) = 2? 8. u(x) = e® 
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Exercises 14.3.2 


l.u(a) = 1+ cosh 2.u(a) = 1+ cosa 3.u(a) = a+ e” 
4.u(a) = sina — cosa 5.u(a) = sina + cosa 6.u(a@) =a+sine 
7. u(x) = e?” 8. u(x) = sinhax 


Exercises 14.4.1 


1. (u(x), v(a)) = (1 + 2?, 1 — 2?) 2. (u(x), v(x)) = (a + 23, 2 — #3) 
3. (u(a@), u(v)) = (1+ e*,1—e”) 4. (u(x), v(@)) = (a + cos x, x — cos x) 
5. (u(x), v(x)) = (1+e+a?,l-2-27) 6.(u(z),v(x)) = (w@+sina, a —sinz) 


7. (u(a), v(x), w(x)) = (e%, e?”, e3”) 8. (u(x), v(x), w(x)) = (e”, 2e?”, 3e2”) 


Exercises 14.4.2 


1. (u(x), v(a)) = (1 + @?, 1 — @?) 2. (u(x), v(@)) = (1 + @, 1 — «) 

3. (u(x), u(x)) = (1+ sina, 1 + cos x) 

4. (u(x), v(@)) = (sin x + cos a, sin x — cos x) 

5. (u(x), v(x)) = (e?”, €3*) 6. (u(x), v(x)) = (cos a, sin x) 

7. (u(x), v(x)) = (e”,e-”) 8. (u(x), v(#)) = (1+ ae4+2?,1—2427) 


Exercises 15.3.1 


1l+tv1—8\ sl 
l.u(x) = Z A< 
oN 8 
Xd = Ois a singular point, A = 1/8 is a bifurcation point 
34/79 — 24d 3 
2: = iA 
ae) DN 8 


XA = Ois a singular point, A = 3/8 is a bifurcation point 
3+ VJ79 — 24r 3 
3.u(“2) = ———————— A< = 
(2) AX 8 


X = Ois a singular point, A = 3/8 is a bifurcation point 


V3 3(14V1— 4?) 


4. = 1 J=LeaA<t 
ee ge ar * 
A = Ois a singular point, \ = +1are bifurcation points 
2+ 4d) + V44+ 16 — 2d? 
5. ula) = = Scoiseaa! < : ©,4—-3/2<r’<443V/2 


= Ois a singular point, \ = 4+ 3V2are bifurcation points 


Answers 631 


5(14 V1 — A) 
2r 


A = Ois a singular point, \ = lis a bifurcation point 


6. u(x) = A<1 


4 5 
7.u(e) =1—#?,1—40?,1+ 22° a) a 


7 3 5 
= 10. u(x) =n sin x, — sina + — cos 


9. =2 
u(x) =x“#-—2 i 3 


ll.u(x) =14+2—-2? 12. u(x) = cos x 


Exercises 15.3.2 


2 


l.u(z) =1l-a2-2 2.u(z) =1l-a-2@ 3.u(a) =1+a 
4.u(a) =1+2? 5.u(z) =1l+e—2?—-23 6. u(x) = e” 
7.u(x) =e” 8. u(x) = cosa 
Exercises 15.3.3 
1+VJS1-8A 1 + J/9—- 24d 
Lee ee See ee 
aN 8 2X 8 
34 V9— 24 3 V3 301+V1—)?) 
; = — —r\< - 4 = — 4+ rr, -1 <A <1 
3. u(x) D sA< 3 u(x) z + Dy Ds <A< 
2+ 4d) +t V4+ 16A — 2A 
5.u(n) = = eae) — a 2,4—3V2<A<44+3V2 
6.u(x) = SUL v1—A) yES a) 5. Zi 
2X 
7.u(v) = tana 8.u(@) =a 9.u(a) = seca 
10. u(x) = cosh a 11. u(2) = Inge 12.u(a) = Ina 


Exercises 15.3.4 


lu(z)=sing 2.u(v%)=1+4+sine 3.u(x) =1+cosa 


7.u(xz) =e” 


4.u(z) =1+e” 


5.u(z) =1+e” 6.u(a) = re” 8.u(a) =e” 


9.u(z) =cosx 10.u(x) =Ine ll.u(z) = alnae 12.u(z) =a+lIna 


Exercises 15.4.1 


me s=2).. 7 
l.u(x) = = sina 2.u(x“) = a ene 3. u(a@) = —2A cos x 
A-1 , 1 se _1ltvl-4? , 
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8 3 
7.u(“) = Na? — 16)" cos  — 4sin x) 8.u(x) = 5) 8 x+sinz) 
4 2 1 
9.u(a) = rea iat (cosa + V3sina) 10. u(x) = -<, — = 
1l.u(a) = i x, (15/72 + 3522) 12. u(x) = ae 
“Dy. TER — 
Exercises 15.5.1 
2a+4+1\ 4 —10e2 3 
l.u(x) = 7 n e” 2. 2)=e 3* 3.u(x) = “ - Inz 
e—1 27 
29x 
4.u(a => xlna 5.u(“) = =. 22 +Ina 
80 233 
6.u(x) = gee +23 7.u(x) = aA ,ota?+a° 
12 
8. u(a =| eta?—2? 9.u(x)=Veose 10. u(x) = Vsine 


ll. u(x) = Vsina 12.u(x) = i wt Ing 
Exercises 15.5.2 
e2rtl 3 1 
lu(x) = ( ) ier 2.u(z) =e 3” 
e—1 
—10x? \ 3 3 
3.u(“) = =i , na 4.u(x) = ae elnax 
27 32” 
29a 80 
5. = ,/—, 22+] 6. =,/—z, 
u(x) a x+Ing u(x) rs ee+a 
/ 233 12 
7.u(x) = 737 etar+a° 8. u(x) = se eta? — 2 
Exercises 15.6.1 
1. (u,v) = (a, a? + 2) 2. (u,v) = (2+ Ing,2—-Inz) 
3. (u,v) = (2+Inz,2—Inz) 4. (u,v) = (sina + cos a, sina — cos x) 
5. (u,v) = (a + sin? x, x — cos? 2) 6. (u,v) = (sec x, tan @) 


7. (u,v, w) = (x, x7, x3) 8. (u,v, w) = (seca tan 2, sec? x, tan? x) 


Answers 
Exercises 15.6.2 


. (u,v) = (sinxz + cos x, sin x — cos x) 


u,v) = (sec x, cos x) 


1.( 
3. ( 
5. (u,v) = 
7. 
9. ( 


x+sinz,x — cos x) 


= (2, 
= 
(sec x, tan x) 
( 


2 
4 
6. 
8 


. (u,v, w) = (sec x, tan x, cos x) 


10. (u,v, w) = 


11. (u,v, w) = 


Exercises 16.2.1 


l.u(w) =14+a,1+2+4+ =a? 


3.u(a) =1+sine 
5.u(z) =a+e” 
7.u(x“) = sine 
9.u(a) = e” 

11. u(a) = e?” 


Exercises 16.2.2 


l.u(a) = 1— cosa 
4. u(x) = e?” 
7.u(x“) = sine 


10. u(x) = cos x 


Exercises 16.2.3 


l.u(z) =1—a2-—2? 
4.u(x) = e” 


7.u(x) =e” 


Exercises 16.3.1 


lou(a) = Est 


sec £, tan @, cos 
? . | 


21A(A — 
( aid x? 2.u(x%) = 


T 
(1+ msec? x, 1 — msec? 2,14 — sec 


12. (u,v, w) = 


( 
. (u,v) = (sec a, tan x) 

(u,v) = (sec x tan x, sec? x) 
( 


. (u, v)(tan x, cos x) 


(sec? a, cos? a, tan? a) 


2.u(z) =1+2 


4.u(xz) = 1—cosax 


6.u(z) =1+e7,l+e 


8.u(a) = 1—cosa 


10. u(x) = e” 


12. u(x) = cosa 


2.u(z) =1+sinaz 
5.u(z) =e?” 
8. u(x) = cosa 


11. u(x) = sina + cosax 


opp a ge 
, 105 
243 
(24e 3 oe 2 


3. u(x) = xsine 

6. u(a) = sina — cosx 
9.u(a) = e” 

12. u(x) = 1+ e” 


3.u(z) =1+2+2? 
6.u(z) =1+2—-2? 


5(A = 36) 2 
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10(A 2 + 2,\/324 — 6A2 

3. u(a) ,— LUA +72) 22 Pe (i i ak Ase LA A 

3A 24 

60 1—cosax 
5. = — 2? 6. =o 
u(x) 17 u(x) rat 

7.u(2) = t+sinz+cosa—1 athe (1 + wA)(sin x = cosa + 1) 

2a 2a 

aE V441 — 56X2 ea _ 2 
o.u(e) = 14 LEV ET 51g (a) aa 4 EBV 

2X mn 
11. u(x) us ie 
al = 
12. u(x) = (1 — cos x), = (1 — cos x) 
_V3(tA + 5) (7A — 1) testa 
9nX 
Exercises 16.4.1 
1. (u,v) = (acos x, x sin x) 2. (u,v) = (1 +sinh? z, 1 + cosh? z) 
3. (u,v) = (cos az, sec @) 4. (u,v) = (1+ sinh? z, 1 — sinh? 2) 
5. (u,v) = (xe”, re”) 6. (u,v) = (cos“ + sina, cos — sin x) 
7. (u,v) = (a +e”, a — e*) 8. (u,v,w) = (e7, e837, 8”) 
Exercises 16.4.2 
1. (u,v) = (sin x, cos x) 2. (u,v) = (wsin a, x cos x) 
3. (u,v) = (e*,e~*) 4. (u,v) = (e*, 2) 
5. (u,v) = (e® am 6. (u,v) = (l4+a2423,1-—2-23) 
7. (u,v) = (e® + e?”, e® — e?”) 8. (u,v) = (1+ 2? +24,1—- 2? — 2+) 
Exercises 17.2.1 
l.u(x) = +a 2.u(a) = +(14 2) 3.u(“) = vs 
4.u(x) =14+ Va 5. u(a) = cos(a + 1) 6.u(x) =e? tt 
1 

7.u(z) = 1+ In(# +1) 8.u(x) = . In(7a) 
Exercises 17.3.1 
l.u(x) =+Vz 2. u(x) = +(1 + 2) 3.u(x) = 22 


Answers 


4.u(z) =1l-« 5. u(@) = cos a 6. u(x) = In(1+ 2) 


Answers 

7.u(x) = e-® 

10. u(x) = x? 

13. u(x) =e” ©°8* 


15. u(x) = sinh(z + a) 


Exercises 17.4.1 


lu(z) =1l-2 2. u(x) =e 


1 
5. u(x) = e2” 6. u(x) = e?” 


Exercises 17.5.1 


—2 


4. (u,v) = 


1. (u,v) = (x, x?) 
(e”,e 
7.(u,v,w) = 


8. u(x) = sinh(z + x) 
ll.u(z)=1+2a 

14. u(x) = In(cos x) 
16. u(z) = 3lne 


2. (u,v) = (x, x?) 
5. (u,v) = (cos? x, sin? x) 
(x,x2?7,27) 8.(u,v,w) = (x, 27,23) 


3.u(x) = sin x 


7.u(x) = (Ina)? 


9.u(x) = cos3 x 


12.u(#) =1+2? 


4.u(x2) = cost x 


8.u(x) = (a@+ x)4 


3. (u,v) = (et, e27) 


6. (u, v) = (cos z, — cos x) 
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